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Branch MATHEMATICS
. IAPISE OPERATORTHEORY e S
Tlme Three Hours '5 S ' | _ Max1mum 50 Marks
e : SECTION-A 5Marks el S :

© . Answer ALL questions TR S R
ALL questlons carry EQUAL marks - -(5 Xll‘-—‘tv’5-)' SRR

The 1dent1ty operator Lis deﬁned by |
S (1) Ix = x, for all xe H. (11) Ix = X, for all xeG
‘- (111) Iy y, for all ye H ' (1V) Iy ¥, for all y € G

) .v"_iAn operator U on a Hllbert space H is sa1d to be an 1sometry operator 1f

o O U=l forany xeG (i) Uyl =yl foramy yeG .
S G Uyl forany yeH Gv) UM =[Nl forany xesr

SRR Whlch notatlon is sald“to be- the cornpress:on spectrum of T .

() am e

2l -::_(111) Z(T ) T _i (W) w(T)

L W(T) coa(T) an operatorTls saldto be | Fe
) Transaloid operator - - (ii) Condition operator L
(111) Convex01d operator f’ N (lV) Normal operator | e

e ‘An operator T belongs tO class A lf

PR 3
-0

o |Tzs~m ) |T2|+nﬂ2
R  SECTION-B (15 Marks ‘, |

“° . Answer ALL Questions . - v L e
o " ALL Questlons Carry EQUAL Marks S (5x3=15)y

If T be an operator then prove that

SRR - “OR PRI
If an operator P 1s a prolectlon then prove that "x" = H px" +||(1 P)x]]

‘; a If an operator U on a Hllbert space H is a umtary operator if and only 1f UU —U U——I
S “OR* o
jb Let T UP be the polar decompos1t10n of a an operator T. Then T is normal 1f and
) . only 1f U commutes W1th P and Uis unrtary on N (T)* o R :
: a If an operator T is normal then prove that R (T) ¢
b lf T isa normal operator, then prove that T 1s normalord A e ||TH-r(T)
a Let X be a posrtlve mvertlble operator and Y be an mvertrble operator
For any real number A, (YXY ) -YXz(XzY YXZ)”L ‘XZY . L e

. OR. . | R T
If an operator T is convexord 1f and only 1f T ﬂ, 1s spectra101d for all complex
number ) . . . . . .

: - C_Qll_t.'a;f ’ ".A - |
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103 : -,~..,,Prove that every lnvertlble p-hyponormal operator 1s a log-hyponormal‘f

R “,;:iv'operator e S e

R ﬁ_ Prove that every class A operator 1s a paranormal operator

. Answer ALL questrons R S Tt b
ALL questlons carry EQUAL Marks _g_"l_'; (5 'x:6;‘1 = ,

1 : .‘Let P1 and P2 be two pro_tectlons onto Ml and Mz, respectlvely Then
TR ’."l;,;-(r) P= P1 +Pyisa prOJectron ifand only if My LM, N
DA '(u) If P Pl + P ' 1s¢'a pl'OJCCthI‘l then P is the prOJeetlon onto M @ M
RS »'-}'Let T be an operator on a‘Hrlbert space H Then T* 1s also an operator on H and;-'.;[; LT
Lo {':.,”"‘the followmg propertles hold _ T e T
Cooplm
R ._;’(111) (aT) —aT for anya e C

L 12a "-’?,Let S and T be bounded lmear operators ona Hllbert space H If T*T S* S
B :then there exists a part1a1 1sometry operator U such that the 1mt1al space o
o M R(T) and the ﬁnal space N R(S), and s—UT ) ,
L :..,r»f,f._‘i.jState and prove Fuglede-Putnam theorem B A

¥ 5 State and prove Power 1nequa11ty of w(T)
' OR
;,;State and prove Spectral mapprng theorem

o _ ‘-': 14 a If an. operator T 1s convexord 1f and only 1f u(T p)“ “ m

L - 5 for all ,u e coo'(T)

b State and prove Lowner-Hemz 1nequa11ty z .‘ £y

e 15a '--'f:‘.fLet A > 0 and T= UlTI be the polar decomposmon of an operator T Then for} s ) i
S ‘f'_-’.ﬁ*each @>0and >0, the follow1ng statements hold ST
o (1) U U(‘T!”AITV’)“ ‘ (ITI A|T|'3)" o v R A

- <> vy Ay = Ay o R e

' P A’ U )= U(lTI”A!Tl”)“U L L g e

"ﬁAlT l U)“ U (lr 1”1 )“ TR R P

R ¥ OR L

S e ‘.-'f:_"Ifan operator T is absolute-k-paranormal for some k > 0 then T is normalord: e

A




