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Lecture - 05
Introduction to Fuzzy Sets (Contd.)

We are discussing some standard operations used in fuzzy sets. We have already

discussed a few and now, we will be discussing a few more.
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* Multiplication of a Fuzzy Set by a crisp number

d.A () ={(x.dxpy (x),x €X)

Now, let me start with the concept of multiplication of a fuzzy set by a crisp number.
Now, here so, what we are going to do is, we are going to multiply a fuzzy set by a crisp

number, as follows:

Say A (x) is a fuzzy set; now this particular fuzzy set, I am just going to multiply by a
crisp number, that is, d. Now, if you see how to write down this? So, d multiplied by A
(x) is nothing, but x such that you have got the membership function value which is

nothing, but d multiplied by #,(x), x belongs to capital X.

Now, here, the range for this particular d, generally we consider the d is greater than 0
and less than equals to 1.0. Now, my question is, why do you need this? We need this

particular concept, because if you want to optimize the shape and size of the membership



function distribution, we will have to consider this particular concept of multiplication of

a fuzzy set by a crisp number.
Now, let me take one numerical example, the things will be made more clear.
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Numerical Example

Let us consider a fuzzy set O'L\f“

Q. A 0% gut
A(x]:{[xl,ﬂ.l (XLIE]M)M} a\nd/a crisp number d = 02

d.A(x ={(Eﬂ_g_g_),(xl,g),(xJ,o.oﬁ),(x“u.os)}

Now, supposing that | have got a fuzzy set A (x), which is nothing, but x_1 comma 0.1,
x_2 comma 0.2, x_3 comma 0.3, x_4 comma 0.4. So, this is a fuzzy set, a discrete fuzzy
set having 4 elements x_1, x_2, x_3 and x_4, and supposing that the crisp number d is

set equal to 0.2.

Now, if d is equal to 0.2 now, d multiplied by A (x). So, this particular thing will become
equal to x_1 comma, d is multiplied by this particular mu value. So, d is 0.2, multiplied
by 0.1 and this is nothing, but 0.02. So, corresponding to this particular x_1; this will be
d multiplied by « and this will become equal to 0.02.

Now, following the same procedure | can also find out what will happen to
corresponding to this particular x_2. Now, here corresponding to x_2 the membership
function value is 0.2 multiplied by the d is 0.2. So, this is nothing, but 0.04. So,
corresponding to this x_2 we will have 0.04, similarly corresponding to x_3 we will have
0.3 multiplied by 0.2 and that is nothing, but 0.06.

Then corresponding to x_4 we will have 0.4 multiplied by 0.2 and this is nothing, but

0.08. So, corresponding to your x 4; so we will be getting 0.08. Now, let us try to



understand the physical significance of this particular multiplication. Now, supposing

that I am just going to draw the discrete fuzzy set, that is, A (X).
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Numerical Example ,
plé o 0'\"
Let us consider a fuzzy set
o A
A(x):{[xl,ﬂ.[),(xz,ll.z),(x,,ll.J),(x%fhﬁ and a crisp numberd = 0.2

d.A(x)={(x,0.02) (x,,004),(x, 06), (x,,008)}

So, let me just draw it here and element-wise, | am just going to write down say the
membership value. So, this is mu and mu varies from say 0 to 1 and here, let me write

down say 0 to only say 0.5 and we have got the values up to 1.0.

So, this is corresponding to say x_1, this is x_2, this is X_3 and this is your x_4. So, this
is the direction of x, now if | consider the original fuzzy set, that is, A (x). So,
corresponding to your x_1, | have got 0.1 supposing that. So, this is nothing, but 0.1 this
is 0.3, this is 0.3 and this is your 0.4. Now, corresponding to x_1; so, | have got say 0.1.

So, I am here, then corresponding to x_2. So, I have got 0.2; so | am here.

Now, corresponding to x_3 say | have got 0.3 say might be | am here, now this is say 0.3
and corresponding to x_4. So, | have got say 0.4. So, might be | am here; now if this is
the situation. So, this is the distribution of your A (x) that is the fuzzy set A x, now if |
just multiply by d, where d is equals to 0.2. So, corresponding to x_1; so | will be getting
0.02. So, might be I am here, then corresponding to x_2. So, | will be getting 0.04. So,
might be I am here.

Corresponding to x_3. So, I will be getting 0.06. So, might be I am here and

corresponding to your X_4. So, | have got 0.08; So I could be here. Now, the original



fuzzy set, the discrete fuzzy set is something like this. So, as it is discrete, | am not going
to draw in continuous curve and if | just multiply by d. So, I will be getting this type of

nature; that means, there is a chance of variation of the particular distribution.

Now, remember one thing. So, this particular concept might be required if you want to
optimize the shape and size of this particular membership function distribution. Because,
what | you do is, initially we assume some membership function distribution but we do
not know whether that is the correct one, and with the help of some optimizer and with
the help of some training scenarios, what we do is, we try to optimize the shape of that
particular member function distribution. And, this is actually the physical significance of
your multiplication of a fuzzy set by some crisp number. So, | think this particular idea is

clear to you.
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+ Power of a Fuzzy Set

AP(x): p-th power of a fuzzy set_ﬁ[__x}such that 1 t"')
T ,ﬂi’ Fd
a(x) = {py (X)), x € X ):L/ L’l-)

e
Dilagion: p=1/2

Now, | am just going to consider the power of a fuzzy set. Now the power of a fuzzy set
that is defined as your AP(x) and this indicates actually the p-th power of the fuzzy set

A (X).

Now, the moment we are considering the p-th power of the fuzzy set A (x). So, it will

have the membership value that is denoted by ,,(x) and x,, (X) ={x, (X)}". Now, p is

actually the power and where small x belongs to the universe of discourse, that is your

capital X. Now, if | consider, say a particular value for this p; supposing that p is set



equal to 2. Now, this is known as the concentration of the fuzzy set. So, if | put p is

equals to 2, this is known as the concentration of a fuzzy set.

For example, say | have got a fuzzy set A (x), now if | say, can you please find out the
concentration of this particular fuzzy set? So, what we will have to do is, you will have
to find out A (x) raise to the power 2. So, this is nothing, but the concentration of a fuzzy
set. On the other hand, if | set p is equal to say half, that is called the dilation of a fuzzy
set. So, for the fuzzy set A (x), if I tell you that can you please find out the dilation of a
fuzzy set and that is nothing, but is your A (x) raise to the power half. So, this is nothing,

but the dilation of a fuzzy set.

Now, | am just going to consider some numerical example just to show, how does it

work.
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Numerical Example

Let us consider a fuzzy set U)

A(x)= {(x 0.1) (x 02) [__oi)(x 04}andpowerp-2
A (x)= {(:ﬂl),(xz,ll.[ltl),(x}.0.09),(:(‘,0.16)}

And, after that, | will try to find out what should be the physical significance of this
particular concept of power of a fuzzy set. Now, let us consider the same discrete fuzzy
set denoted by A (x) is equal to x_1 comma 0.1, x_2 comma 0.2, x_3 comma 0.3 and x_4
comma 0.4 and let me consider the power is equal to 2. So, this is nothing, but the

concentration of a fuzzy set. Now, this A*(x) is nothing by x_1. So, what we will have

to do is we will have to find out 0.1 raise to the power 2, square of that and that is
nothing, but 0.01.



So, corresponding to x_1, we will have to write down 0.01, similarly corresponding to
x_2. What we will have to do is, we will have to write 0.2 square that is nothing, but
0.04. Then, corresponding to x_3, it will be 0.3 square that is your 0.09 and
corresponding to x 4 actually what we will have is, 0.4 raise to the power 2 and that is
nothing, but is your 0.16. So, this is the way, actually we can find out the concentration

of the fuzzy set.

Now, | am just going to discuss its physical significance. Now, let us try to find out the
philosophy behind this particular concept.
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Now, once again let me draw a fuzzy set like if this is your «, and let me consider, this

is 0.0, this is 0.4, say this could be 0.1, 0.2 and this is your 0.3 and along this, we have
got X, and supposing that, this is x_1, this is x_2, this is your x_3 and this is x_4. Now
corresponding to x_1; so, | have got 0.1, similarly corresponding to x_2. So, | have got
0.2 and corresponding to x_3 say | have got 0.3 and corresponding to this x_4 say | have
got 0.4.

So, this is actually the fuzzy set A (x), now we will try to find out what should be its
concentration. Now, concentration corresponding to your x_1 is 0.01. So, very near to 0
corresponding to x_2 it is 0.04. So, I could be here; corresponding to x_3 it is 0.09. So, I
could be here and corresponding to x_4. So, this is nothing, but 0.16; so, this is 0.1. So,

might be I am here.



Now, this is actually the concentration of this particular fuzzy set and once again, the
purpose is actually to find out the optimal distribution of this particular fuzzy set. Now,
once again, we can take the help of one optimizer and with the help of some training
scenarios or the training data, we can find out what should be the optimal distribution of

the membership function of that particular fuzzy set.

So, this is actually the physical significance of this particular concept of the power of a

fuzzy set.
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* Algebraic sum of two Fuzzy Sets A(x) and B(x)

A(x) + B(x) = ((x, kasp(x)), X € X)

where

o

Hasp(x) = pa(x) + pp(x) = pa(x). pg(x),

Now, | am just going to find out how to find out your the algebraic sum of two fuzzy sets
say | have got two fuzzy sets A (x) and B (x) defined in the same universe of discourse.

So, their algebraic sum is nothing, but A(x) + B(x) is nothing, but X, such that it has got

the members value x,,,(X). So, this will be the membership value and x belongs to

capital X, where g, (x) is nothing, but s, (X) + 25 (X) — 22, (X). 145 (X) .

Now, let us see, let us try to solve one numerical example corresponding to this.
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AR/
.-.a(x)m[x};{(xj’ﬁfs_s),(x 076) 3 )
1," o 0 g&,

Now, supposing that | have got two fuzzy sets now one is your A (x) is nothing, but this
is a discrete fuzzy set and | have got another discrete fuzzy set which is nothing, but B
(x) and B (x) is nothing, but your x_1 comma 0.5, x_2 comma 0.7, x_3 comma 0.8 and

x_4 comma 0.9 and A (x), | have already use several times the same fuzzy set.

Now, how to find out. So, this A (xX) + B (X)? Now, as | told that to find out the
membership value corresponding to x_1. So, what we will have to do is, we will have to
add. So, this particular membership function value is added to this particular membership
function value and then, we will have to subtract these multiplied form.

So, what you can do is. So, 0.1 plus 0.5 minus 0.1 multiplied by 0.5. So, that will be
actually the x corresponding to this particular the x_1. So, this is nothing, but 0.6 x
multiplied by 0.05 and this is nothing, but 0.55. So, corresponding to X_1; so we have got
the membership function value 0.55. Similarly corresponding to this x_2; so, | have got
0.2 here, 0.7 here. So, 0.2 plus 0.7 minus 0.2 multiplied by 0.7; so, it is 0.14. So, this is

nothing, but 0.9 minus 0.1 4 and this will become equal to your 0.76.

So, corresponding to this x_2. So, | will be getting 0.76; similarly corresponding to x_3,
it will become 0.3 plus 0.8minus 0.24. So, this is nothing, but 1.1 minus 0.24 and this is
nothing, but 0.86. So, you will be getting 0.86, similarly by following the same method
corresponding to x_4. So, | will be getting 0.94. So, this is the way actually we can find
out. So, A (x) + B (x).
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* Bounded sum of two Fuzzy Sets

ﬂ@ﬁﬁ-’Q: {(x 1agp(x), X E X}

p—

where

Fagp(x) =min{1, u;(x) + pp(x)}

Now, the next operation is known as the bounded sum up of fuzzy sets.

So, once again, | have got two fuzzy sets like your A (x) and B (x), they are defined in
the same universe of discourse that x belongs to your capital X and I will have to find out
A x bounded sum. So, this is the symbol for the bounded sum. So, A (x) bounded sum B
(x) and this is nothing, but x such that it has got the membership value, which is nothing,
but u,.5(x) and how to determine? So, this particular g, (x). So, this is the way
actually we can find out. So, this is nothing, but the minimum between two quantities

one is 1 and another is your g, (X)+ 5 (X) . So, what | do is we simply add the two u

values and we compare with one, and we will be taking the minimum.

Now, let us see how does it work, and let me solve one numerical example here for this

bounded sum.
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Numerical Example

Let us consider tife following twofuzzy sets: : -
v . OL 0"*)

F

Now, supposing that A (x) is a fuzzy set, the discrete fuzzy set like this, and B (x) is
another discrete fuzzy set like this. So, what we will have to do is. So, you will have to
find out the minimum between one and what we will have to do is, you will have to add.

So, this particular x value and that particular the x value; so, 0.1 plus 0.5

So, it is 0.6 and we will have to find out the minimum and that is nothing, but 0.6. So,
corresponding to x_1. So, I will have to write down 0.6; similarly corresponding to x_2.
So, it is nothing, but the minimum between 1 and 0.2 plus 0.7 is your 0.9 and the
minimum is your 0.9. So, corresponding to x_2; so will have to write down the
membership value as 0.9. Now following the same procedure for this particular x_3. So,
this will become minimum between 1 comma; so 0.3 plus 0 0.8. So, this is nothing, but

1.1 and minimum is nothing, but 1.0.

So, here, we will have to write down 1.0. Similarly, corresponding to this x_4. So, this is
nothing, but the minimum between 1, and 0.3 sorry 0.4 plus 0.9. So, this is nothing, but
1.3 and we will have to find out the minimum that is your 1.0. So, corresponding to this
particular x_4. So, we are writing 1.0. So, this is the way actually we can find out the
bounded sum of your A (x) and B (x).
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+ Algebraic difference of two Fuzzy Sets

) - B = (xa-a () X €X)

s

where

Now, let us see how to carry out the algebraic difference between the two fuzzy sets.
Now supposing that | have got your the two fuzzy sets like A (x) and B (x) and they are
defined in the same universe of discourse, that is the x belongs to capital X. So, how to

find out the algebraic difference that is your A (x) minus B (x)? Now, A(x)—B(x) is

nothing, but x, such that it has got the membership function value that is your z, ;(x).

Now, how to define this u, (xX)? The wu, ¢(x)that is defined as x,.;(x) . So, what will

have to do is. So, | have got two fuzzy sets A x and B x. So, we have got A (x) and B (x).
So, what we will have to do is, will have to find out the complement of these particular B
and that is nothing, but is your B(x). So, this is the complement of B (x) and after that
we will have to use the concept of intersection that is your A(B. Now, let us say how

does it work and just to saw. So, | am just going to solve one numerical example.
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Now, supposing that your A (x) is nothing, but a discrete fuzzy sets something like this,

and B (x) is a another discrete fuzzy set something like this.

So, what | do is, we try to find out its complement that is B(x) is nothing, but x_1

comma 1 minus 0.5 that is 0.5. So, | will be getting 0.5 here. Then, x_2 corresponding to
this x_2 and this will be yourl minus 0.7 that is nothing, but is your 0.3, then
corresponding to this particular x_3. So, this will become 1 minus 0.8. So, this is 0.2. So,
I will be getting this as compliment, then corresponding to this x_4. So, this is nothing,

butl minus 0.9 and this is nothing, but 0.1. So, | will be getting this.

So, this is nothing, but the complement of B. Now, actually what we do is, we try to find
out the intersection of this particular A (x) with your B. Now, if | try to find out the
intersection of A (x) and this particular your B bar. So, A (X) intersection. So, B bar | am
just going to find out now, element-wise. So, I will have to find out what should be the
mu now corresponding to this x 1. So, what | will have to do is, | will have to compare.
So, this 0.1 with your 0.5 and will have to consider the minimum and that is nothing, but
0.1.

Then corresponding to x_2. So, | have got 0.2 and | have to 0.3 here. So, minimum of
that is 0.2, then corresponding to x_3. So, | have got 0.3 here and 0.2 here and the

minimum is 0.2 then comes your corresponding to x_4. So, | will have to compare 0.4



and 0.1 and the minimum is your 0.1. So, this is the way actually we can find out what

should be your A x minus B X. So, this is the way we can find out the difference.
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* Bounded difference of two Fuzzy Sets

v
A(x)0B(x) = {(x@,x € X} v

where

Now, then comes your the bounded difference between the two fuzzy sets. Now let us
see how to find out the bounded difference of two fuzzy sets. Now, the two fuzzy sets are
nothing, but A (x) and B (x) and we try to find out the bounded difference. Now, this
particular symbol is actually the symbol for the bounded difference and this is nothing,
but x, such that it has got the membership function value which is nothing, but a bounded
difference, x belongs to capital X, now how to define this particular membership?

Now, this mu_(A bounded difference B) is nothing, but the maximum between two
quantities one is 0 and another is your g, (x)+ z; (x)—1. So, what we will have to do is,
will have to add ,(x) and g;(x) and subtract 1. So, this particular quantity we will

have to determine and will have to compare with 0 and we will have to find out the

maximum. Now, let us see, how does it work, let us solve one numerical example.
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Numerical Example \ 0)
\ Q";\ 05 L\)
)
.Letusconsiderk_Dﬁ}l ln@nﬁuuv sets: LO .0)
Uy - 0ot
(1) = (¢ (’)(r DD,,09, 50417 7\ 3% %
B(x) = {(x,0.9),(x,,0.7), (x,, 08, (x,,09)} @. ake

N od/ v m\)&f’/ Z O
A(x)OB(x) = {(x,,0.0),(x,,0.0),(x,,0.1),(x,,0.3)}

F

Now, if you just solve the numerical example. So, you can find out say | have got two
fuzzy sets here, | have got two fuzzy sets here one is nothing, but is your A (x) another is
your B (x) and we will have to find out the maximum between 0 and so, this particular

u that is your 0.1 plus 0.5 minus 1.0 and we will have to find out the maximum of this.

And, this is nothing, but your the maximum between 0 and here it is 0.6 minus 1. So, it is
your minus 0.4 and the maximum between 0 and minus 0.4 is nothing, but 0. So,
corresponding to this particular x_1; so | will have to write down 0.0, then corresponding
to x_2. So, what we will have to do is; so you will have to find out the maximum
between 0 comma 0.2, plus 0.7 minus 1.0. So, this is nothing, but the maximum between

your 0.9 minus 1.0. So, this is nothing, but minus 0.1 and the maximum value is 0.

So, corresponding to x_2; so there will be 0.0, then corresponding to x_3; so what we
will have is your the maximum between 0 then 0.3 plus 0.8 is a 1.1 minus 1; so, this is
nothing, but 0.1 and the maximum between 0 and 0.1 is nothing, but 0.1 and
corresponding to your x_4. So, this will be your maximum between 0 comma 0.4 plus
0.9 is a 1.3 minus 1.0. So, this is nothing, but 0.3 and the maximum between 0 and 0.3 is
nothing, but is your 0.3.

So, we can find out this particular your A (x) bounded difference your the B (x).
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+ Cartesian product of two Fuzzy Sets

Two fuzzy sets A(x) defined in X 4/
and B(y) defined i

Cartesian product of two fuzzy sets is denoted by A(x)*B(y),

suchthat  fiy.p(x,y) = min{p,(x), up(y)}

r

Now, let us see how to find out the Cartesian product of two fuzzy sets. Now, let us
consider that | have got two fuzzy sets, say A (x) that is defined in the universe of
discourse capital X, and | have got another the fuzzy set that is B (y) that is defined is
another universe of discourse. Now, this A (x) might be the set of temperature in a month
for the first few days. So, that is nothing, but the A (x) and B (y) could be the values or
the collection of values of say the humidity of a particular place and where y is nothing,

but the collection of all humidity values.

So, | have got two universe of discourses, that is the X, another is Y; one could be
temperature another could be humidity and A (x) is defined in X and B (y) is defined in
Y. So, how to find out the Cartesian product of these two fuzzy sets? The Cartesian
product of these two fuzzy sets is defined as u, 5 (X, y) is nothing, but the minimum

between p,(x), 1;(y). So, what we will have to do is. So, | will have to compare. So,

these two u values and will have to consider the minimum.
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Numerical Example

*Let us consider the following two fuzzy sets:

o’
A(x) = {(6,02),(6,,0.3),(x,.0.5).(x,.0.6)}

B = (01, 08).(75.0%6).(5,0.3)}
7o S

min(g,(x,), 15 () = min(0.2 0.5)=0.2

min(s, (), 45 ;) = min(02,0.6) = 0.2,

Now, let us see, how does it work. Now, supposing that say | have got two fuzzy sets one
is your A (x) and | have got another fuzzy set in another universe of discourse that is say
B (y). So, how to find out their Cartesian product? So, what we will have to do is. So, we
will have to find out the minimum of g, (x,), #; (y,) . So, I will have to compare. So, that

is nothing, but the minimum. So, ,(x) is 0.2 and g;(y,) is 0.8. So, we compare 0.2

and 0.8 and we try to find out the minimum.

Similarly, we will have to compare. So, u,(X,), 15 (Y,); that means, | will have to

compare your the 0.2 and 0.6, and their minimum value is nothing, but 0.2.
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min(y {r]) 3(13))=min(0.2,0.3) = 02
min( { )1 (1)) =min(0.3,0.8) = 03/
min(g ,(x,), fy(y,)) =min(0.3,0.6) =0.3
min( 4, (X ],u (¥;)) = min(0 03) 03

And, by following the same procedure so, | will have to find out the other elements that

is your the minimum between ,(X,), #5(Y,) that is the minimum between 0.2 and 0.3
and that is nothing, but 0.2; next is the minimum between g, (x,), ¢z (y,) that is nothing,

but the minimum between 0.2 and 0.8 and that is nothing, but is your 0.3.

Next is the minimum between g, (X,), #z(y,) and that is nothing, but the minimum
between 0.3 and 0.6 and that is nothing, but 0.3 the next is the minimum between z,(x,)

and ;(Y,) and that is what the minimum between 0.3 and 0.3 and the minimum is your

the 0.3.
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min(g (%), (1)) =min(0.5,0.8) =0.5 “
min(g ,(x,), #,(,)) = min(0.5,0.6) = 0.5
min(u ,(x;), 1, (p;)) = min(0.5,0.3)= 0.3 ‘/

min( g, (x,), 4, (y,)) = min(0.6,0.8)= 0.6

The next, we try to find out the minimum between g, (X,) 4 (y,) and that is nothing, but

the minimum between 0.5 and 0.8 and that is 0.5.

Next is the minimum between g, (x;);(Y,) following the same procedure | will be
getting 0.5 then comes your minimum between ,(X;) and g;(y,;) and that is nothing,

but the minimum between 0.5 and 0.3. So, | will be getting 0.3 here. Next is the

minimum between p,(x,) and z;(y,) and that is nothing, but minimum between 0.6

and 0.8 and you will be getting 0.6.
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min(u,(x,), #5(y,)) =min(0.6,0.6) = 0.6 s
min(u ,(x,), #,(y,)) =min(0.6,0.3) = 0.3

——

0.5 05 03
06 06 03

T

Now, here, this is the product and to find out the products, we need to find out some

other elements like your the minimum between u,(x,)us(y,) is nothing, but the

minimum between 0.6 and 0.6 it is 0.6.

Then comes your the minimum between g, (x,), #;(y;) that is nothing, but is your the

minimum between 0.6 and 0.3 and will be getting 0.3. So, in the matrix form; all the
elements have already been determined. So, this I can write down in the matrix form and
this will look this. So, there will be your 4 rows and 3 columns. So, this is nothing, but a

4x 3 matrix. So, this is actually the product of A and B.

Thank you.



