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SECTION - A

Answer all the questions.

^) For T and T*' be an operator on a Hilbeit space H. Wliich one is true?
(i) (TT^T"

:  , : ■ / (iii)r=T ■

(.iv) (aT)' - al' ■ ■ ; . .

(1)

2)

3)

4)

If tliere exits an operator A such that Ai ̂ 2-- • ,.>A, then the name the
sequence (Aji) is .
(i) bounded monotone decreasing
(ii) bounded monotone increasing
(iii) oscillator\'
(iv) compact

WTiat is an unitary operator? ,,
(i) ,u.u*=u " :

■(ii)u*.u=i ;
(iiO LTU-^^U^.U - _
(iv) U.U^=U*

An operator Ton a Hilbert space His invertible operator, if there exits an
operator Sis
(i) ST=H

(ii)TS=H-^
(iii)ST=TS=I , v': ; ;. .
(iv) TS=ST=S-hPf :

w

(1)

0)

5) (1)
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What is the numerical range W(T) of an operatorT oh a Hilbert space H?
(i) {(Tx.x): | |x|hl} . _
(ii) {(Tx,x): ! |xi!;=l}
(iii) {(Tx.x): l|x|j<l} -
(iv) {(Tx.x); l|x]|>l}

6) Identify the spectrum of T.
(i) {Xe : T-X is invertible}
(ii) {Xe : T-a is not invertible}
(iii) {>v€ : T-X is invertible}
(iv) {Xe : T-a is not invertible}

(1)

7) Which one is paranormal operator?
(i) ||T^x| |<i!Txl|^xeH
(ii) ■ .|:T-x!N^Tx| ;-,xeH
(iii) i:T-x| i>iiTx!-.xeH
(iv) itT^x!|<lixT-i:

(1)

8) An operator is convexiod if and ofily if T-/. is spectralbid for all
(i) Real
(ii) Irrational
(iii) Rational
(iv) Complex

number X.

(1)

9)

10)

WTiich one is p-hvpemomial?
(i) (rT)p<(Tr>
(ii) (rT)P>(Tr)P
(iii) (rT)P-(TT")P
(iv) (T''T)P^(Tr)P

An operator T belongs to class A if
■(i> iT-!>iT-^
(ii)iiT-:i<|^Ti :-
(iii):T'l>!Tr
(iv) !T-|<|Ti-

-

(I)

SECTION-B

Answer all the questions.

11) Show that for any linear operator T on a Hilbert space R the following
statements are mutually equivalent:
(i) T is bounded

a) (ii) T is continuous on the whole space H
.  (hi) T is continuous on some point Xo on H.

(5)

[OR]
b)

12)

State and prove Generalized Schwarz inequality
(5)

(5)

https://examcloud.in/epn/reports/exam-qpaper.php 2/4



11/38/2020

a)

,  . 18MAP14

Let U be a partial isonietr\'operator on a Hilbert space Hwith the initial space
M and the final space N. Tlien prove that
(i) UPm=U and U*U=Pj,i and (ii) N is a closed subspace of H.

fOR] Assume A and B be normal operators. If AX=XB holds for some operator X.
them rove that A*X=XB*. (5)

13).

.  a)

[OR]
b),

14)

a)

[OR]
b)

15)

a)

[OR]
b)

If T is an operator such that ilI-T1[<l, then prove that T is invertible.

If T is a nomial operator, then prove that T is normaloid, i:e.. !;Tl|=r(T).

State and prove Lowher-Heinz inequalit^^

Prove that ever\' log-h\pononnal operator is a class A operator and also prove
that ever>- class A operator is a paranormal operator.

prove that Tn H T |* w i T j' is
s + t

- hyponormal for any s>0 and t>0.

(5)

(5)

If an operator T is con\'e.xoid such that both a(T) and a(ReT) are connected,
then prove that Rea(T)=a(ReT). (5)

(5)

(5)

Let T=U|T1 be the polar decomposition of a log-hyponormal operator. Then
r,*,A (5)

SECTION-C

Answer all the questions.

16) Assume P^ and?: be two projections onto Mi and M; respectively. The prove
that (i) P=Pt-P; is a projection if and only if MiLM;.
(ii) If P=Pi-P; is a projection, then P is the projection on to

a)

[OR]

b)

17) ■

a)

[OR]
b)

18)

IfT is an operator on a Hilbert space Hover the complex scalairs C, then prove
the following
(i) T is normal iff Tx;-:;T*X;I for all xeH. ■
(ii) T is self-adjoint iff (Tx,x) is real for all xeH.

■ (iii) T is unitar>' iff :iTx!!=i!T*xlf=l!x!| for all xeH. ;' .
(iv) T is hvpononnal iff^TxIjii-iT^x; for all xpH. #

State and prove polar decomposition theorem.

State and prove spectral mapping theorem.

(8)

(8)

Let T=UiT! be the polar decomposition of an operator T on a Hilbert space H.
Then proVe that (i) N(iT|)=N(T) (ii) jT*i^=UiTl=JU* for any positive number q. (g)

(8)

(8)
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[OR] Assess the characterizations of honnaloid operators, (8)
b) - ; . ,

19) R-oye that the relations self-adjoint c: Normal cQuasinormals SubnormalH>^onormal c Paranormal Q Nonnaloid c Spectraloid. (8)

a) .

[OR] State and prove generalized Fumta inequality.'. (8)
b) .

X/et T=U|T| be p-hy'pononnal for P>0 and Ube unitary. Then pro\ e that
.  (i) T =!Tr'^UtTI- is 1 P + i |-hyponormal if 0<P< ^2. "
.(ii) THTr^UjTi'^ishyponormalif y:<P<l.

[OR] Prove that for each k>0, an operator T is absolute k-para normal if and only if
b) - j*|x|-^x_(k-l)X.^lTp-k/>"^^ holds for all/>0.

a)

-End-
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