Microfoundations of Macroeconomics
Prof. Wasim Ahmad
Department of Economic Sciences
Indian Institute of Technology, Kanpur

Lecture - 11
Two Period Model - VI

Welcome back, in this session we will be talking more about the generalized consumption
function. The idea is that the two-period model of consumption that we have understood helps
you understand the behaviour of agent in the intertemporal framework. But in many cases, for
example if you are going to work out with the Modigilani life cycle theory or the Friedman’s
permanent income hypothesis then you try to assume that the individual is living for many
periods. For example, he works for 30 years 25 years or maybe the 35 years scenarios then if |
have to go for the calculation of his lifetime consumption that how much he is having the

consumption then that matters a lot and then it gives you the overall framework.

If you read these days the journal papers appearing in the macroeconomic journals, they talk a
lot about the lifetime consumption of the individual or the representative agent. The micro
analysis helps you understand the two-period in a more contextual way we have moved from
one period to two-period. Now we will be seeing the infinite period scenario how when we

extend the individual’s consumption for an infinite period.

Suppose period t then how the budget constraint of the consumer looks like? How the lifetime
utility function of the consumer looks like? Here we will be trying to understand and will try
to derive with simple exposition.
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The reference remains the same. For this particular lecture, we are going to rely more on Eric
Sims especially on his consumption chapter because that particular chapter is really good to
understand the concepts. Let us start with the basic exposition of the model. | hope the
uncertainty that we just discussed helped you understand the idea of precautionary savings that
how precautionary savings plays a role in the economy.
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Multi-period generalization

* The multi-period setting helps understand about how
consumption and income can be calculated over the "life cycle”

* We now assume that household lives for many periods: t, t+1,
t+2, .....,t1+T.

¢ Lifetime utility can be written as:

U = u(6) + 8u(Cay) + F2u(Craz) + ... + BT u(Crt)
* We can equivalently write lifetime utility using the summation
operator:
T
U=Y Aule))
/=0

Let us start multiplied setting helps us understand how consumption income can be calculated
over the life cycle. When | say in your macro textbook you will be reading about the life cycle
theory of consumption. , how do you decide how do you calculate that the life cycle
consumption theory? So we now assume that the household lives for many periods here you

havet t + 1,t + 2andtill¢ + T.



The lifetime utility can be written as
U - u(ct) + ﬁu(CHl) + ﬁzu(CHZ) + b + ﬁTu(Ct_l_T)
Now we can generalize this and try to write the expression in this way, we can equivalently

write lifetime utility using the summation operator here

U= Z ﬁju(ch)
j=0

This is what the lifetime consumption of the representative agent is going to look like. Now
from the utility side it is more like a clear case that the behavioural coefficient is going to have
the polynomial order increasing. With the increase in the period the subsequent or with the
addition of the subsequent period this is how it looks like.
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Multi-period budget constraint

CG+S =W
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Suppose we assume that the interest rate is constant across time
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If we work backward then
CraT-1+ ST YeaT <1 (14 f)Sc r-2
CratT 1 Ceet Yier Yot

T2 Y AR O+ n _ (1+rp

Now let us work out with the budget constraint. When we say about the budget constraint, let
us work out with the first period. , what we had assumed when we were discussing about the
two-period scenario.

CttSt =y
This is the current period which means that if individual is going to have the income y t he is
going to consume ¢, amount and s, amount is saving. In the future period what it becomes?

here it becomes

Cer1+ St41 = Yeq1 + (L +11)s¢



This is again going to be bifurcated into 2 and whatever saving that he has made here is going
to be interest rewarding. He will be getting me extra income on the saving attach which is
equivalent to (1 + r,). If I go on adding such type of phenomena by or if I go on updating this

particular equation with the period subsequent periods subsequent future periods.

If I go on updating this then this is how it looks like that in the future period, we had these two

then subsequent periods.
CttsSe =y
Ces1 T Se41 = Vep1 + (A +10)s¢

Cerz + St42 = Veg2 + (1 4+ Te41)Se41

Cerr = Verr + (L + Tepr_1)Seyr-1

Here this particular individual will be saving again because in two period model we allowed
the individual to save only in the current period not in the future period. Why? Because by the

terminal period you have to exhaust everything you cannot save and dispose.

This is how but now when we are saying in a generalized framework then this individual can
save in period 2 and period 3 and period 4 and till one period before the terminal period T, T —
1.

So, if he is going to die in 70 he can save till 69, in 70th year he is not going to save anything.
Let us understand that. Here we have s, , Sts1r StaT—1 and similarly in the final period when

he is going to be in the terminal period what he will have? He will have

Cerr = Yegr + (L + Tepr_1)Seyr—1-

This will be the interest income that he is going to get before the terminal period just immediate
before the terminal period and then he will have the saving. Now suppose we assume that
interest rate is constant across time we are not going to change till the period t the interest rate
is same not much change, this is how it looks like. Saving can be written in this way, this is

how it looks like.

S _ Ctar Viar
t4T-1 A+r) (L+1

In the same way if | go for solving this here,



If we work backward then

Ceyr—1F Star-1 = Yeyr—1 + (L +17)Sei7_2

S _ CeaT—1 Ctor  Vear-1 _ _ VisT
T2 T A+ 142 (A 41) (1+7)2

What is the meaning? Meaning is that just one period before of the terminal period this will
be the present value in terminal period this will be the square term because we already have 1
+rhere. Thisis how it looks like, the two period back if you look for the savings that we have

St+T-2"

One period before this terminal period, this is how it operates which means that your
consumption and income both will have the similar characteristic. The only thing is that the
terminal period ¢, . will have the polynomial if you are going to work out with this saving
scenario Se4T_2"
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Multi-period budget constraint

C+8&=n
If we work backward then
Coaty +Stut-1 = Yurr+ (14781122

C37|‘ Crit Yi.T- YiiT
(P+r) (V402 (141 (14r)

If we repeat this and go back to period t,

SroT-2

Gur . Gea o Ot Pt BESAE (L SRRl (] 1
O+n Q+02 @+ 0 +0 O+R O+

Ci-t

Now if you go back further then this is how it looks like,

Cti1 Ctin Ct4T  __ + Yty Vty2 Yit4T
Ce 2 7= YVt 2 T
A+1)  (1+7) (1+7) (1+r)  @+n) (1+7)

If we just try to work it out further with this particular scenario backward and if we can repeat
this and go to period t in this period go back again. If we go back to period t this is how it

looks like that ¢, it forms a pattern.

And this pattern helps you calculate the lifetime budget constraint of the representative

consumer. The idea is that if you get back here the idea is that first we are saying that to what



extent the individual can save what will be his saving and given the income the interest income

attached what will be saving.

If 1 am looking at the savings that how much he saves given the terminal period scenarios , this
is how is the savings of individual look like in period one. And if you go back further then this
is how look it looks like if you go back till period t then we will have a such type of pattern
appearing. Once we have such a pattern appearing then you can see that this is the lifetime
consumption of the representative agent and this is the lifetime income of the representative

agent.

We have not introduced any tax here; it is just the income and the consumption. , the subscript
t + T it is representing the time period it is not representing any kind of tax.
(Refer Slide Time: 12:23)

Multi-period optimization condition

I
_max U : bu(c )

T A
Subject to Y s el By

0 J=0

Euler condition can be written as &' (¢;./) = (1 + ) (¢ ji1). |
0.1 T-1

Subscript is the subscript originally, here if you try and see that how does it look like

T
max U= plulc,))
j=0

Ct,Cty1---Ct+T

Subject to
2’[‘ Ctv+j _ T Viyj
J=0 (147 J=0 (14

The other condition can be written as the marginal utility of the future consumption. Here if |
am mentioning about marginal utility of the consumption period t + j it is equivalent to the

£ (1 + r) into the marginal utility of future consumption it goes up to t + j + 1. You can say



that the current period consumption of individual is nothing but beta multiplied by the savings

that he is making in the current period, this is what is the same.

u’(ctﬂ-) =p(1+ r)u'(cHHl)
At this level this is the Euler condition this is the generalized Euler condition of the
representative agent. As compared to what we saw here in the two-period scenario, in the two-
period scenario we had a Euler condition of we had the Euler condition going to this particular
scenario.
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Derivation of Consumption function

* Suppose we have log utility function u(¢) = In ¢ with given
two-period budget constraint:

Criy y."|
} ! A
v R e IR T @1

* FOC.is =+ = 4(1 + r;) and hence
Criy i1+ nc (3.2)
* Now we plug the ¢;,, in budget constraint (4.1)

(14 n)c Yior
Cr + ’Tj - Y+ i “r' (3.3)

* Now we can simplify and get ¢

(3.4)

Here we have the Euler condition scenario you can see this. Now if | am going to see with
uncertainty the Euler condition changed and Euler condition became expectation of s, ,._,?.,
this is how we had added.
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Euler condition under uncertainty

* The optimality condition or Euler equation, is:

u'(er) = 301 + n)E(u'(criy)) (4.4)



u'(c) =B +7r)u'(cyq)
This was the Euler condition of the representative consumer when he is facing uncertainty in

the future period.
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Multi-period consumption function

If we substitute the generalized Euler condition back into inter-temporal
budget constraint:

T T
B C f< \‘ Yeig
—;( ry y=rs (T +r)

7 1 T

8): o

LS g IS B T

Suppose we assume that
T
1 = 1
(1+ry &~ a

The last expression shows that when T is sufficiently large, then o'

1=0
This is how we try to look at. But as we have mentioned in the previous analysis that, this is
the dynamic optimization condition the Euler condition. It just says that whatever consumer

will consume in the current period it is equivalent he if he saves that and consumes in the future.

In order to derive the consumption function in the lifetime you can go and substitute the budget
constraint into this. You can formulate the log function of the consumption whatever
expression you get you substitute back into the budget constraint what you get is this that if
you substitute the generalized Euler condition back into inter temporal budget constraint which

means that you can solve this and put it here.

T
Z Ctvj Vttj
Lia+ry L+

T
Z _ Vetj
Lia+ry L+

Euler condition can be written as

u(ery;) =BA+1u (cryjye) J=01,...,T—1



If you substitute back here you get the consumption function in the same way
(Refer Slide Time: 17:14)

Consumption Function

¢ Cry Yeir
i proy-v 7 = St U T
¢ = Clyn Yii1. 1)
where C is a function which maps income and interest rate into con-
sumption
Certain points:
* 5% > 0and ;= > 0, consumption is increasing in both the
periods.
* 2 = 0 s theoretically ambiguous (discussed later)

"

Maybe if | am talking about this that we can derive is equal to c,is the function of y,, y, ;. |
am talking about this derivation you can go for deriving the similar kind of derivation here.
Here this is how it looks like. Here it makes sense here if you just try to substitute this is the

consumption this is the income of the this is budget constraint if you try to work out.

1 = i 1 1 1+r
- ZT_ a] ~ — = = —
j j=0 _ 1
1+ 1-a (1471) "
T
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The intertemporal budget constraint will be

T
C—.1+r= Ve+j
J
r j=0(1+r)

After further simplification, it can be written as
T
r Vetj

J
1+rj=0(1+r)

C =

The _Z_plays very important role as compared to 1 upon 1 + g that we got in two - period case
1+7r

here the rate of interest will matter. - will matter and if you go for partial differentiation with
1+r



respect to future income the expression will change. The underlying idea is that with this life

cycle imposition or life cycle derivation of the utility.

And the budget constraint of the representative consumer we can easily see that how much this
representative consumer is going to have the consumption, the change in consumption with
respect to current income or | would say lifetime income. Here there will not be any kind of
future as such but yes if you want you can add t + j + 1 and you can calculate but your lifetime
consumption depends upon the rate of interest, how much you have the rate of interest.

And the earnings will decide about that how much you are going to save and if you are thinking
about the giving preference to the future g is continuously going to be higher then you are
going to give more importance to the future period that works. Generalized equation of the
optimization this is how it looks like. , I hope it is clear to all of you that the consumption

function that you normally see in macro textbook.
T
r Vt+j

J
1+rj=0(1+r)

C =

Whether it is Keynesians whether it is the life cycle of Modigliani whether it is the permanent
income hypothesis by Milton Friedman, all these theories can be explained with the help of
simple mathematical exposition of the macroeconomic concepts and this macroeconomic
background will help you understand these theories in a much better way. And you can also

extend this further with many more additions.

And you can see that how those additions will help you understand not only the consumption
but also the savings, for example we introduced the uncertainty and we saw that how this
uncertainty when we introduced into the model it helped us understand the precautionary
savings. To summarize now we will be moving to the government and we will be seeing that
how in the two-period model setup the government is going to react when the individuals pay
the tax to the government how government reacts to that, how government tries to finance the
expenditure. Those concepts will be important and, in this consumption, if you go by the one

by one we started with two period the we derive the consumption function.



And then we looked at the comparative statics introducing the income, interest rate scenarios
then we introduce the uncertainty and uncertainty added further dimension of precautionary
savings. And then we generalized the consumption and budget constraint of the representative
consumers in a more robust way. And then we can see that with this generalization you can

superimpose the condition of life cycle theory.

And see how or the permanent income hypothesis that how individuals will behave when they
are introduced to this. Whether it will be Behavioural coefficient playing very important role
or it will be the reward of the representative consumer. It also allowed us to impose the
condition that if we are allowing the individuals to save in the subsequent periods then how the

budget constraint of the representative consumer is going to be changed.

I hope such background will help you understand the recent developments in macroeconomics
in a much better way. These are the new classical ideas, new classical ideas have such type of
understanding that they added a dimension of the macro foundations. And we will be having
different schools of economic thought and under that will be coming back to this again that
how and from where this started and how it is exploring how it has been explored in the recent

literature.

I would request all of you to have a look at the papers appearing in macroeconomics literature
mostly from journal of macroeconomics and Journal of economic dynamics and control. These
journals have a sufficient background about such formulations. And then you can easily
understand at least you will have idea about that how this particular mathematical formulation
helps and in which all areas such foundations micro foundations are applied to understand.

People try to understand the behaviour of the consumer, behaviour of the representative agents,
behaviour of the individuals in a group when we superimpose the condition of rich and poor.
All those dimensions are covered. | will be stopping it here and then I will be starting a new

topic which is about the government. Let us have a background about the government.

And then we will be seeing that how governments react to such type of formulations. Now we
are going to talk about the Ricardian Equivalence. Now in the two-period model we can also

introduce the government that is the flexibility that it provides and since the mathematical



treatment becomes more simpler in two period scenarios compared to infinite period or up to

period T.

We will be, understanding that how individuals react to government decisions whether those
government decisions impact the consumption behaviour of the representative agent. If those
actions of the government are going to impact or if the government is going to give tax relief
or tax burden on the individual then how these individuals are going to play important role how
these individuals are going to work out with their consumption.

Whether the consumption smoothing pattern will remain same or it will change. Now I think
those dimensions are important to look at and since you already have the background now. It
will be easier to understand and the idea behind Ricardian equivalence if you see in a nutshell

it talks about how individuals react to the change in the government decisions about taxation.

The concept starts with the basic premise that if government is going to give you tax relief in
the current period it does not mean that you will not be paying in future. The government also
goes through the same framework that we have seen for the consumer that it also optimizes
expenditure maybe in the current period the government is going to reduce the taxes. But in

future period the government will increase the tax.

Now individuals are also rational they have the similar kind of experience, learning’s and then
they also have certain expectation. If the government is going to give a tax relief in the current
period, then individuals are al smart, they know that we are going to get the we are getting the
tax relief in the current period but we are going to pay this in future. They will save this amount

to smoothen out the burden of tax in future period.

And then they easily smooth out or smoothen their consumption in two period scenarios.
Ricardo in the late around 17 or would say 18th century he talked about such type of behaviour
of the consumer when the government is going to take decision about the taxation. Here it is
this concept is linked with the public finance theories public economics but it is more of a

macro because it deals with consumption and all other variables.



But you can link it with the public finance the Ricardian equivalence tells that the tax cut is
not a free lunch you will have to pay back in future. We will be understanding those dimensions
here and we will be also trying to see that how this work.
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The reference remains same for this. | would request all of you to go through this Stephan D.
Williamn book and this book is gives you the idea you can also go to the Sanjay K. Chug and
this will gives a sufficient background.
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!Key Learning Objectives

* We define the role of the government and constructs the life time
budget constraint of the goveriment

* Understand the Ricardian Equivalence Theorem
¢ Understand the burden of debt and financing strategies.

What will be the learning objective that how the government behaves in the economy what is
the role, how government construct the lifetime budget constraint, how we can understand the

Ricardian equivalence theorem how we can understand the burden of the debt and the financing



strategies. These are this, but | will continue this in the next session and then we will start from

there. Thank you much.



