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Hello everyone. So, in previous sessions we discussed about failure data analysis that is
mostly time to failure analysis or we have the group failure data analysis, which may be
completed or which may be group data or sensor data. So, and we discussed how we can get
the user rank methods and we are able to get the F ti once we get the F ti, then we can fit it to

we can find out the R ti zt ft a small ft like that.

So, today onwards we will be discussing more about how we can use the same data and we
are able to fit the distribution. Once we fit the distribution we are able to know the
distribution pattern, once you know the distribution pattern, we will be able to evaluate
important quantities related with the reliability as well as we will be knowing almost

everything about the reliability.

So, as we this data once we do the analysis and once we fit the data whatever parameters we
get, that becomes the basic data which is used in all other matters which we will discuss like
system reliability approach and all other methods which we have discussed earlier for that

reliability, in this in this lecture series.
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We will be initially briefly discussed we because this is not a statistics class this is more
about reliability. So, we are selectively discussing about the few principles which we are
using for the reliability estimation. So, one way of doing that estimation is using the least

squares estimation, where we try to take the square of error and we try to minimise that.

So, generally for least squares estimation when we are using we do the curve fitting. So,
rather than curve fitting, as we know that if we want to fit let us see if we have the data. And
if we want to fit some other curve, it would be difficult, but it is much easier if you have the

data to fit the data to this straight line, because when we fit the data to a straight line, we can



see that the line should be passing to the reason where most of the points are lying nearer to

the line.
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So, this curve fitting is mostly done by the line fit line fitting. So, here we try to fit this line in
a manner that our error in y is minimum or similarly if we reverse this equation, we can do
the minimization of error on part of x, but here since like y here is the generally in all these
cases y which we evaluate further and see is generally related with the failure probability and

the x is mostly related with the other random variable which is time to failure.

So, we try to find out we try to transform our equation, the accumulative property
distribution, and try to estimate try to get this data into the y equals mx plus ¢ form. Once we
are able to do that, then we estimate the value of m and ¢ which represent the parameters of

the distributions, which are related with the parameters of the distribution.

So, using those equations, we are able to evaluate m and c. So, we have the general equation
whenever any data is available, let us say we have the xy2 yi and we have n such instant like
x1, y1 that means, x1 is that time is the independent variable, which is which can be time will
some relation of time and yl1 is the dependent variable which is some relation of the
probability of the failure. So, as such let us say we had n number of data or we have n number

of failures. So, like we have done earlier, we have the n time to failure.



So, we have related with the time to failure we get the x1 to xn and then we have based on the
ranking, we try to find out the F ti, F ti becomes F ti is related. Based on the F ti we calculate
the y1 to yn. So, we have each pair, we have nine such pair. Using those pair, we can get the
regression line we can fit and by using that we get the line after line fitting but is the values of

m and c.

The value of m is statistically given as the estimated value of m for such case for n such data
IS given us summation of i equal to 1 to n xi yi minus x bar summation of yi from i equal to 1
to n, this summation of i equal to 1 to m yi can also be written as n into y bar, because y bar is

nothing but the 1 upon n summation of yi.

So, that can also be written if we want we can use we can also replace these quantities as n
into x bar y bar. Then, in denominator we have X y this integral, summation from i equals 1 to
n of xi square minus n into x bar square and we know what is x bar, x bar is the mean value

of xi that is the average value of xi. So, one upon n summation of xi.

Similarly, we can estimate the value of c the constant here, this value of c we can estimate by.
So, value of c is nothing but if we see c is equal to y minus mx, So, ¢ is nothing but average

value of y minus m into average value of x.

So, this value we calculate using this formula, so, m value of m will be the estimated value
here, which we have estimated here. So, m estimated x bar and y bar is as you know that is
nothing but the 1 upon m summation of y i. So, based on this we are able to get the m and we
are able to know the ¢ and once we know the m and c based on the relationship which we
develop we can find out the distribution parameters. Here as we know that we want to know

how well this data is fitting to the distribution or the line straight line.

So, how well this data is fitting to the straight line if you want to find out we can use a
coefficient of determination. So, coefficient of determination is 1 minus if you see this part
this is yi, yi is the actual observation which you have and c cap is the. So, this means vyi
minus m cap Xi minus ¢ ¢ cap, same that is supposed to be 0, if your points are lying exactly
on the line, then yi will be same as the y cap or yi cap, yi cap is like when we put xi value
then based on the estimated value of m and c should give the nearest near value to the yi.

So, this is kind of error and we are taking the square of the error as you see discussed earlier

it is the least square estimation which is nothing but the error is square and we want to



minimise this. So, r square is giving this so, if this is exactly if it if your line is passing
through all the points what will happen this value will be 0 and your r squared value will be
1, if it is far away from the line, the points are far away from the line but will happen this
value will be higher. So, this value whether it is lesser or more because of this square both
will be added.

So, whether the value is higher estimated value is higher estimated value is lower in both
cases error will be high and error will be square and added here. Similarly, it is divided by the
yi minus y bar square. So, here square root of this value when we take r square is generally
called the coefficient of determination and the square root of this is we are calling as is an
index of it. So, we want our r value to be close to the 1, if it is close to the 1 our fit is

considered to be good.
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Now, let us see that if we want to do this fitting of the data to the exponential distribution. So,
if we find out that and we assume that our data is fitting to the exponential distribution, then
what will be the exponential distribution parameter, we know that exponential distribution
parameter is only 1 that is lambda, which is also called the failure rate because exponential
distribution has the constant failure rate which is lambda. So, here for exponential
distribution CDF cumulative distribution function or we can say the unreliability capital Ft is

given as 1 minus e to the power minus lambda t.

So, now, this equation we have to change into the straight line equation. So, for changing into
the straight line equation, we make some modification to this like what we can do, we can
take 1 minus the side, so this will happen 1 minus Ft will be equal to e to the power minus
lambda t. Now, again, what we can do we can take log of because this is exponential term, so
we will take log, so log of 1 minus Ft will be equal to log of exponential minus lambda t will
give you minus lambda t. Now, this is minus so | can write it that minus In 1 minus Ft or |
can write as 1 minus Ft 1 upon we know minus log of x is equal to log of 1 upon x. So, this

will be equal to lambda t.

So, here now, if you see this equation is kind of turned into a linear equation, so, what linear
equation this can be I can call it y, this lambda I can call this m and this t I can call it x. So,
my higher c is 0, ¢ is 0. So, my equation is turned into simple equation y equal to mx, since it
is ¢ equal to O that means, when I am plotting this line, the my lines should pass to the origin
that is 0. So, for exponential distribution whenever we are fitting the intercept has to be 0, it



has to pass through the origin. So, now, we if we apply the formula which we have seen

earlier.

So, y is equal to In of 1 upon 1 minus Ft and x is equal to t, once you put it here, then we will

be able to. Now, what is m here m, as we saw this formula this is the value of m which we

can calculate from here. Now, m value when we are calculating here we can calculate a

summation of i equal to 1 xi yi divided by summation of i equal to 1 xi square. So, this value

once we calculate this will give us the lambda value. And yi is this xi is this and r square

value again we can calculate, here c is 0 because c is 0 we do not need to calculate c here and

r square value is 1 minus whatever formula is the same formula by putting ¢ equal to 0 we are

able to get it. Once we use this, we will be able to get the fit the fit it and we will be able to

get the distribution.
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So, here | have taken one example here, this example | will try to show you in excel sheet I

have developed this in Excel sheet | will try to show you. So, that you can follow up and you

can see that how this is done.
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So, let me show you one Excel sheet here, | have developed this Excel sheet for your purpose
and you can follow it up. So, let us go with exponential i before exponential distribution
sometimes we may be interested in histogram plotting also. So, like we discussed in earlier
classes that if you have the time to fill the data, which you may have it here you can arrange
the data in increasing order then you can divide the data into interval by using the Sturges

formula.

So, Sturges Rule when you apply that is 1.3 plus 1.3 plus 1.1 plus 3.3 into log 10 base m, m is
35 here. So, when you use that value, you get this value as 6 around. So, for 6 intervals, you
can divide data into the 6 interval and for the 6 interval you will get the number of failures

you will get the number of survival. So, initially 35 units of working.

So, if you see that here up to first interval 350 18 units failed remaining 17 like the same way
as we did earlier we can do this analysis and we are able to get the ft small ft. So, this is the
analysis using the nonparametric approach, which we have already studied in previous

classes.

Now, here sometimes we can plot this frequency curve or histogram curve to see that how
this ft is varying or how this number of failures are changing with time. So, this can give us
sometimes an idea or better will be if we plot the failure rate curve right. So, zt if you plot the
zt curve here that can give us a little bit idea whether failure rate is increasing or decreasing

constant like that.

So, that can indicate us whether we should use exponential distribution or should we use
variable distribution etcetera. But we can also directly do by directly fitting the distributions

and we are able to know which distribution is fitting.
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- F(t)=1-¢M
+ Converting this to straight line equation
- 1=F(t) =X
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- =i
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So, two distribution fitting let us say, | have these data's which | have already sorted. So, we
have 20 data points here. So, what | did I took the data points then I sorted the data and this
becomes the increasing order. Once | have then we can use the rank methods like we if we

use the, as we know that we can use the median rank method.

If you use the median rank method, then we know for median, the median rank is i minus 0.3
divided by n plus 0.4. So, same thing | will do this is equal to i, my value of i is in column B
plus 0.3 divided by my value for n | have written below, let us say | will write it here
somewhere. So | am using this value. And | am using this value, since | do not want this

value to change, I will put dollar sign here. And this plus 0.4.

So, i minus 0.3 divided by n plus 0.4, I am using the same here. And since | have not put |
will put 20 here that is my value of n C25 right. So, we are able to have these values F ti. But
as we know that F ti is not having the my axis ti and y is F ti in general, | want to know how
F ti is changing with the time, but that distribution is not following the straight line. So, |
have put this straight line equation. So, for a straight line as we discussed earlier, but we have
to know for straight line, we have to change Ft value into this In of 1 upon 1 minus Ft or

minus In of 1 minus Ft.

So, same thing we have done yi value when we get that is minus In of 1 minus F ti, that is
equal to, I can take both either In of 1 upon one minus Ft or minus In of 1 upon minus In of
one minus Ft to both will give the same. So, I will use this minus In of 1 minus Ft, Ft is this
value. So this way, | will get the y value. Same values | will get, | have already done this.
Now, what is xi value here? Let us see what is the x i here? Here x value is the t. So,
whatever my time is there exactly same time | am supposed to take. So, this will be equal to x

will be equal to t. So same value will appear here.
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+ CDF is given as
- F)=1-c"

3l + Converting this to straight line equation
§ - 1=ty =e™

e

& - In(1= K(t)) = -2t

- - In(——) =t

1= k(1)

+ Using LSE, the parameter 4 can be estimated as

- Where, y; = In(ﬁ): andx, =t
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Now, what I need to do is I, there are two ways, | will show you the graphical way, which we
can use in the Excel. And I will also show you that how we can use the formula to calculate
the same thing. So, let us first see the graphical way. So, | have already plotted here, | will do
this exercise again in front of you so that you can also follow it. So, | will take this graph
below, I will not use the same graph. | will make a new graph which, so what | have to do, I

have to plot xi vs yi.

So same thing, 1 will take it here. And I will go to this insert, you can do use any statistical
package also for this, but that is see that step by step, how we can do it. So | will use this dot
Xy plot scatter plot. So, | have done this xy scatter plot. Now, this xy scatter plot shows my y
versus i xi. But, the problem is that I want to know, | want to fit this straight line to this. So,
either | can take the scale manually and fit it here like this. But that would be little errors, but
still 1 can do, or I will use the calculated way. So Excel has the inbuilt function there, it uses

the trend line function.

So, we can use the trend line function here. If you see trend line, | get the various options
here. So first option, as you know, for since we are fitting the log, we are fitting the
exponential distribution, we have to set the intercept. Because we want intercept to be 0, we
do not want that it should not have any intercept on x or y axis. So that should be 0. And
whatever is the fitting line, | want to know the equation so that I can use the values. So, I will
display the equation on the chart, | will also display the r square value on two charts so that |

can determine how much is the index of it.

If you see by doing this, | am able to get this, | am seeing that y is equal to 0.0238x. So, as we
know from this, what is my y what is my m, m is lambda. So, from this my lambda which |
have, which I want to calculate here, my estimated value of lambda is directly 1 am able to
get it from this graph and how much is that this lambda value is equal to 0.0238.

Now, if | had know the lambda, I know that distribution. Now, whatever | want to plot, this is
an estimated value of lambda from this plotting and based on it and index of it is also good it
is almost r square is 0.96, this is like graphical way using the Excel you can do it easily, or
you can also there are exponential graph paper are also available.

In exponential graph paper what happened they have modified the axis like this will be the
logarithmic axis and this will be the linear axis because t is linear and 1 minus Ft is the log

the logarithmic axis. So, this will be the logarithmic axis and this will be the linear axis. So,



what will happen the same thing but what we are doing by the modification of data same

thing can be achieved by the modification of axis.

So, that means 1 then it will appear 10 like that. So, because of that what will happen once
you have that data you can do the plotting here, that will also look into this straight line, that
will also supposed to follow on the straight line. So, same like exponential we have the graph
paper for v bull etcetera, but we can use them we can plot the data on them and we can find
out, there is another way to find the lambda here that is if we are able to know we know that
when t is equal to lambda, if you see here, if t is equal to lambda here if you put t equal to 1
upon lambda here, then what will happen this will become e to the power minus lambda
divided by lambda that will be e to the power minus 1. So, and e to the power minus 1 is how

much that is equal to exponential minus 1.

So, whenever value of t is equal to lambda my reliability is 0.36 and unreliability is equal to.
So, my CDF value is always this 62 point 63.21. Now, according to this if | want to calculate
y value y value as we know is minus In of 1 minus this value, minus In 1 minus Ft. So, once
we use this, so, here if you see our if | look at this curve, then my value would be falling
somewhere here, for one value if | plot and if | take this intercept on x that would be

somewhere around 40 here 40 to 45 like that. So, | can calculate that.

So, as we see the same value like point what we have is lambda is this 0.02. So, my MTTF
value will be 1 upon lambda that will be equal to 1 divided by this value which is around 42.
So, this intercept for 1 is around 42 time is equal to 42 that means, my mean time to failure is
42. Because they know that when t is equal to MTTF, then when | put t equal to MTTF,
MTTF is 1 upon lambda Ft becomes 0.632 and my if | take the | minus In of 1 minus Ft that
becomes to be the 1. So, by plotting from the plot itself, I will also I can find out what is my
lambda or what is my MTTF.

Once | know MTTF from here | can do but for that | need to have this graph properly marked
and | should also have the minor axis properly marked. So, that I can observe clearly how
much correctly it is obtained. So we are able to get lambda we are able to get MTTF. Now,
let us see the another method the method this is also using LSE but here is the visual way of

doing that type we can use Excel sheet graph approach to do that.

Now let us see we want to calculate the same thing. So what | have done here, this approach |
will be using for across the distributions. So | have used the generalised approach rather than



using this formula here, this formula also | have used but let us say if 1 do not use this
formula, let us say we use the same formula. So for this we need to calculate two values xi yi
and xi square. So, first let us see how do we do that so we calculate xi yi. What is xi yi? Xi yi
is xi multiply by yi, we get this xi yi. Then another value which we need is the xi square. So,

that is equal to xi square. We got this value xi square also.

Now, using these what we have to do we need to take the summation of this. So, this is the
summation | have got, | have used the sum of this value, | have used the sum of these values.
So, this is sum of xi yi, this is sum of xi square. Now, what is my formula here? My formula
of lambda cap summation of xi yi divided by summation of xi square. So, lambda is equal to
summation of xi yi, that is this summation of xi yi divided by summation of xi square and this

becomes my lambda. If you see this lambda and this lambda both are same.

Whatever we have done by calculation, same thing has been done by the excel in drawing or
plotting this trend line, we get the same value. And if | want to calculate r squared, what is
my r square, r square is summation of i equal to 1 to n yi minus m xi square. So, here | am
need to take yi minus mx i. So, how can we can | take yi m minus m xi that is equal to i, yi
iIs how much? Yi is this one, minus m value | have already calculate this lambda is my m

value.

Now, this value | do not want to change, so | will put the dollar here again. So that my values
do not change, mi multiply by xi. So, this gives me the now these values have to take this
square, if you remember the formula, yi minus m xi square, | have already done yi minus m
xi. Now, let us do the square. So, for square | will do the squaring of this. So, once we do this
and then again | can take the sum of this, the sum will be this value, which we are having

here.

So, by taking the sum, I will get this value. Now, let us take the denominator is yi minusy bar
square whole square. So y minus y bar, that means | will take this, this is equal to yi minus y
bar, how much is y bar y bar is the average value of yi. So what | have done, | have taken the
average value already here, yi minus yi square. Yi minus yi average square, this is average
value, 1 will show you that this value is nothing but the average value, this is the | have taken

the average value here.

So, yi minus y bar, this is y bar. So, | am able to get the same formula, this is my
denominator. So, this summation, which | have got divided by this will give me the r squared



value. So r square value is nothing but this divided by this sorry, and | have to subtract the
whole value from the 1, 1 minus of this, 1 minus of this because | want this value to be near
to the O r square is 0.964485, which is also if you see this is also same as what we have got
here. And r value is the square root of this.

So, my index of fit is 0.982, which is a very good fit. And once this value | am removing,
because we have already done this exercise. So, we are able to get lambda we are able to get r
square we are able to get r everything we are able to get. And once we have this we are able
to fit the exponential distribution. And if you want to know we, once know the per parameter

of the distribution, we know everything about the distribution.
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So if let us say if | want to take some time values, and if | want to know the Rt, how can | do
is let us take | will take some time 0, let us say | will take the difference of 5, 0, 5, let us take
some values. Some more values we can take an Rt is we know Rt is equal to exponential

minus lambda t and how much is lambda? This is my lambda multiply by t values given here.

Now this G25. As | discussed, this need to be near the constant. This should not change. So, |
will use the dollar sign here. And If | want to plot Rt, I can plot Rt. I will just go to the insert.
And | will plot the xy chart with line. If you see this is my exponential distribution, which I
have fitted and if | want to know the Zt, Zt is constant line. So, no need to do that if | want to
know Ft, what is Ft? Ft Zt Rt. So, that is equal to Rt into lambda t, my lambda t is this value,

because this is constant. So, | will use again dollar sign here and this becomes my Ft.

| can add the Ft value here; | can select data | can add one curve here, series hame is this and
the x values are already taken here, and y values are we have to take from Ft and we get this.
You see, this is my Rt curve and this is my Ft curve because valued are different so I will plot
one at a time, this is my Ft and this is my Rt. As you see that this is exponentially decereasing

and whenever | want to know the value, | can know the value.

So, we stop it here today, we will continue this discussing this more distribution how they can

be fitted to the data in next classes.



