Introduction to Reliability Engineering
Professor Neeraj Kumar Goyal
Subir Chowdhury School of Quality and Reliability
Indian Institute of Technology Kharagpur
Lecture 06
Constant Failure Rate Model-I

Hello everyone, we have completed one week of lectures, and now we have moved on to the
second week. Our focus this week will be on constant failure rate models, also known as the
exponential distribution. In the previous week, we discussed various reliability indices, their
definitions, and their basic relationships. This week, we will be focusing on the exponential
distribution, including how it is used for modeling and how it can be used to evaluate reliability.
(Refer Slide Time: 00:59)
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As discussed in previous lectures, the exponential distribution is characterized by a constant failure
rate. This failure rate, denoted as A(t), remains unchanged over time. Therefore, if the failure rate

remains constant, the default model becomes the exponential distribution.

Failures can occur due to wear and tear, and the exponential distribution finds application in such
scenarios. As we discussed earlier, the bathtub curve represents A(t) and t, where A represents the
failure rate during the useful life of the component. In the case of the exponential distribution, A is

constant during the useful life of the component. This constant rate is significant because it



represents the period during which the component is expected to function correctly without any

manufacturing or design defects or degradation.

The reason why failures occur randomly or due to chance events is that any component can fail
for these reasons. Therefore, there is no specific assignable cause to be found, and this can happen
to any device. Hence, any device can fail, and the failure rate follows the exponential distribution.
Since the exponential distribution is a one-parameter distribution with various properties, it is easy
to handle and can be used in most relative calculations. When referring to system reliability
standards, if no distribution is mentioned, it is assumed to be an exponential distribution.

The exponential distribution is so popular that reliability has become synonymous with it. The
reliability R(T) is equal to e™(-A(t)), which is only applicable for exponential distribution.
However, other distributions are also used, but they are more constrained to the data analysis part.
Specifically, for reliability prediction data, the assumed distribution is almost always the
exponential distribution. When collecting and analyzing data, other distributions with a non-
constant failure rate may be used, but due to its popularity, the exponential distribution is used
almost everywhere. This distribution has only one parameter, which is time, t, and the function of
lambda is the only parameter.

Lambda, which is the parameter, can be easily evaluated from the data for reliability. Reliability
data is generally the time to failure, like t1, t2, t3, because the random variable is the time to failure.
For example, if we put 100 devices on a test and had ten failures in 500 hours, the times may be
recorded as first failure at 10 hours, second at 15 hours, third at 100 hours, fifth at 150 hours, sixth
at 200 hours, and seventh at 250 hours, and so on. We may have various data points listed as t1 to
tn. Out of the 100 devices, 90 devices have not failed, so they have worked for 500 hours. Lambda
can be easily calculated as the number of failures divided by the cumulative time of operation. In
our example, the number of failures is 10, and the cumulative time to failure is the summation of

ti, where i ranges from 1 to 10, and for the remaining 90 devices, it is 90 multiplied by 500 hours.

This formula is only valid for the exponential distribution, but it is so easy to understand that the
industries assume it whenever there are multiple failures, but many devices have not failed. These
are called sensor devices because they have not failed, and we do not know when they will fail.

However, we know they will fail after 500 hours since they have not failed yet. Using this



information, we can easily calculate lambda, which can help us evaluate other parameters. The

same is not the case when considering time-dependent failure rate models.

In this week, our focus will mostly be on discussing the constant failure rate models. After
completing the constant failure rate models, we will discuss time-dependent failure rate models.
(Refer Slide Time: 07:46)
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SD is equal To MTTF. This means as MTTF increases, variability also increases.

In case of constant failure rate models if we see A(t), but that is over hazarded it is constant. Now,
we know from the formula that R(T) is equal to given us e to the power minus integration from 0
to t, z(t) dt or lambda t dt, this formula or lambda x dx this formula we have already discussed in
previous classes. So, as we see this comes out to be e to the power minus, now, this is constant.
So, let us see constant values lambda and dx. So, this will be equal to e to the power minus x from
0 to t and lambda this will give us e to the power minus lambda t because, when we put 0 that will

become x t minus 0 so, that will become t.
At) =z(t) = A
R(t) = e—fotldx —e M

So, this is our R(T) formula what is, so, this is how we get the R(T) as we know this distribution
is all applicable only for t greater than equal to O time is not considered to be negative guantity

here. Similarly, we can calculate unreliability, unreliability means we can also say it is the failure



probability. Failure probability is nothing but 1 minus reliability. So, that is 1 minus e to the power
minus lambda t. Probability density function for the same we can evaluate as we know earlier

formula that lambda t is equal to f(t) upon R(T).
Fit)=1-R(t)=1—eH
f(®) = AORE) = Ae™

So, we can get f(t) from here f(t) will be equal to At into R(t). Now, lambda t is constant here that
is lambda and R(t) we know that is we have already calculated e~%t. So, the same becomes PDF
here. For calculation of mean time to failure, as we know mean time to failure MTTF is equal to
integration over full range. Now, t is not negative t can be only from 0 to infinity RTDT, what is
R(t)dt? R(t) is e ~*tdt this if you integrate this will become minus one upon lambda, e to the power
minus lambda t from 0 to infinity.

0 oo 1

1
MTTF =f e Mdt = ——e M| ==
0 A o A
Then we put limit equal to infinity this will become minus 0, minus minus will become plus t equal
to O putting it will give the 1 upon lambda. So, as we see, MTTF comes out to be 1 upon lambda.
So, or we can say that, MTTF is inverse of the parameter only parameter is the failure rate here
constant failure rate that is lambda. Similarly, we can evaluate variance, variances nothing but the

expectation of t minus MTTF whole square expectation of t minus MTTF square.

So, once we put it then this will become as we know from the formula this is integration from t
squared FTDT minus mean square, mean here is MTTF and if we integrate this we get the 2MTTF
square. So 2MTTF square minus MTTF square gives us MTTF square, and we know what is
MTTF that is 1 upon lambda, so this becomes 1 upon lambda square.

o 1
% = f t2f(t)dt — MTTF? = MTTF? = pE
0

So standard deviation for this is square root of variance, that is will become one upon lambda. So
if we see here that our standard deviation for exponential distribution is same as MTTF. So, if our



MTTF is increasing, that means variability in the distribution is also increasing that means

uncertainty in our distribution is also increasing.

(Refer Slide Time: 11:51)
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Now, let us discuss how this exponential distribution can be varied over various functions. So, for
that, let us see if I think we may not be able to evaluate here I will show it in a, here, so, let us see
in this view, if | have just put a Excel sheet here that is Excel sheet if we see this Excel sheet is for
same, just let me expand this a little bit, if you see it here, | have just put all the formulas here, the
only parameter here is, just give me a second lambda. So the parameter lambda now | can visualize

that if I am changing value of lambda how various values how this distribution will vary.

| am sorry, just give me a second. So, lambda is here, if you see this exponential distribution, |
have plotted lambda here this is my lambda value. So, since lambda is constant, this will always

be a straight line, it does not change with time.

Next, this value is small effects that is probability density function. So probability density function,
if you see it starts with high value and then decreases the starting value of this is same as the
lambda value that is 2, because at the start, as we will see, if we put t equal to 0, then lambda e to
the power minus lambda t when we put t equal to O it will become lambda, it starts from lambda,

then it will keep on decreasing in an exponential rate.

Then we have this value as the reliability, reliability always start from one then keep on
exponentially decreasing. Now, similarly, I have also plotted the unreliability, unreliability always

start from 0 then keeps on increasing. So, this value | have plotted for lambda value equal to 2 and



this | plotted on a time scale from 0 to 4. Now, if | let us say change this from 2 to 5, then let us

see what kind of change happens.

When | change to 5 if you see that my this fall has become faster, the FT which was slowly
changing now is changing very fast it is coming down very fast. Similarly, reliability is also coming
down very fast. Let us for more understanding let us do one by one let us see how it is affecting

the reliability first. Let us see how reliability is affected here.

So, if I put lambda equal to 2, lambda equal to 2 means, my MTTF is 0.5 hour in that case this will
look like this, if I put lambda equal to let us say 0.5, you see it is almost looking like a it is taking
larger time to decrease because MTTF is higher, if | put let us say 0.1 it is becoming looking like
it is this starting period is looking like almost like a straight line because and decreases only up to

0.6 around.

So, it will be going slowly, slowly sloping over a long range, MTTF is 10 here, but when | put this
5 here, you will see there is a sudden and sharp like within 0.5 hours of 1 hour the reliability
becomes almost equal to 0. Similarly, if you look at the impact of changing this parameter on
values of FX, FX is our failure density quality density function since quality density functions
when lambda is large, what will happen same, because this will follow almost similar pattern as
the reliability curve, like 5 is there it is starting from 5 then steeply decreasing that means most of

the failure we are observing in this region.

If I make it 0.5, then it is starting from 0.5 but it is taking longer to decrease and it is also not
reaching to O very fast. If | make it further less 0.1 will see that it is even decreasing small, almost
linearly it is looking at because it is the initial degradation only, initial downfall only. Similarly,
whatever we have observed RT same values we can observe for if you look FX and RX they are
one minus of that. So, whatever the pattern is there opposite pattern will be there for the reliability
as you see similar this is decreasing whatever rate it is decreasing it will increase with the same

rate.

If I put lambda equal to 1, then it will look like this. If I put lambda equal to 5, it will steeply

change quickly reaches to 1 quickly reaches to 0. So, this gives us an idea that how exponential



curve will look like and failure densities failure it is always going to be same here. So we will

continue our discussion, now here or if we look at it.

(Refer Slide Time: 18:29)
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Now let us say many times we are interested to evaluate design life. So reliability for time. So for
design life or some other like mean life median life etcetera. We have calculated values for MTTF,
which is equal to 1 upon lambda. Now, we want to calculate reliability, how much is the reliability

for when time is equal to MTTF or time is equal to 1 upon lambda.

So, we know reliability at time t is e to the power minus lambda t when t is equal to 1 upon lambda
this will become e to the power minus 1 and e to the power minus 1 is equal to 0.368. What does
it mean that when time is equal to mean time at the time we have almost 36.8 percent failure and
how much is only working that means around 73.2 Sorry 63.2. So, we have only 63.2 percent
equipment which are working, that what does it mean? That if | have 100 devices which are put
on uses, then by MTTF | am time t equal to MTTF if let us say MTTF is 100 hours or let us say
500 hours and I put 100 devices on test.

R(MTTF) = e "MTTF = o=1 = (368

Then, in 500 hours | am expecting that out of 100, almost 63 devices will fail and only 37 will be

working. Does that means more most of the devices are going to fail. So when we use MTTF as a



criteria for reliability, we have to be a little careful. We have also seen in one example earlier that

when we have used two different distributions, then even for same MTTF reliability was different.

Reliability is telling us that what is the probability of failure or how much proportion of failure |
am expecting from the population, which is much more important parameter to know compared to
the MTTF, MTTF can, because of large variability in exponential distribution. MTTF can be a
little bit misguiding here, because in case of here, the by the time we say e is equal to MTTF, or

many devices proportion of devices have already failed.

So we have to be cautious when using MTTF as the reliability parameter, and MTTF should not
be considered that this is a good time for which system because in general, we may like that most
of our devices should be working so MTTF is not like always 50 percent, 50 percent if you are
interested, then the we go for the median time, median time is by the time t median we will observe
50 percent will be working 50 percent will be failed. So, it is the middle portion of the number of

failures.

R(tpmeq) = 0.50 = e ~*tmed

1 0.69315

tmed = —;ln (0.5) = T = 0.69315 MTTF
R(ty) =09

0.90 = e~*ta

1
tq = —7In (0.9) = 0.10536MTTF

So, by the time we expect that 50 percent of the failures, so, reliability becomes 0.5 and that is
equal to e to the power minus time t equal to t median. So, using this reverse calculation, we can
get it if | take log both side, so In of 0.5 will be equal to minus lambda t median. So, t median will

be equal to minus 1 upon lambda In of 0.5 same thing here and which comes out to be this value.

So, if you see that one upon lambda is coming now, 1 upon lambda we can say it is equal to MTTF,
S0, that can be replaced as MTTF. So, if you see that median time is around 0.69 or around 70
percent of the MTTF. So, median is less than MTTF. Let us say we are interested to know the time
by which our some reliability target will be achieved. So, we are producing certain product let us
if we want to say our reliability target is 0.9, we are promising that our reliability that means 0.9

reliability will be there for a certain time | want to know that how much will be that time.



So, that means, we are promising that our design will have only 10 percent failure by time td. So,
this becomes our design life, td becomes our design life, that in design life we are expecting only
90 percent fail. So, we are designing for 90 percent reliability 10 percent failures only. So,
reliability e to the power minus lambda into td will become 0.9 here, you can also design for 95

percent reliability, in that case this will become 0.95, you can also design for 98 percent reliability.

So, reliability how much reliability you are designing for that is to be determined by the based on
the customer or based on the product, if we have a product requirement which requires a very high
reliability to be delivered, then accordingly we can set this reliability and same value can be used
here and according to that, if we have the failure rate information constant failure rate parameter
is known to us then we can get the value of TD. So, in this case TD will be equal to same as we
have done earlier minus 1 upon lambda In of 0.9 and that will come out to be 0.1, this I have
calculated and put it here that is around 10 percent of MTTF.

So that means whatever MTTF | have calculated let us say my MTTF was 500 hours. So that
means for 500 hours, | was expecting 63 percent failure. But for 10 percent failure, | have to

promise the life which is almost like a 10 percent, almost like a 50 hours.

So, for design life, which I will be aiming here will be 50 hours. That means I will be promising
customer | will be telling the customer that for 50 hours | am giving you the equipment because in
this duration only. | am expecting that I will meet your criteria of reliability of 0.9, though MTTF
is 500. So we have to be cautious here it is better to design or promise reliability based on the
design reliability for a given reliability value rather than MTTF.

(Refer Slide Time: 24:55)
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Let us take one example that there is a microwave transmitter and this microwave transmitter is
having a failure rate of 0.00034 failures per operating hour. So, can we determine MTTF we know
MTTEF. So, this becomes our lambda say MTTF will be equal to 1 upon lambda that will be equal
to 1 upon 0.00034, we want to know t median, t median as we have seen earlier that is 69315 or

around 70 percent 0.69315 into whatever we have got here that is MTTF we can calculate this.

Similarly, if we want to know reliability for 30 days of continuous operation now, we want to
know reliability of 30 days, but this is given in hour. So, we have to convert days into hours, so,
30 into 24 that will become number of hours, this will be equal to, e to the power minus 30 into 24



multiply by lambda lambda is 0.00034, design life for reliability of 0.95 so, that is same minus 1

upon lambda In of 0.95 we calculate this we will get the t 0.95.

(Refer Slide Time: 26:37)
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A B C il F G H J K
1 lamda 000034
2 MTTF 294118
3 tmed  2038.68
4 R(30%24) 0.78286
5 1t0.95 150.863 6.28594 days

So, here are these calculations we can do if it is not shown here so, let us see if we do it here. So,
we have seen the formula if we want we can show it here by using the Excel sheet. So, I think this
is being used first time. So, my lambda here was | will just copy that same thing from here, that
was 0.00034, I want to calculate MTTF. So, MTTF is equal to this is equal to 1 divided by lambda,

then we can calculate t median, median time to failure is equal to MTTF into 0.69315 I think, 315.

Next we have to calculate is reliability for 30 days are 30 into 24 so, this is equal to exponential
minus lambda into 30 into 24, our reliability comes out to be 78 percent or 0.78. Next what we
wanted to calculate is design life for reliability of 0.95 t 0.95. As we have seen this is equal to
minus In of 0.95 divided by lambda, lambda is this.

So my design life comes out to be around 150 hours. If we want to convert into days, | can divide
this by 24, because it is having the continuous operation, so around 6 days, so, around 6 days, there
will be that design life for this equipment, I will be promising the customer that for 6 days you, it
will continuously run without any much problem, reliability will be 0.95. So, we will stop it here

and we will continue our discussion in the next lecture. Thank you.



