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+ Core of a Fuzzy Set A(x) \0
e

It is nothing but its 1-cut

+ Height of a Fuzzy Set A(x) O.U

It is defined as the largest of membership values of the elements
contained in that set.

Now, we are going to define another term of a fuzzy set and that is known as the core of

a fuzzy set. Now, let us see what do you mean by the core of a fuzzy set. The core of a

fuzzy set is defined as your one-cut. Now, let me just try to draw one fuzzy set here,

supposing that this is nothing, but a fuzzy set, that is, your A(x) and the x is varying; so

this is 0.0 and this is nothing, but 1.0 and this is the x direction.

Now, here, this is nothing, but a one-cut; one-cut means what? According to the

definition. So, x should be greater than or equal to 1, but it cannot be more than 1. So, it

is exactly equal to 1. So, corresponding to this particular 1.0, that is x equals to 1, | can

find out what should be the corresponding value for this particular x, ok. So, this is

actually the value for the x for which & becomes equal to 1.0 and this is going to

indicate the core of a fuzzy set. So, the core of a fuzzy set is nothing, but it is a one-cut.

So, I hope, the meaning for this particular term is clear to you.



Now, | am just going to define another term, that is called the height of a fuzzy set. Now,
how to define the height of a fuzzy set? Now, corresponding to the different values for

this particular variable, that is, X, | can find out so what should be the value for this
another value x. So, what should be the value of the mu for another value of x, what
should be the value for this particular x? So, corresponding to the different values for

this particular x, so I can find out what should be the membership function values and

out of all the membership function values, we try to find out the largest one.

So, the height of a fuzzy set is defined as the largest of all the membership function
values corresponding to the different values of this particular element. Now, here, if |
consider. So, here, the maximum value for the membership is nothing, but 1.0. So, height
of this particular fuzzy set is nothing, but is your 1.0. So, corresponding to this particular
fuzzy set, its height is nothing, but 1.0. So, this is the way actually, we define the height

of a fuzzy set.
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* Normal Fuzzy Set

For a normal fuzzy set, h(A) = 1.0

Now, | am just going to define another term, that is called the normal fuzzy set. Now, a
fuzzy set is called normal, if its height is found to be equal to 1.0, now let me draw one
membership function distribution and this is nothing, but a fuzzy set. So, this is A(X) is

the fuzzy set and u is say 0.0 and here, it is 1.0. Now, what is the height here? The
height is nothing, but the height of this particular fuzzy set and here, the height of the



fuzzy set is nothing, but 1.0 and this is a normal fuzzy set. Now, there is a another

concept that is called the sub-normal fuzzy set.

Now, let me take another example, now supposing that I am drawing a fuzzy set here and

this is the £, say u is equal to 0.0 and here, | have got 1.0. Now, supposing that | have

got a fuzzy set something like this and if 1 can say and this is the x. Now, if I try to find
out the height, this is nothing, but the height of this particular fuzzy set, if this is your A
(x), ok. Now, here so this particular height is less than 1.0 because a 1.0 is here and this
particular height could be around say 0.8 or 0.7 something like this, ok. Now, here the
height of the fuzzy set is less than 1 and this is what you mean by the sub-normal fuzzy

set.
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* Proper Subset of a Fuzzy Set

) € BRI (o) < a0 pam
'——-—________-

F

So, we have defined the normal fuzzy sets and the sub-normal fuzzy sets. So, we have
defined a few terms related to the fuzzy sets and now, we are going to concentrate on
some standard operations, which are very frequently used in fuzzy sets and let me try
with the first operation, that is called the proper subset of a fuzzy set. Now, how to
define the proper subset of a fuzzy set? Supposing that | have got two fuzzy sets say A(x)
and another is your B(x) and these are defined in the universe of discourse or say x
belongs to capital X.

Now, | am just going to compare these two fuzzy sets. And, | am just going to say how

to carry out this particular operation, that is called the proper subset of a fuzzy set or how



to declare that this particular fuzzy set is a proper subset of another fuzzy set. Now, here

the set A(x) will be called the proper subset of B(x), if x,(x) becomes a less than
g (X) . So, if this particular condition holds good, we declare that A(x) is a proper subset

of this particular B(x). Now, | am just going to take the help of one numerical example.
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Numerical Example

Let us consider the two fuzzy sets, as follnws
A(x] (x I)I) (x )(x x 04)
8- t,fr.a) : g/](x My })]

AsforallxeX, pn(x]f.p“( )
A(x)c B(x), that s, is the proper subset of B(x)
—_—

r

Now, supposing that I have got two fuzzy sets, two discrete fuzzy sets: one is A(X) is
nothing, but x_1 comma 0.1, x_2 comma 0.2, x_3 comma 0.3, x_4 comma 0.4 and
another that is B(x) x_1 comma 0.5, x_2 comma 0.7, x_3 comma 0.8, and x_4 comma
0.9. Now, | am just going to compare. Now, for all x belonging to capital X, there is the
universe of discourse; now if | compare the element-wise, their x values for example,
corresponding to x_1. So, if | compare these two corresponding to x_2, if I compare
these two then corresponding to x_3, if | compare these two then corresponding to x_4, if

I compare these two.

So, we can observe that u,(x) is less than g (x) because 0.1 is less than 0.5, 0.2 is less

than 0.7, and so on. So, we can declare that this particular A(x) is a proper subset of your
B(x) and because this particular condition holds good. So, this is the way, actually we

can compare and declare whether a particular set is a proper subset of another set or not.
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Some Standard Operations in Fuzzy Sets
(contd.)

+ Equal fuzzy sets

A(x) = B(x),if pa(x) = py(x)
—————

So, the next operation is actually how to declare that two fuzzy sets are equal. Now, let
me take the same example, say | have got two fuzzy sets A(x) and B(x) defined in the

same universe of discourse. Now, we call like A(x) is equal to B(x), if and only if z,(x)

is found to be equal to your z;(x).
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Numerical Example

Let us consider the two fuzzy sets, as follows:
hig {((:3 i) (1 4 EI:IE%”

AsforallxeX, M A(x] # B(x!

Now, what will have to do is element-wise, we will have to compare, now element-wise
if we compare, the two fuzzy sets for example, say one is nothing, but is your A(X) is
x_1, 0.1; x 2, 0.2; x_3, 0.3; x_4, 0.4 and B(x) is defined something like this. So,



element-wise will have to compare the x values. Now, if | compare then 0.1 and 0.5
they are not equal, 0.2 and 0.7 they are not equal, and so on. So, my decision is ,(x) is

not equal to your z;(x) ; that means, your A(X) is not equal to the B(x).

So, the fuzzy set A(x) is not equal to fuzzy set B(x). So, this is the way actually, we can

compare and declare whether the two fuzzy sets are equal or not.
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* Complement of a Fuzzy Set -

=1
— ‘k -
Alx)=1-A(x) V

Now, | am just going to discuss another operation, which is nothing, but the complement

of a fuzzy set. Now, how to determine the complement of a fuzzy set, by definition the
complement of a particular fuzzy set A(x) is nothing, but is your A(x) and that is

nothing, but 1 minus your A(x). So, this is the definition of the complement of a fuzzy

set.

Now, supposing that I have got the fuzzy set like this, that is A(x). So, this is nothing, but
the fuzzy set and its complement is nothing, but this. How to find out the complement? It
is very simple, now here, this is nothing, but your A(x). Now, corresponding to this value

of X, what is the value of 4 ? u is equals to 0, corresponding to this, what is the value of
mu is equals to 0. So, 1 minus 0 is nothing, but 1. So, I will be getting up to this, I will be
getting this type of compliment, then from here to here, this 4 is going to increase from
0 to 1; that means, your A(x) bar, its complement, is going to decrease starting from 1 up
to 0.



Now, you concentrate here, corresponding to this value of x. So, this is the value of u

corresponding to A(x) and that is nothing, but 1. So, 1 minus 1 is 0. So, this will be the

4 corresponding to its complement and starting from here, the value of x is decreasing.
So, if I concentrate on its complement, the value for the & will be increasing from 0 to 1
and after that, the value for the  is kept equal to 0. So, 1 minus 0 is nothing, but 1. So,

the dotted is going to indicate actually the complement of the fuzzy set.
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Numerical Example

Let us consider a fuzzy set A(x) as follows: \~ 0 .

- aisg)
Complement ﬂﬂ = {(xI -9_-—?)*(":;}}”";'“-?)-(xxf;ﬁ)}

=

Now, | am just going to solve one numerical example just to show you like how to find

out the complement of a fuzzy set.

Now, supposing that | have got a discrete fuzzy set something like this. So, A(x) is

nothing, but this, that is, x_1 0.1 comma x_2 0.2 comma x_3 0.3 comma x_4 0.4 is
nothing, but is your A(x). Now, its complement A(X), so element-wise | will have to
find out 1 minus that x . So, here, x is 0.1. So, 1 minus 0.1 is nothing, but 0.9. So, for
its complement corresponding to x_1, the x value will be 0.9, corresponding to x_2 it

will be 1 minus 0.2 and that is nothing, but 0.8. So, I will be getting this then
corresponding to x_3, | will be getting 0.7, corresponding to x_4. So, | will be getting
0.6. So, following this particular principle; we can find out the complement of the fuzzy

set.
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+ Intersection of Fuzzy Sets s }‘U’
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Intersection of two fuzzy sets A(x) and B(x) is denoted

and its membership values are determined as follows :

—_——

Rang) (x) = min{pt, (x), pp (x)}
—— —_—

T

Now, | am just going to discuss the concept of intersection of two fuzzy sets, now once
again let me repeat that | have got two fuzzy sets A(x) and B(x) defined in the same
universe of discourse, that is capital X. Now, how to find out the intersection of these
two fuzzy sets, now intersection of these two fuzzy sets is denoted by this particular
symbol. So, A intersection B(x) is nothing, but intersection of the two fuzzy sets A(X)
and B(x). Now, to define this particular intersection, so what we do is, we try to find out

what should be the x value and we will have to compare, in fact, the x values. So, mu
A intersection B(x) is nothing, but the minimum between g, (x) and ;(x). So, the two
u values will have to compared and we will have to find out its minimum and that is

going to indicate the intersection of the two fuzzy sets.
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Now, | am just going to take actually one numerical example just to show you like how
to determine the intersection of two fuzzy sets, but before that, let me try to find out this.
Now, as | told that this is nothing, but A(x) one fuzzy set and this is another fuzzy set,
that is B(x) defined on the same universe of discourse and this is actually the direction of

x and this is the &, now the moment | am here. So, corresponding to this A(x), | have
got u,(x) and that value is what? That is your O here, but x;(X), the B(x) has not yet

been started. So, | am just going to proceed in this particular direction. The moment, |
come here, so | have got the membership function value corresponding to this particular
A(X). So, this is nothing, but the membership function value corresponding to this A(x)
and corresponding to this B(x) the membership function value is equal to 0.0 and we try

to consider the minimum.

So, the minimum between 0.0 and a particular value, which is very near to say 0.9. So,

the minimum is 0. So, | am just going to consider that x corresponding to this is

nothing, but 0 its intersection is nothing, but 0, the moment | consider another value for

this particular x. So, corresponding to A(x), | will be getting some x corresponding to
the B(x). | will be getting another & you compare and you consider the minimum. So,

ultimately, I will be getting this type of the area which is the common to both the fuzzy

sets.



So, by intersection actually, what we mean is, we try to mean the common area between
the two fuzzy sets. So, this is actually the common between the two fuzzy sets and this is
nothing, but the intersection of the two fuzzy sets and this is similar to the logical AND
operation. So, by AND operation actually, we always try to consider the minimum and
this is also known as the mean operation or the mean operator. So, AND is nothing, but
the mean operator and that is nothing, but the intersection, the concept of intersection of

two fuzzy sets.
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Numerical Example
Let us consider the two fyzzy sets as follows:
A(x)={(x,,0‘1),(:(!,0.2){(:(,,0.3),&(”0“4)_}__
ii(:():[()cl,df'.ﬁ),(:(I [i."ri'),()(i 0.8),()(‘,@)]

l

similarly, 4, (x,)=min{02,07} =02 ‘//
Haw (x,)=min{03,08} = 0.
ﬂm,,][i): min{0.4,09} = 0. /

Now, | am just going to solve one numerical example, now supposing that | have got two
fuzzy sets, two discrete fuzzy sets one is A(X) is nothing, but x_1 comma 0.1 comma X_2
comma 0.2 comma x_3 comma 0.3 comma X_4 comma 0.4. So, this is nothing, but the
fuzzy set A(x) and | have got another fuzzy set which is nothing, but the B(x). Now,
what we do is, we concentrate element-wise first you try to concentrate on this particular

the X_1. S0, 445 (%) is nothing, but the minimum between x,(x) and s (x,)-

So, what you do is, these two values, we try to compare, that is the minimum between

0.1 and 0.5 and the minimum is nothing, but 0.1. Now, next, we try to concentrate on

X_2. 50, the 4, g (X,) is nothing, but the minimum between 0.2 and 0.7 and we will be
getting 0.2, next we try to concentrate on X_3. SO, .5 (X;) is nothing, but the

minimum between 0.3 and 0.8 and that is nothing, but 0.3, next we try to find out the



Hiapy(X,) and that is nothing, but the minimum between 0.4 and 0.9 and you will be

getting 0.4. So, this is the way actually, we can find out your intersection.
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+ Union of Fuzzy Sets

Union of two fuzzy sets A(x) and B(x) is represented by: (A U B)(x)

—eeeeeeees

and its membership value is determined as follows:

Hiaup) (x) = max{py (x), g (x)}

———

Then, comes the concept of the union of two fuzzy sets. Now, let me once again consider
the two fuzzy sets like A(x) and B(x) define in the same universe of discourse and their

union is represented by this particular symbol, that is, (AUB)(x), such that its
membership function value, that is, s, g, (X) is nothing, but the maximum between
U, (X) comma g (x). So, what we do is, we try to compare the membership function

values element-wise and we are going to consider the maximum.
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A(x)  Bi(x)

U
e

0.0

So, | am just going to take some example. Now, here you can see that | have got one
membership function distribution and one fuzzy sets like A(x) and another fuzzy sets like

B(x) defined in the same universe of discourse.

Now, | am just varying the value of x, the moment I am here, | have got the u
corresponding to your say A(x) is nothing, but 0 but corresponding to the B(x), suppose
that this is absent. So, we consider this thing as the maximum, now the moment | am
here, corresponding to this A(x) might be this is the membership function value, say 1.0
and corresponding to B(x) the membership function value is 0.0 and if | just compare the
maximum will be 1.0. So, I will have to consider up to this. Next, the moment whenever

I am here, so corresponding to this particular A(x), | will be getting some x value and
corresponding to the B(x), | will be getting some x value, and we will have to consider

the maximum.

Now, if | follow this particular method, then there is a possibility that I will be getting
this shaded portion as actually the union of these two fuzzy sets. So, by union, we mean
actually the AND operator and this OR, sorry | am sorry. So, this is the OR operator and
this OR operator is nothing, but is actually the max operator. So, we try to find out the

maximum between the two x values and that will give you the concept of union and that

is nothing, but is your OR operator. So, OR operator is nothing, but the max operator and

that is nothing, but the union of the two fuzzy sets.
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Numerical Example
Let us consider the following two fuzzy sets: /

Ax)={(x,0:1).(x, 02),( 03 )(x, 04)
B(x)= J( }s) (xl, (x 08),(x, 09’\/
Now, P(nuuj(i__l)zmx{ﬁ)'pﬂ(x } max{ﬂlﬂsl f_p-j.:-'-
Slmllarlv.',,uMIH (x 020? =0.

,u{w:)(x) max nsua }=0 ‘/

A

”[aUn}( ‘} max 04 09

Now, | am just going to just solve one numerical example just to give you the concept of

this particular union of two fuzzy sets.

Now, let me consider once again that | have got two fuzzy sets like one is A(x) and
another is B(x) and these particular fuzzy sets are nothing, but the discrete fuzzy sets. So,

element-wise we have got the membership function values, that is the x values, now if |
want to find out that g, 5 (%) ; that means, corresponding to this particular x_1. So, |
am just going to compare these two x values, that if your u,(x,) and g;(x) and we try

to find out the maximum and; that means, we try to find out the maximum between 0.1
and 0.5 and the maximum value will be 0.5. Similarly corresponding to this particular

X_2, we are trying to compare the two g values.

SO, #ays)(X,) is nothing, but the maximum between 0.2 and 0.7 and the maximum
value is 0.7 then corresponding to X_3. SO, s (X;) is nothing, but the maximum

between 0.3 and 0.8. So, | will be getting 0.8, then corresponding to this particular x_4.

SO, s (X,) is nothing, but the maximum between your 0.4 and 0.9 and this is

nothing, but 0.9. So, I can find out the union of these two fuzzy sets.
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* Algebraic product of Fuzzy Sets

A0 B6) = (e (0 0 0) x €

Then, comes the concept of algebraic products of two fuzzy sets, now supposing that |
have got say two fuzzy sets, one is A(x) another is B(x). So, by algebraic product

actually, we mean another set whose membership function values will be nothing, but a
1, (x) multiplied by your g;(x). So, this is actually what you mean by algebraic

product of two fuzzy sets, now | am just going to take one numerical example just to
make it clear.
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Numerical Example

Let us consider the following two fuzzy sets:

A(x)={(&, 0 2(x03(x04
B(x)= )K;O(x 7)(xJos (x@\/w} foz-"‘l
A(x)B(x)={(x,,005) (x.(xou ),(x,,036)} W



Now, supposing that | have got two fuzzy sets one is your A(x) another is your B (x). So,

what | do is, element-wise, the x values we simply multiply.

So, what I do is corresponding to this particular your x_1. So, what | do is your so, we
multiply 0.1 multiplied by 0.5. So, this is nothing, but 0.05. So, this A(x).B(x) is

nothing, but x_1 comma 0.05.

Similarly, corresponding to this x_2, I will have to multiply 0.2 by 0.7 so, this will
become 0.14. So, | will be getting 0.1 4, then corresponding to this particular x_3. So, |
will be getting 0.3 multiplied by 0.8 and this is nothing, but is your 0.24, so you will be
getting 0.24. Then, corresponding to this particular x_4, | will be getting 0.4 multiplied
by 0.9, so I will be getting 0.36. So, by following this particular method, you can find out

the product of two fuzzy sets.

Thank you.



