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Normal Distribution 

Hello everyone. Now, we will start our lecture number 13 which is about Normal 

Distribution. So, in previous lecture we discussed about Weibull distribution which is a time 

dependent failure rate distribution. As we learned, when the shape parameter of the Weibull 

distribution becomes greater than 3, it tends to resemble a normal distribution. The normal 

distribution is an increasing failure rate distribution where the failure rate is also time-

dependent. So, today we will delve into the topic of normal distribution and discuss its 

characteristics in detail. 
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Normal distribution as we know it is very widely used and especially in quality. So, in quality 

almost all the formulas are driven by the inherent assumption that distribution is the normal 

distribution. So, normal distribution whoever goes through normal statistics estimation 

etcetera, they are very well versed that normal distribution is there.  

So, inherent assumption is most of the time normal distribution. For a Lap T application a 

normal distribution can represent the stress distribution. It can represent strength distribution, 

it can represent wear distribution, it can represent the fatigue distribution and many other 

cases. So, normal distribution is used in reliability theory also, may not be as widely as 

weibull distribution for time to failure data.  



But apart from time to failure, other parameters generally follow the normal distribution. The 

PDF of normal distribution is bell shaped whenever someone is asked to draw a distribution, 

they will default draw like this. Why? Because this is such a popular distribution, normal 

distribution, which is a symmetrical like whatever is the value at the same distance, we will 

have the same distance value on the left-hand side.  

So, normal distribution is a symmetrical around the mean. This is the mean and this flex point 

is generally mu minus sigma. Similarly, this flex point is mu plus sigma. So, the distribution 

PDF Probability Density Function is given by small f(x) that is 1 upon under root 2 pi sigma 

e to the power minus half t minus mu divided by sigma whole square, where t is defined for 

all values from minus infinity to plus infinity.  
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Generally, here, t is the random variable which can have both values, positive as well as 

negative. Mean is mean of, this distribution has two parameters mu and sigma. And here by 

the nature this mu is the mean and sigma is the standard division or sigma square becomes 

the variance. If we want to calculate CDF, for this that is f t, then f t is minus infinity to t f x d 

x.  

Small f x is we have to replacing this. There is d x missing. So, this is d x. So, when we 

integrate this, we will get the CDF. This if I try to draw here, if this is mean, then at mean 

you will have value 0.5 and this will be something like this, you will see this more little later. 

Now, this function if you want like unlike exponential distribution, Weibull distribution 

which we could integrate to get the capital F t capital R t from small f x. But that is not 

feasible here, we are not able to integrate this.  

 

So, how do we get then F(t) value? To get the capital F t value there is a transformation. 

What we can do that we can transform the normal distribution into a standard normal 

distribution. What is the difference between the normal distribution and standard normal 

distribution?  



Standard normal distribution does not have any parameter. This is our standard normal 

distribution, PDF. If you see here there is no parameter, it is directly function of Z. There is 

no other parameter which is not known here. But for normal distribution, there are two 

parameters mu and sigma which need to be known for normal distribution to be defined. How 

can we convert this into standard normal distribution?  
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To convert this into standard normal distribution, we consider this as Z. We consider that Z is 

equal to t minus mu divided by sigma square. Now, sorry not sigma square, this is sigma. So, 

when we put Z equal to this then differentiation of this d z over or d t will be equal to 1 upon 

sigma.  

So, what happens that whatever this sigma which we had is removed because once we divide 

this by this 1 upon sigma this will be gone, as well as t minus mu open sigma becomes Z. So, 

this becomes e to the power minus half Z square into 1 upon under root 2 pi. This is because 

of the transformation loss.  

 

So, we can remember that standard normal distribution phi Z is given as 1 upon under root 2 

pi e to the power minus half Z square which is not having any parameter that this is why this 



is a standard. So, since this is a standard, we can take different values of Z and we can get the 

values of small phi Z.  

But our concern is not to get a small phi z, our concern is to get the capital phi Z. So, capital 

phi Z is the integration of this small f x. Now, this is also not integrable directly. So, 

numerical methods are used and approximation methods are used which have been used to 

give the values of phi Z, capital phi Z which is the CDF.  

But what happens here since this is a standard, it is not having any parameter, so for different 

values of z I can get the values of capital phi Z which is I can also say this is f z, CDF. Now, 

these tables if I show that there are standard tables available, so whenever we have the 

statistical tables, we can get these kind of tables, like this kind of table you will see.  
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You see this is a standard normal distribution where Z values are here and these are the CDF 

values. So, if I am interested that what is the value of CDF for minus 3 then minus 3.0 I will 

take and this my 0.00135, 0.00135 is the value which will become. If I am interested to know 

minus 3.02 then this will be my value 0.00126.  

So, by having this standard table because there is no unknown, so different values of z, I can 

get the values of capital phi Z. I can also do this same thing by using the Excel. So, I will be 

using the Excel for this purpose in this lecture. But you can use both Excel also and if you do 

not have access to the Excel, you can use the standard normal tables.  

Now, here if we see that we can get the CDF. How do we get? We will replace t minus mu 

divided by sigma as the Z and that will give us the value required for the PDF. And we know 

PDF is unreliability if this random variable is time to failure. So, reliability is equal to 1 

minus f t or I can say this is equal to 1 minus phi Z.  
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Where Z is equal to t minus mu divided by sigma. Similarly, we know the failure rate 

formula. Failure rate is given as small f t upon R t. So, small f t is here and R t is 1 minus phi 

Z. So, we can use different formulas to get this failure rate for the normal distribution.  
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So, I have done this exercise in Excel. In Excel if you see, I have just put up all the values 

here for demonstration purpose. So, I have two parameters here mu and sigma. Now, let us 

see how does this change. Generally, if you look at the how this goes then if we look at it 

then if we look this small f x then t is minus mu. So, here mu is the location parameter.  

Because if I change the mu what will happen f x will simply shift left or right. If I increase 

mu it will shift right if I decrease mu it will shift left. And sigma is the scale parameter here. 

Because if I increase the if let us say I make sigma 10 times then what will happen? I need to 

I will get the same value of f x if I take the t also 10 times and mu also 10 times. So, this has 

the impact of the changing the scale.  



So, if I increase this then it will stretch and if I decrease then this will be this will be your 

contracted. So, that is why peakedness will be more if sigma is less and or it it will be having 

higher width if sigma is more. The same thing we can see from here. Let us see, let us first 

see how sigma change. Right now, I have taken sigma is equal to 0.2.  
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If I take sigma is equal to let us say 0.5. Now, let us see what will happen to small f x. If you 

see small f x has become wider. Then I take this as 0.1, it will become narrower, sharp. So, 

generally, we desire sigma to be lesser for any distribution. Why? Because lesser the 

variability or lesser will be the uncertainty and it will be easier for us to make the decision.  

More uncertainty means there is a more variability and because of more variability for it is 

difficult to decide that what is the right value and we have to consider the full range of the 

possibilities. So, here, same way, if I let us say, if I shift, if I make mu then it should be able 

to shift it.  
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So, if I make it let us say from 1 I will make it 1.2. If I make it 1.2, see this mean is just 

shifted. If you see if I make it 0.8 then it will be shifted left. So, mu acts as a location 

parameter and sigma acts as a scale parameter. And if I increase the value of sigma, the width 

of the distribution will be more.  
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If you see it here this is the Z X function which is increasing like if the whatever 

combinations I have taken, it is always increasing. If I take 0.1 And if I take this as let us say 

2. So, shows the either similar or increasing. It generally does not decrease. So, here as we 

can see that normal distribution is symmetrical distribution around the mean and this has 

these properties.  

Let us take an example. For normal distribution lot of literature is available or more you want 

to know about it, you can study more. Here we are not discussing much in detail, we are just 

looking at it that how does it, how we can use it for the calculation purposes.  
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So, let us see if we have a, let us take one example that there is a wear out. Wear out out 

means something which is let us say tire. So, tire what happens over the time they will keep 

on reducing the material it will keep on wearing out. So, here oil drilling bit is there. So, like 

our tools, mechanical tools which we use for drilling etcetera over the time they will lose 

their material.  

So, that will continuously wearing out as we use. So, let us say this wear out is normally 

distributed with mean of 120 drilling hours and standard deviation is 14. So, what we can say 

here that our 120 drilling hours is the mean. So, mu is equal to 120. And we have standard 

division that is sigma, sigma equal to 14 hours. Now drilling occurs 12 hours each day.  

So, in one day only 12 hours it works. How many days should drilling continue before 

operation is stopped in order to replace the drill bit. A 95 percent reliability is desired. What 

does it mean? We have to decide a interval here that if I start using the bit from time t equal 

to 0 then how long should I work so that I am getting the 95 percent reliability because I am 

taking 5 percent, 5 percent chance here that the drill may fail but 95 percent of the chance the 

drill will not wear out during this period.  
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So, I want to know the life for which reliability is 0.95. So, I see here that reliability is equal 

to 0.95 and that is equal to 1 minus phi t minus mu divided by sigma. Now, I want to know 



what is the value of t for this. So, I can solve this repeated in a reverse manner. So, phi t is 

0.95 minus mu divided by sigma is equal to 1 minus 0.95. That means my failure probability 

is 0.05.  

Now, here we want to know that how, this is in hours, mu is in hours, sigma is in also 

operating hours. So, whatever result we will get that of 40 this will also be in hours. So, I can 

do this t 0.095 minus mu divided by sigma is equal to phi inverse. Phi inverse is the inverse 

distribution, inverse value of the normal distribution for 0.05. This I can get in multiple ways.  

This value I will show you how we can get it. Let us say for now that this value turns out to 

be minus 1.645. How do we get this value? I will show you. So, t is 0.95 minus mu divided 

by sigma is this value. So, t 0.95 would be equal to, mu will go here that will be mu minus 

1.645 into sigma.  

( )0.95

0.95

120
1.645,  or  96.97hr

14

t
t

−
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So, this value once we supply here then this value comes out to be 96.97 hours. Now, this is 

in hours. I want to convert it into the days. So, I have to divide this by 12 and that will give 

me the days. So, that comes out to be approximately 8 days. Now, let us do this calculation 

using either, first let us see how can we do this using the Excel sheet.  
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So, I have put an Excel sheet here. So, let us say mu, mu value is here 120. We have sigma or 

S D, standard deviation, standard division is 14. As we discussed earlier here we want to 

know the phi inverse for 0.95, 0.05. So, Z value will be equal to norm inverse, phi inverse 

means norm inverse, norm inverse. We will use norm inverse, norm inverse of what 

probability 0.05. And what would be the mean?  

This is mean. Generally, this gives directly. If we want to solve with standard normal 

distribution then we will first take the zero mean, standard normal distribution has 0 mean 

and sigma s unity. If you replace mu as 0 and sigma as 1, the normal distribution will become 

standard normal distribution. So, let us do this. Now, if you see that we got the same value 

minus 1.645.  

Now, since we have got this Z. Now, I want to calculate the t. t will be equal to as we 

discussed this will be equal to Z multiplied by sigma plus mu that turns out to be 96.97 hours. 

I want to get this in days. So, that will be equal to this divided by 12. That is approximately 8 

days.  

 



We have done this in two step by first getting into the standard normal than normal. We could 

have also got it directly. How we could have got directly? We could have got it by norm 

inverse. Norm inverse of 0.05 with mu this and sigma this and this will give us the value 

directly 96.972 hours. This is how we can solve this problem using the Excel.  
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Now, if we want to solve this use, as we see, let us see, if we can use the PDF table also. If 

we look at the table, our interest is to get the Z inverse for 0.05. Phi value is 0.05. Let us see 

what is the phi value here for 0.05. So, let us search here, which value is coming close to 

0.05. This is 0.01, this is 0.48, this is 0.46. If we see here, sorry 0.05 we required. 0.06, 0.05 

is coming somewhere here. 474849, if you see this. So, what is this value here?  

This value is coming as minus 1.6 and here it is 4. So, either I can say minus 1.64 or I can say 

minus 1.6, somewhere in between minus 1.64 and minus 1.65. So, I can say minus 1.645 

which is same minus 1.645. This value, this table gives us only the Z value. So, we get this Z 

value then we can get the value of t by multiplying this Z value, Z value with sigma and 

adding the mu value to this that will give us this 96.97 hours. Let us continue with our 

discussion with next example.  
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Let us say we have another problem where we say that 5 percent of a certain grade of tires 

wears out before 25,000 miles. That means within 25 miles we have a wear out of 5 percent 

and another 5 percent of the tires exceeded 35,000 miles. So, 5 percent is below 25,000 and 5 

percent is above 35,000.  

Now, we want to know the tire reliability as 24,000 miles, if wear out is normally distributed. 

Now, this problem if you look at it then let us first see in this presentation form that what 

does it says, it says that what is the probability if we draw the f x. Then we say that for 

25,000 miles the chances are 5 percent. The area under the f x curve is 5 percent.  

Similarly, for above 35,000 miles, the area is 5 percent. So, since we know that this 

distribution is having the symmetrical property around the mean. So, since 5 percent this side 

is 25,000 and 5 percent of 35,000 is this side. So, how much will be the mean here? The 

mean would be we can directly get it the mean would be mu would be equal to 25,000 that is 

the middle point of this.  

Because if you see here, this is exactly related same distance from here to here. So, that is the 

middle point of this 25,000 plus 35,000 divided by 2. So, we get the 30,000. But we can solve 

it in another ways. Let us say Z 1 corresponding to this will be equal to 25,000 minus mu 

divided by sigma and this is our Z 2. Z 2 is equal to 25,000, sorry, 35,000 minus mu divided 

by sigma.  

And we know that probability that Z is less than equal to Z 1 is equal to 0.05 and probability 

that Z is greater than Z 2 is equal to 0.05. This we can also write as 1 minus probability that 



capital Z is less than Z 2, that is equal to 0.05. So, here by using this now or we can look at 

the table directly.  

Now, so, this we can see probability that Z is less than equal to Z 2 will be equal to 1 minus 

0.05 that is 0.95. Now, if we look at the table, we have already seen that for 0.05, the value 

was minus 1.645. Similarly, if you look at the table again for value 0.95 because of the 

symmetry, this is plus 1.645. So, we know. Now, Z 1 is equal to this and Z 2 is equal to this.  

So, here we can say that 25,000 minus mu divided by sigma is minus 1.645 and thirty 35,000 

minus mu divided by sigma is plus 1.645. Now, if we solve this, we can get the value easily 

like that is we can write it as 25,000 minus mu is equal to minus 1.645 sigma. And another 

equation is 35,000 minus mu is equal to 1.645 sigma. If I subtract this first equation from 

here, so then what will happen?  

This will become minus, this will become plus, this will become plus. Now, what will 

happen? Or I can subtract directly here also. So, if I subtract this. So, that will become 10,000 

mu minus mu will be equal to 0 and this minus this will be 1.645 into 2 into sigma. So, I can 

get sigma as equal to 10,000 divided by 1.645 into 2. And similarly, if I want to get the mu I 

will sum it up.  

So, that will become 60,000 minus 2 mu will be equal to 0. So, two mu is equal to 60,000 and 

mu is equal to 60,000 divided by 2 that is 30,000. So, I am able to get mu will also I am get 

able to get the sigma also. Once I get this, my parameters are now known. Since I know the 

parameters mu and sigma, I can calculate any probability I want.  

The probability which I want to know is the reliability for 24,000 hours. So, let us first 

calculate reliability for 24,000 hours. Reliability is 1 minus CDF 1 minus CDF, phi of 24,000 

hours. So, this is 24,000. So, 24,000 minus mu divided by sigma, 24,000 minus 30,000 

divided by sigma 3039.5. Now, this if I look into the table, this value comes out to be minus 

1.97.  
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It is minus 1.97 value in that table if you look at it minus 1.97. So, I will look into this minus 

1.9 and 1 0 1 2 3 4 5 6 7, 0.02442. So, 0.02442 comes out to be the value of phi. And if I 

subtract this value from 1, the value which I will get is 0.9756 approximately.  
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So, we can use table or we can use this also directly to get these values, that is equal to my 

mu which I have calculated is 30,000 and standard deviation which I have got is 3039.5. So, I 

can get the R 24,000. R 24,000 is equal to norm 1 minus 1 minus norm distribution. I will use 

norm distribution here.  

Norm distribution for x, x is 24,000, 24,000 and mean is 30,000 and sigma is this. And I want 

the cumulative value. So, I will use the true here. If I do this I get the probability 0.97581 

directly. I do not have to use the first standard normal and then convert into the normal. I can 

directly also calculate using this Excel sheet.  
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There is an important theorem which is used with respect to normal distribution that is if we 

use different distribution, different random variables and if you take summation of those 

random variables as y then if these distributions they may be different distribution, they may 

not follow the normal distribution.  

If they follow normal distribution then for any number small n, whatever is the number, 5, 10, 

this will always be the normal distribution. But central limit theorem states that irrespective 

of the distributions of x1 x2 xn, if n is very very high, n is approaching infinity then 

summation of these random variables, whatever random variable we get, this random variable 

will follow the approximate normal distribution.  

And the mean value, we have the two parameters for normal distribution, mean and standard 

deviation. So, mean of this random variable is nothing but the summation of the mean of the 

random variables x1 to xn and mean of this output random variable, variance of this output 

random variable is nothing but the summation of variance of the individual random variable.  

So, like if we use a standard, if we use x, if we let us say these are following the exponential 

distribution then mean is 1 upon lambda. So, if all are same, let us say then this will become n 

upon lambda. Mu will be equal to n upon lambda and variance will be equal to, because this 

is 1 upon lambda square that will become n upon lambda square.  

Any other distribution whatever is their mean, whatever is their variance, we put it here to 

calculate the mean and variance of the resultant random variable. Now, since we know the 



mean and variance of the resultant random variable, we know the distribution of random 

variable and we can use it to get any quantity of the interest. We will stop here today and we 

will continue our discussion with the next distribution would be log normal distribution. 

Thank you. 


