Introduction to Reliability Engineering
Professor Neeraj Kumar Goyal
Subir Chowdhury School of Quality and Reliability
Indian Institute of Technology, Kharagpur
Lecture 13
Normal Distribution
Hello everyone. Now, we will start our lecture number 13 which is about Normal
Distribution. So, in previous lecture we discussed about Weibull distribution which is a time
dependent failure rate distribution. As we learned, when the shape parameter of the Weibull
distribution becomes greater than 3, it tends to resemble a normal distribution. The normal
distribution is an increasing failure rate distribution where the failure rate is also time-
dependent. So, today we will delve into the topic of normal distribution and discuss its

characteristics in detail.
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¥ Introduction

+ Normal distribution is widely used in quality applications.

- For reliability applications, it is widely used for representing stress distribution,
strength distribution, wear, fatigue etc

+ It's PDF is bell shaped curve which is symmetrical around mean.
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Normal distribution as we know it is very widely used and especially in quality. So, in quality
almost all the formulas are driven by the inherent assumption that distribution is the normal
distribution. So, normal distribution whoever goes through normal statistics estimation

etcetera, they are very well versed that normal distribution is there.

So, inherent assumption is most of the time normal distribution. For a Lap T application a
normal distribution can represent the stress distribution. It can represent strength distribution,
it can represent wear distribution, it can represent the fatigue distribution and many other
cases. So, normal distribution is used in reliability theory also, may not be as widely as

weibull distribution for time to failure data.



But apart from time to failure, other parameters generally follow the normal distribution. The
PDF of normal distribution is bell shaped whenever someone is asked to draw a distribution,
they will default draw like this. Why? Because this is such a popular distribution, normal
distribution, which is a symmetrical like whatever is the value at the same distance, we will

have the same distance value on the left-hand side.

So, normal distribution is a symmetrical around the mean. This is the mean and this flex point
is generally mu minus sigma. Similarly, this flex point is mu plus sigma. So, the distribution
PDF Probability Density Function is given by small f(x) that is 1 upon under root 2 pi sigma
e to the power minus half t minus mu divided by sigma whole square, where t is defined for

all values from minus infinity to plus infinity.

! e%(%j ,—o<t<oo

f(x)= Toro

Generally, here, t is the random variable which can have both values, positive as well as
negative. Mean is mean of, this distribution has two parameters mu and sigma. And here by
the nature this mu is the mean and sigma is the standard division or sigma square becomes
the variance. If we want to calculate CDF, for this that is f t, then f t is minus infinity tot fx d

X.

Small f x is we have to replacing this. There is d x missing. So, this is d x. So, when we
integrate this, we will get the CDF. This if | try to draw here, if this is mean, then at mean
you will have value 0.5 and this will be something like this, you will see this more little later.
Now, this function if you want like unlike exponential distribution, Weibull distribution
which we could integrate to get the capital F t capital R t from small f x. But that is not

feasible here, we are not able to integrate this.

e 1yt
F(t)_f-mm%gez /) ,—o<t< oo

So, how do we get then F(t) value? To get the capital F t value there is a transformation.
What we can do that we can transform the normal distribution into a standard normal
distribution. What is the difference between the normal distribution and standard normal

distribution?



Standard normal distribution does not have any parameter. This is our standard normal
distribution, PDF. If you see here there is no parameter, it is directly function of Z. There is
no other parameter which is not known here. But for normal distribution, there are two
parameters mu and sigma which need to be known for normal distribution to be defined. How

can we convert this into standard normal distribution?
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To convert this into standard normal distribution, we consider this as Z. We consider that Z is
equal to t minus mu divided by sigma square. Now, sorry not sigma square, this is sigma. So,
when we put Z equal to this then differentiation of this d z over or d t will be equal to 1 upon

sigma.

So, what happens that whatever this sigma which we had is removed because once we divide
this by this 1 upon sigma this will be gone, as well as t minus mu open sigma becomes Z. So,
this becomes e to the power minus half Z square into 1 upon under root 2 pi. This is because

of the transformation loss.

=——pg 2
9(2)= e
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So, we can remember that standard normal distribution phi Z is given as 1 upon under root 2

pi e to the power minus half Z square which is not having any parameter that this is why this



is a standard. So, since this is a standard, we can take different values of Z and we can get the

values of small phi Z.

But our concern is not to get a small phi z, our concern is to get the capital phi Z. So, capital
phi Z is the integration of this small f x. Now, this is also not integrable directly. So,
numerical methods are used and approximation methods are used which have been used to

give the values of phi Z, capital phi Z which is the CDF.

But what happens here since this is a standard, it is not having any parameter, so for different
values of z | can get the values of capital phi Z which is I can also say this is f z, CDF. Now,
these tables if 1 show that there are standard tables available, so whenever we have the

statistical tables, we can get these kind of tables, like this kind of table you will see.
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You see this is a standard normal distribution where Z values are here and these are the CDF
values. So, if I am interested that what is the value of CDF for minus 3 then minus 3.0 I will
take and this my 0.00135, 0.00135 is the value which will become. If | am interested to know
minus 3.02 then this will be my value 0.00126.

So, by having this standard table because there is no unknown, so different values of z, | can
get the values of capital phi Z. | can also do this same thing by using the Excel. So, | will be
using the Excel for this purpose in this lecture. But you can use both Excel also and if you do
not have access to the Excel, you can use the standard normal tables.

Now, here if we see that we can get the CDF. How do we get? We will replace t minus mu
divided by sigma as the Z and that will give us the value required for the PDF. And we know
PDF is unreliability if this random variable is time to failure. So, reliability is equal to 1
minus f t or | can say this is equal to 1 minus phi Z.

_fm_ f
R(t) 1_¢(t—ﬂj

(o}

A(t)

Where Z is equal to t minus mu divided by sigma. Similarly, we know the failure rate
formula. Failure rate is given as small f t upon R t. So, small ft is here and R t is 1 minus phi

Z. So, we can use different formulas to get this failure rate for the normal distribution.
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So, | have done this exercise in Excel. In Excel if you see, | have just put up all the values
here for demonstration purpose. So, | have two parameters here mu and sigma. Now, let us
see how does this change. Generally, if you look at the how this goes then if we look at it

then if we look this small f x then t is minus mu. So, here mu is the location parameter.

Because if | change the mu what will happen f x will simply shift left or right. If | increase
mu it will shift right if | decrease mu it will shift left. And sigma is the scale parameter here.
Because if I increase the if let us say | make sigma 10 times then what will happen? I need to
I will get the same value of f x if | take the t also 10 times and mu also 10 times. So, this has

the impact of the changing the scale.



So, if I increase this then it will stretch and if | decrease then this will be this will be your
contracted. So, that is why peakedness will be more if sigma is less and or it it will be having
higher width if sigma is more. The same thing we can see from here. Let us see, let us first
see how sigma change. Right now, | have taken sigma is equal to 0.2.
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If | take sigma is equal to let us say 0.5. Now, let us see what will happen to small f x. If you
see small f x has become wider. Then | take this as 0.1, it will become narrower, sharp. So,
generally, we desire sigma to be lesser for any distribution. Why? Because lesser the
variability or lesser will be the uncertainty and it will be easier for us to make the decision.

More uncertainty means there is a more variability and because of more variability for it is
difficult to decide that what is the right value and we have to consider the full range of the
possibilities. So, here, same way, if | let us say, if I shift, if I make mu then it should be able
to shift it.
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So, if I make it let us say from 1 I will make it 1.2. If | make it 1.2, see this mean is just
shifted. If you see if I make it 0.8 then it will be shifted left. So, mu acts as a location

parameter and sigma acts as a scale parameter. And if | increase the value of sigma, the width
of the distribution will be more.
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If you see it here this is the Z X function which is increasing like if the whatever
combinations | have taken, it is always increasing. If | take 0.1 And if | take this as let us say
2. So, shows the either similar or increasing. It generally does not decrease. So, here as we
can see that normal distribution is symmetrical distribution around the mean and this has

these properties.

Let us take an example. For normal distribution lot of literature is available or more you want
to know about it, you can study more. Here we are not discussing much in detail, we are just

looking at it that how does it, how we can use it for the calculation purposes.
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So, let us see if we have a, let us take one example that there is a wear out. Wear out out
means something which is let us say tire. So, tire what happens over the time they will keep
on reducing the material it will keep on wearing out. So, here oil drilling bit is there. So, like
our tools, mechanical tools which we use for drilling etcetera over the time they will lose

their material.

So, that will continuously wearing out as we use. So, let us say this wear out is normally
distributed with mean of 120 drilling hours and standard deviation is 14. So, what we can say
here that our 120 drilling hours is the mean. So, mu is equal to 120. And we have standard

division that is sigma, sigma equal to 14 hours. Now drilling occurs 12 hours each day.

So, in one day only 12 hours it works. How many days should drilling continue before
operation is stopped in order to replace the drill bit. A 95 percent reliability is desired. What
does it mean? We have to decide a interval here that if | start using the bit from time t equal
to 0 then how long should I work so that | am getting the 95 percent reliability because I am
taking 5 percent, 5 percent chance here that the drill may fail but 95 percent of the chance the

drill will not wear out during this period.
Pr ZZM =1-® M =0.95
14 14

So, I want to know the life for which reliability is 0.95. So, | see here that reliability is equal

to 0.95 and that is equal to 1 minus phi t minus mu divided by sigma. Now, | want to know



what is the value of t for this. So, | can solve this repeated in a reverse manner. So, phi t is
0.95 minus mu divided by sigma is equal to 1 minus 0.95. That means my failure probability
is 0.05.

Now, here we want to know that how, this is in hours, mu is in hours, sigma is in also
operating hours. So, whatever result we will get that of 40 this will also be in hours. So, | can
do this t 0.095 minus mu divided by sigma is equal to phi inverse. Phi inverse is the inverse

distribution, inverse value of the normal distribution for 0.05. This | can get in multiple ways.

This value | will show you how we can get it. Let us say for now that this value turns out to
be minus 1.645. How do we get this value? I will show you. So, t is 0.95 minus mu divided
by sigma is this value. So, t 0.95 would be equal to, mu will go here that will be mu minus
1.645 into sigma.

t,05 —120
M:_lms, or ty 4 =96.97hr

So, this value once we supply here then this value comes out to be 96.97 hours. Now, this is
in hours. | want to convert it into the days. So, | have to divide this by 12 and that will give
me the days. So, that comes out to be approximately 8 days. Now, let us do this calculation
using either, first let us see how can we do this using the Excel sheet.
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So, | have put an Excel sheet here. So, let us say mu, mu value is here 120. We have sigma or
S D, standard deviation, standard division is 14. As we discussed earlier here we want to
know the phi inverse for 0.95, 0.05. So, Z value will be equal to norm inverse, phi inverse
means norm inverse, norm inverse. We will use norm inverse, norm inverse of what

probability 0.05. And what would be the mean?

This is mean. Generally, this gives directly. If we want to solve with standard normal
distribution then we will first take the zero mean, standard normal distribution has 0 mean
and sigma s unity. If you replace mu as 0 and sigma as 1, the normal distribution will become
standard normal distribution. So, let us do this. Now, if you see that we got the same value
minus 1.645.

Now, since we have got this Z. Now, | want to calculate the t. t will be equal to as we
discussed this will be equal to Z multiplied by sigma plus mu that turns out to be 96.97 hours.
| want to get this in days. So, that will be equal to this divided by 12. That is approximately 8
days.

Pr{—1.645 < z < 1.645} = 0.90
25,000 — p 35,000 —
1645 — — 1645
a a
p = 30,000 ¢ = 3039.5
24,00 — 30,000

R(24,000) = 1—¢( )

3039.5

—1— ®(—1.97) = 0.9756




We have done this in two step by first getting into the standard normal than normal. We could
have also got it directly. How we could have got directly? We could have got it by norm
inverse. Norm inverse of 0.05 with mu this and sigma this and this will give us the value
directly 96.972 hours. This is how we can solve this problem using the Excel.
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06681 06552 06426 06301 06178 06057 05938 05821 05705
08076 07927 07780 07636 07493 07353 07215 07078 06944
09680 09510 09342 09176 09012 08851 08691 08534 08379
11507 11314 11123 (10935 10749 10565 10383 10204 10027
13567 (13350 13136 12924 12714 12507 12302 12100 .11900
15866 15625 15386 15151 14917 14686 14457 14231 14007
18406 18141 17879 17619 17361 17106 16853 16602  .16354
20186 20897 20611 20327 20045 19766  .19489 19215 18943
24196 23885 23576 23270 22965 22663 22363 22065 21770
27425 27093 26763 26435 26109 25785 25463 25143 24825
30854 30503 30153 29806 29460 29116 28774 28434 28096
34458 34090 33724 33360 32997 32636 32276 31918 31561

1
164485
96.97205 hr 9697205
8081004 days
T




120
14
-1.64485
- : 96.97205 hr 96.97205
8.081004 days

Now, if we want to solve this use, as we see, let us see, if we can use the PDF table also. If
we look at the table, our interest is to get the Z inverse for 0.05. Phi value is 0.05. Let us see
what is the phi value here for 0.05. So, let us search here, which value is coming close to
0.05. This is 0.01, this is 0.48, this is 0.46. If we see here, sorry 0.05 we required. 0.06, 0.05

is coming somewhere here. 474849, if you see this. So, what is this value here?

This value is coming as minus 1.6 and here it is 4. So, either | can say minus 1.64 or | can say
minus 1.6, somewhere in between minus 1.64 and minus 1.65. So, | can say minus 1.645
which is same minus 1.645. This value, this table gives us only the Z value. So, we get this Z
value then we can get the value of t by multiplying this Z value, Z value with sigma and
adding the mu value to this that will give us this 96.97 hours. Let us continue with our

discussion with next example.
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+ Five percent of a certain grade of tires wear out
before 25,000 miles, and another 5 percent of the
tires exceed 35,000 miles. Determine the tire
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Let us say we have another problem where we say that 5 percent of a certain grade of tires
wears out before 25,000 miles. That means within 25 miles we have a wear out of 5 percent
and another 5 percent of the tires exceeded 35,000 miles. So, 5 percent is below 25,000 and 5

percent is above 35,000.

Now, we want to know the tire reliability as 24,000 miles, if wear out is normally distributed.
Now, this problem if you look at it then let us first see in this presentation form that what
does it says, it says that what is the probability if we draw the f x. Then we say that for
25,000 miles the chances are 5 percent. The area under the f x curve is 5 percent.

Similarly, for above 35,000 miles, the area is 5 percent. So, since we know that this
distribution is having the symmetrical property around the mean. So, since 5 percent this side
is 25,000 and 5 percent of 35,000 is this side. So, how much will be the mean here? The
mean would be we can directly get it the mean would be mu would be equal to 25,000 that is

the middle point of this.

Because if you see here, this is exactly related same distance from here to here. So, that is the
middle point of this 25,000 plus 35,000 divided by 2. So, we get the 30,000. But we can solve
it in another ways. Let us say Z 1 corresponding to this will be equal to 25,000 minus mu
divided by sigma and this is our Z 2. Z 2 is equal to 25,000, sorry, 35,000 minus mu divided
by sigma.

And we know that probability that Z is less than equal to Z 1 is equal to 0.05 and probability
that Z is greater than Z 2 is equal to 0.05. This we can also write as 1 minus probability that



capital Z is less than Z 2, that is equal to 0.05. So, here by using this now or we can look at

the table directly.

Now, so, this we can see probability that Z is less than equal to Z 2 will be equal to 1 minus
0.05 that is 0.95. Now, if we look at the table, we have already seen that for 0.05, the value
was minus 1.645. Similarly, if you look at the table again for value 0.95 because of the

symmetry, this is plus 1.645. So, we know. Now, Z 1 is equal to this and Z 2 is equal to this.

So, here we can say that 25,000 minus mu divided by sigma is minus 1.645 and thirty 35,000
minus mu divided by sigma is plus 1.645. Now, if we solve this, we can get the value easily
like that is we can write it as 25,000 minus mu is equal to minus 1.645 sigma. And another
equation is 35,000 minus mu is equal to 1.645 sigma. If | subtract this first equation from

here, so then what will happen?

This will become minus, this will become plus, this will become plus. Now, what will
happen? Or | can subtract directly here also. So, if I subtract this. So, that will become 10,000
mu minus mu will be equal to 0 and this minus this will be 1.645 into 2 into sigma. So, | can
get sigma as equal to 10,000 divided by 1.645 into 2. And similarly, if | want to get the mu |

will sum it up.

So, that will become 60,000 minus 2 mu will be equal to 0. So, two mu is equal to 60,000 and
mu is equal to 60,000 divided by 2 that is 30,000. So, | am able to get mu will also I am get
able to get the sigma also. Once | get this, my parameters are now known. Since | know the
parameters mu and sigma, | can calculate any probability | want.

The probability which | want to know is the reliability for 24,000 hours. So, let us first
calculate reliability for 24,000 hours. Reliability is 1 minus CDF 1 minus CDF, phi of 24,000
hours. So, this is 24,000. So, 24,000 minus mu divided by sigma, 24,000 minus 30,000
divided by sigma 3039.5. Now, this if I look into the table, this value comes out to be minus
1.97.

(Refer Slide Time: 28:25)



It is minus 1.97 value in that table if you look at it minus 1.97. So, I will look into this minus
19and 101234567, 0.02442. So, 0.02442 comes out to be the value of phi. And if |
subtract this value from 1, the value which I will get is 0.9756 approximately.
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Five percent of a certain grade of tires wear
before 25,000 miles, and another 5 percent of
tires exceed 35000 miles. Determine the
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reliability at 24,000 miles if wearout is nomj 3 |R(24000) |=1-NORM.DIST(24000,81,52,
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So, we can use table or we can use this also directly to get these values, that is equal to my
mu which I have calculated is 30,000 and standard deviation which | have got is 3039.5. So, |

can get the R 24,000. R 24,000 is equal to norm 1 minus 1 minus norm distribution. 1 will use

norm distribution here.

Norm distribution for x, x is 24,000, 24,000 and mean is 30,000 and sigma is this. And | want
the cumulative value. So, | will use the true here. If I do this I get the probability 0.97581

directly. 1 do not have to use the first standard normal and then convert into the normal. | can

CERTIFICATION COURSES

NPTEL ONUINE

INTRODUCTION TO RELIABIL

+ Five percent of a certain grade of tires wear

+ Weare given Pr =2t < 5 < S0 - ggf

+ From the normal tables and the symmetry of

before 25,000 miles, and another 5 percent of
tires exceed 35000 miles. Determine the

T Mu
2 S0

30000
3039.5

reliability at 24,000 miles if wearout is nomj 3 |R(24000) 097581‘

distributed

v o

distribution

directly also calculate using this Excel sheet.
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T, Central Limit Theorem

* Under fairly general conditions, the sum
of n random variable approaches a normal
distribution as i approaches infinity. AR N

s fY)=X + X+ 4 Xy g

- Where X ,..., X, are n independent random
variables with finite means E[X],..,E[X,] and
finite variances V[X,], ..., V[X, ].

- Then for sufficiently large value of n, Y follows
approximately normal distribution with

- Mean E[Y]'< ™, E[X;] and s
~ Variance V[Y] = ¥, V[X,] &)

« This result holds irrespective of the distribution /
of individual distribution. 4
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There is an important theorem which is used with respect to normal distribution that is if we
use different distribution, different random variables and if you take summation of those
random variables as y then if these distributions they may be different distribution, they may

not follow the normal distribution.

If they follow normal distribution then for any number small n, whatever is the number, 5, 10,
this will always be the normal distribution. But central limit theorem states that irrespective
of the distributions of x1 x2 xn, if n is very very high, n is approaching infinity then
summation of these random variables, whatever random variable we get, this random variable

will follow the approximate normal distribution.

And the mean value, we have the two parameters for normal distribution, mean and standard
deviation. So, mean of this random variable is nothing but the summation of the mean of the
random variables x1 to xn and mean of this output random variable, variance of this output

random variable is nothing but the summation of variance of the individual random variable.

So, like if we use a standard, if we use X, if we let us say these are following the exponential
distribution then mean is 1 upon lambda. So, if all are same, let us say then this will become n
upon lambda. Mu will be equal to n upon lambda and variance will be equal to, because this

is 1 upon lambda square that will become n upon lambda square.

Any other distribution whatever is their mean, whatever is their variance, we put it here to

calculate the mean and variance of the resultant random variable. Now, since we know the



mean and variance of the resultant random variable, we know the distribution of random
variable and we can use it to get any quantity of the interest. We will stop here today and we
will continue our discussion with the next distribution would be log normal distribution.

Thank you.



