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Vectors: A review
Hello, in this lecture we will be talking about vectors, we in our school we would have
studied about vectors. So, we will just quickly brush up some of those concepts and maybe

introduce a few new concepts.
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Scalars and Vectors

» Scalar:
» A quantity that can be represented by its magnitude only e.g. pressure, time, temperature
» Vector:
» A quantity that has magnitude as well as dircction e.g. velocity, aceeleration
2 » Represented with an arrow over lhcmf or in bold V
» Avector can be represented in terms of its components in three orthogonal directions
V=Ve +V,e;the

» In summation form N
|

3
V= ZVI'(:';
i=1

So, let us look at vectors, the first the definition of scalars. So, scalars are the physical
quantities to represent them if we just need the magnitude of the quantity, we call them
scalars and we have learnt about it long, long ago. So, scalars some examples can be time
for example, we do not need to define a direction to represent time. Pressure, pressure is
again a scalar quantity, temperature is a scalar quantity, we do not need a direction to define

temperature.

Pressure somebody might say that we need to say that the pressure acts on a surface normal
to it, but by the very definition of it pressure always acts normal to a surface. The formula

for pressure is force per unit area, so whatever area that we are considering or we are



looking at pressure, the direction of pressure will be normal to that surface. So, pressure is

against a scalar quantity

Now, coming to vector. So, of course, vector is a quantity that has magnitude as well as
direction. So, some of the common examples for vectors is displacement, displacement in
a particular direction or the derivative of displacement. So, velocity and derivative of
velocity, acceleration, force again to the represent force we need the magnitude of force

and in which direction does the force act. So, they are all examples of vectors.

Now, in fluid mechanics because we are generally concerned with the velocity of the fluid,
the force is acting on a fluid or the force is acting on a body because of the fluid. So, we
need to analyze vector quantities often and that is the reason that we are looking at vectors
here. So, vectors can be generally represented with an arrow over them or when we type it,
we can also type vectors as a bold, so, it is convenient because we do not need to put an

arrow every time we type the vector.

So, in this course, predominantly I will try to use vectors as bold letters, but in some cases,
you might see a mix up and you might see that vectors have an arrow over them. So, vectors
because we can, we are representing its direction and in space we can decompose it into
three normal components. So, in general what we will be looking at in this course in the
Cartesian coordinate system, so, x, y and z directions we can have the components of

vectors.

We can also have the components of vector in cylindrical coordinate system where we have
r direction which is radial direction, angular direction which is 6 direction and the axial
direction which you can say z direction or x direction, so, r & x or r 8 z coordinates are
cylindrical coordinates. And then for some problems it is convenient to use a spherical
coordinate system, where we have one angular direction, one radial direction which is r

and two angular directions 8 and ¢.

So, in this lecture we will be talking about Cartesian coordinate system however, as we go
along and when we need to use cylindrical coordinate system, we will discuss cylindrical

coordinate system. In this course, we will not talk about the spherical coordinate system.



Now, if we take the unit vectors along the 3 directions as e1, ez, €3 0, the three orthogonal
directions they can be x, y, z or r, 6, z, then we can write the velocity components as Vv is
equal to vy e1, vz ez, plus vy e1 plus vz ez plus vs e3 where vy is the component along direction
1 or along the direction ey, vz is the component along direction 2, e; and vz is the component
along the direction 3.

Now, this can also be written in the summation form, so this looks a bit intimidating, where

we write

3
V= ZVL e;
i=1

where i can go from 1 to 3. So, if we expand it, we will get this we substitute i is equal to
1. So, first term will be V1 e; that is what we have here, the second term i is equal to 2 1>
e2 and then i is equal to 3 V3es in certain cases, it is easier to represent this in terms of
summations. So, we need to be familiar with the notations in summations. However, in this

course, | will try to use as much as possible the expanded form of the vectors.

(Refer Slide Time: 6:58)

Vectors and Tensors

» In Cartesian coordinate system, a vector ¥ can be represented as
V=V l+ sk
where {, j and k are unit vectors along x, y and z directions, respectively,

» Magnitude:

?
|ﬂ=\VXZ+VyZ+VzZ

» Tensor:

» Generalises the concept of a vector

# Scalars: Tensor of order 0 (magnitude only- | component)

# Vectors: Tensor of order | (magnitude and 1 direction -3 components)

» Tensor of order 2 (magnitude and 2 directions :r9 components) e.g. stress, velocity gradient

L

4

So, if we take Cartesian coordinate system, so, Cartesian coordinate system means in X, y

and z directions, so, 1 is x, 2 isy and 3 is z. So, this vector can be presented as Vxi Vyj plus



V2K, we are familiar with these notations, i, j and Kk, they are unit vectors along directions
X, y and z, in some books you might find these directions being represented as ey, ey, €.
So, when talking about Cartesian coordinate system, we will use the notations i, j and k for

unit vectors along x, y and z directions.

So, the magnitude of vector, magnitude of vector VV which have component Vy, Vy and V;
along x, y and z directions, we can obtain its magnitude by summing up the squares of the

three components and taking its square root. So, the magnitude which is represented by

vi= v+ v+

Now, there is another quantity which you might have heard of, is called tensor. So, tensor
is a generalization of that if we take a quantity or if we take a system in which all scalars,
vectors as well as other quantities, can be taken into where we need to have more than one
direction to define a particular quantity. For example, when we talk about stresses, as we
will discuss in our later classes, that to define a stress, we need the direction or the surface
on which the stress is acting and the direction in which they stressed is acting, so, we need
to define, to define the stress components or to define the stresses, we need to tell two
directions, the direction normal to the surface on which the force acts and the direction

along which the force acts.

So, tensor is defined a generalized quantity, generalize in concept of vector where we might
need to have more than one information. So, you can relate it with say, array what we use
in programming multi-dimensional arrays. Now, scalars, so we can say the scalar is a tensor
of order 0, where we have only magnitude and no direction. So, it has only one component
to represent scalar we need just one component. But for vectors we need, it has one

direction so, we have 3 components for vectors. So, it has magnitude plus one direction.

Now, a second order tensor and that is why we are introducing the term tensor, because
some of the quantities which we deal in fluid mechanics for example, the stress, momentum
flux, velocity gradient they are second order tensors. So, to represent them, we not only

need the magnitude, but we need two directions to represent them, because if you have two



directions, so, X, y and z component to represent direction of one thing and x, y, z

component represent the direction of another.

So, for example, when we talk about stress, we are talking about the direction normal to
the surface on which the stress is acting or on which the force is acting and the direction of
force itself. So, we have three, in three way or we can have three components of the area
vector and we can have three components of the force. So, we will have 3 multiplied by 3,

9 components of a stress.

Similarly, when we talk about velocity gradient, velocity will have 3 components Vy, Vy,
V; and it can have variations along the x direction, each component can have various and

along the x direction, along y direction, along z direction. So, Vx will be where we have

component aal;, %", aalle So, similarly, we have 3 components, 3 multiplied by 3, 9

components, so, this is tensor of order 2 and to represent tensor we need to define two

directions.

So, for example, when we write about tensor, it will be the stress tensor that will be 7;; in
general term, so, there will be two directions z; and z;, but when we talk about it in detail,

then we will say which of these i represent the direction normal to the surface and which

of the symbols represent the direction of the force acting on it.
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Basic Operation on Vectors

» Addition and subtraction;

» Two vectors can be added or subtracted by adding or subtracting the

—

corresponding components.

7 » Multiplication with a scalar: A /\
Amlar % ( 2 J-lLA U

» Each component is multiplied w ith t
Al C43A, )+3A k

» Docs not change the direction of the vector
» Differentiation with respect to a single variable:

» Differentiate each componcn( 8 t'm@/"

So, then some usual stuff that we are already familiar with that, when we operate on
vectors, so the normal operations which we have a subtraction and addition, it is very
common and by now, if you would have doing, we have been doing mathematics, this
would have been, these concepts would have been built up in our subconscious mind. So,
to just to repeat it, that two vectors can be added or subtracted by adding or subtracting

their corresponding components.

So, if you have vector say

A+B = (4 +By)i+ (4, + B,)j + (43 + By)k

Similarly, the same thing can be used for subtraction. Now, when we multiply a vector

with a scalar So, if you have A, let us say a vector A and this is multiplied by a scalar 3, so
34 = 3(A,0 + Ayf + A3k)
Now, when you multiply with the scalar you can just write

34 = 34,0+ 34,] + 343k



Now, that is what we will have here, that each component is multiplied with the scalar. So,
3 is the scalar here of course, when you multiply the scalar with a vector, the direction of
the vector is not changed. But a scalar can have a positive or negative sign and as a result,
the direction of the vector might be reversed, if you multiplied it with a scalar, which has

negative magnitude.

Now, if you want to differentiate a vector with respect to a single variable, for example,
with respect to say time, there is single variable time, so when you differentiate a vector,
you can differentiate each component of the vector and you will get the differential or the

derivative of the vector.
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§ca|ar or Dot Product

AB=A3u0, = BA g o

R e

where @ is the angle between the vectors. 3 2
» The result is a scalar. C@ﬁ’gi o %
4 » B cos @ is the magnitude of B as projected on A \0
» For a set of mutually perpendicular unit vectors e;, e, and e; Beosh

e.ep=1, e.e =0, eze =0

ep.e;=0

ez.ez=1, e3.ez=0

e.e3=0, eue;=0 eze;=1

» For unit veetors in Cartesian coordinates
t=1 =0, k=10
AB=BA

So, the next operation is product. So, when we talk about product, we can have actually
three different operations on vectors. So, we can have that when you multiply two vectors,
you get a scalar quantity, when you multiply two vectors, you get a vector quantity and
when you multiply two vectors, you get a tensor of second order. So, when you multiply

two vectors and you get a scalar that is called dot product.

So, A. B where A and B are two vectors, A. B is their dot product, so dot represent and that
is the reason we call it dot product and it is also called the scalar product, because the
quantity that we get as a result of their multiplication, we get a scalar quantity, so, that is
equal to ABcos8 so, where, here these A and B represent the magnitude of vector A,
magnitude of vector B multiplied by cosé@, where 8 is the angle between two vectors. So,

the result of course, is a scalar.

Now, if we look at this, we can see that if you have a vector A and another vector B here,
and the angle between them is 6. So, you can see that B cosé@, which is this component or
this part is the projection of vector B on vector A. So, you can treat dot product as a
multiplication of magnitude of vector A multiplied by the projection of vector B on vector
A or you can do the other way around, you can write it as well this is equal to BAcosé. So,
you can say that the dot product is equal to magnitude of vector B multiplied by the

projection of vector A on vector B.



So, this will also tell you that, if you have a doubt that what is the angle between two? So,
you can take angle 8, if you take angle (2 — 6) that will also give (cos 2m — ) is equal to
cosd. So, that will give you the same answer basically. Say if you have mutually
perpendicular unit vectors, when you talk about the components, we can have components

I, J, k unit vectors or unit vectors er, eg, €; in cylindrical coordinate system.

So, we if we write in general that there are three perpendicular unit vectors e, e, es. So, if

you have perpendicular vectors then that means 8, when 8 is equal to g we can see from

this that cosé is equal to cos g is equal to 0. So, A dot will be 0. So, if a vector is multiplied

by itself then the angle so, unit vector e;.e; the angle between them is 0. So, that will be

the product is 1. ez e1 the angle is 90 degrees so 0. ez.e1 is equal to 0.

Similarly, you can have other combinations of these so, when a unit vector is multiplied by
itself, the dot product is 1 and when it is multiplied by other unit components of course, we
are talking about 3 perpendicular unit vectors, so then in these cases their dot product is 0.
Now, for specific, if this take e; as equal to i, e2 is equal to j and ez is equal to k of course,
again we will have ii is equal to 1, jj is equal to 1, kk is equal to 1 and other products when
i.j or i.k they are equal to 0. So, the other thing that we have already noticed here that we

take either take A.B or B.A they are equal.
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Cross Product

A= ABsinde,
where e 1s 4 unit vector pcmcndicularE AandB.
# The product is a vector.
4 # If the fingers of right hand are curled from A towards B, points in the

direction of extended thumb.

AxB==BxA

Now, when we take two vectors and multiply it and if the result is a vector, then what we
call it? Cross product. So, the symbol here is we use a cross here. So, AXB is equal to
magnitude of vector A, magnitude of vector B sin@ into a unit vector eag which will be
normal to this or normal to both the vectors. So, you have a plane in which both the vector

will be there and this vector eas will be pointing normal to it.

So, this product is your vector and then of course, it will be normal to it but which direction
because you can have two directions. So, right hand thumb rule comes here, that if you, if
the fingers of right hand are curled from vector A towards vector B, then the resultant
vector or the unit vector, it will point in the direction of thumb, so, when you go from A to

B it will be pointing in this in this direction.

So, AxB will be normal to board or BxA will be entering or inside the board, this will be
pointing inside the board if we take BxA and AXB will be pointing away from the board.
So, that also tells us that AxB and BxA not, are not equal because they, their magnitude

are equal, but their direction, they are different. So, that is cross product.
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Cross Product

# For a set of mutually perpendicular unit vectors ey, €, and e,

exe =0 exe=-e€, e€Xe=e

elx92=e3, ezxez:o, 83)<22=e,

¢
’6 81X83=—92, 82X83=—e1, 83>(83 =_0 AN

» For vectors A = A + Ayj+Ask and B = B,1 + B,j+B;k

gk
AXB=A, A, A
By B, By

(A'.z.l_;i_ A3Bo)i = (A41By = AyBy)j + (A,B, - A,B,)k

i

=(A283 = A3Bz)fi‘ (A3B] s A]Ba)j+ (A'182 = A231)k

Now, if we take in terms of unit vectors that we can write generally, when we work with
vectors, we will be writing all the vectors in terms of its components. So, it is important to
understand or important to know and remember the cross product of unit vectors of these
X, Y, z direction or r @ z direction. So, again e1xe; because when sin 0 is equal to 0, so,
e1xer will be equal to 0, exxe; is equal to minus es, e1x ez will be as we see here e1xe;
will be e3 again when you multiply or when you have a cross product of a vector with itself

you will get the result is 0.

If you multiply two vectors, two-unit vectors you will get the third one and the direction
will depend, it may come with plus sign or minus sign. So, you can see that, if you write
e1, e2 and e3 so, when you have e crossed ez you will get es, if you take e2xe1 you will get
minus es, if you take esxey, then you will get ez, if you take e;xes, what you will get, e>xes

you will get minus el.

So, if you have vectors, Aii + Ayj + Ask and Bii + Baj + Bsk, then their cross product can
be written in terms of a matrix, where the first row is the unit vectors i, j and k. The second
row is the magnitude of the first vector A so, Al the components of first vector Ay, A2 and

As and the third row will be components of the second vector B, B2, B3.



So, when we simplify this we can write i multiplication of Az Bs - Az Bo, so that is first
component, - j(A1 Bz - Az Ba), the third term will be + k ( A1 B2- A2 B1). So, if we want to
have the sine for all the terms as plus so, we can change the order of these terms that will
be when it goes inside then it becomes Az B1 - A1 Bs. So, that is about cross product.

(Refer Slide Time: 26:13)

Dyad Product

7 A tensor obtained from a pair of vectors is called dyad.

» For vectors

A= Ayl + ApftAsk and B = Bl + B, +Bsk

AiBy AB, AiB;
ArBy ABy AgBs

AB=AQB=
a AsBy A3By A3By

Now, the third operation, which you might have not been familiar with is that if you can
also take a Dyad Product. So, when you multiply two vectors and you get a second order
tensor, then it is called a dyad product. So, if you have a vector Azi + Azj + Ask and another
vector B, Bii + Byj + Bsk, you can take its dyad product and this is the symbol so, when
you see this symbol A cross under is inside a circle, then you know that it is a dyad product
that when you multiply these vectors, you get a tensor and the magnitude of this tensor will
be A1 B1, A1 Bo, s0, this is the matrix that you get by the multiplication of this tensor.
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Differential Operations

» In Cartesian coordinates, the del operator is defined as

d a0 Aa
il il
—L:- _;4 —t—]

»  is a vector operator i.e. it has components like vectors but cannot stand alone.
» It can operate on a scalar, vector or tensor function.
# The unit vectors are placed ahead of the derivatives to emphasise that they are

not being differentiated.

So, the other operations or other operation that we will be interested in is of Differential
Operation on vectors. So, in Cartesian coordinate we define a operator which is

a [3] ~
V_0_+6_ k

QJle)

So, as you will notice that this looks like a vector or V operator, it is also called Nabla. So,
you might notice that this symbol, the inverted triangle or triangle upside down we call it

del and this symbol is also | generally keep pronouncing it del.

So, because of habit we, I use del for both, but you can also to differentiate between the
two you can also pronounce as, pronouns this symbol as dou. It can be pronounced as dou,
del and sometimes it will also called as curl D. So, this is as you can see that there are 3

components i, j and k so, this appears to in along the x direction, y direction and z direction

there are 3 components, but we will have these differential operator o aa—y ;—y

So, this operator does not stand or does not hold good or does not mean anything alone,
but when it is operated, we get a vector, if we operate on a scalar as we will see. So, this is
a vector operator, it has components along the 3 directions, but it cannot stand alone. So,
we can operate it on a scalar, we can operate it on a vector or we can operate it on a tensor

and that is what we will see.



So, the other thing that | would like you to notice here that | have written these components

i, j and Kk just before the derivatives, you can also write this after the derivatives, but you

need to remember the fact, that these unit vectors are not being differentiated here. So, % is

not =—of i, it is i multiplied by — j multiplied by j—y plus k multiplied by =
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Gradient

# The gradient of a scalar fis the operation of F on it.

0 g
E’r—lax-}‘;ﬂy kaz
4 - - —

7 Vf isavector,

¥ Example: if f = x* + y* + z*, find Vf.

Pf=2xi+ 2y} +22k

So, if we operate the del operator on a scalar, let us say this scalar is f. So, if you operate it

on a scalar f, what you will get is x component is %, the y component will be g—;and the z

. of
component will be o So, what you have done when you operate a del operator on a scalar

you get a vector. So, if you talk in terms of tensor, when you have a gradient operator or
when you operate it in terms of gradient, the order of the tensor is increased by 1, a scalar

becomes a vector and you operate on a vector, the vector becomes a tensor.

So, when you take the gradient of a vector, you remember that velocity gradient, | said that
the velocity gradient is a second order tensor. So, let us look at a simple example, that if

we say or if we have a function f is equal to or a scalar function which is x square plus y
square plus z square and we need to find its gradient. So, Z—i, S0, % is a partial derivative of

f with respect to x. So, we can treat when we are taking partial derivative with respect to x

we can treat or we need to treat y square and z square as constant.



So, % will be 2x so, the x component will be 2xi, the y component similarly, will become

2yj and the z component will be 2zk. So, the gradient of x? + y? + z2 scalar will be 2xi +

2yj + 2zk.
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Divergence

» Divergence of a vector is the dot product of 7 with that vector.

i}

v.y= (»l dx

N . sovh
Ha b4

_ (O | Oy "_Vz)
4 U (d:g - dy 0z
» The divergence of a vector is a scalar.

» In summation form, one can write

Now, the second thing is Divergence. So, divergence when we operate the del operator on
a vector in terms of dot products, so, when we take the dot product of del operator with the

vector, we get its divergence. So, del operator we know that is in Cartesian coordinate
system i%+j:—y+ E%. We take its dot product with a vector Vxi + Vyj + Vzk and
because it is a dot product so, only the component where the, that is multiplying or the unit
vectors are multiplying with itself they will be nonzero, other terms will become 0.

vy

vy,
ax

So, you will have a 5

] : .
+ aLyy + So, that is the divergence. So, as we can see here when
you take the divergence of a vector and it is a dot product, so, when you operate it on a
vector what you get is a scalar quantity so, divergence of a vector becomes a scalar. So, its

order decreases by 1.

We write it in summation form, you will see that

vy =y3

i=1 axi
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Divergence

¥ Example: Find the divergence of V = 1+ yj + 2k,

4, .8 =8 ,. i -
F.V=(fa+;5+ka).(?ct_+yj—zk?

=1+1+1
g 57
=13

So, again let us take a simple example, where we need to find the divergence of a vector

V, which has which is

=1+1+1=3



(Refer Slide Time: 35:35)

Curl

» The cross product of 7 with a vector is called the curl.

j k
ﬁ V)(V:i i i
Z— |dx dy 0z
b b
= %—d—vl py (2 j+ %—% k
dy 0z) -\dz ox dx dy

Now so, we have looked at that what happens when the del operator is operated on a scalar
quantity and we get a vector and which is called gradient. When the del operator is operated
on a vector and we take the dot product, we get divergence, when we operate the del

operator on a vector and we get a cross product then we call it curl. So, cross product of

del operator with a vector is called curl.

VXV =

S
\<<‘3J|Q.>'\n>
NN R &

av, v\ . av, Vy\ av; Vi
(-5 (- 3+ (-39
ady 0z 0z ax dx dy
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Curl

# Example: Fine the curl of V = (x2y2)§.

i j &

ﬁ PxV= i i i
dx dy dz
00 (x%yh

= )i+ (2%

V =x%y?%k
VXV = 2x%yt + (—2xy)j
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Gradient

# The gradient of a vector V'1s the dyadic product PV,

0
7 F_V=Zza—xll(.’ft",
4

# The gradient of a vector 1s a second order tensor.

So, we have looked at the dot product of a vector with the del operator, cross product of a
vector with the del operator and if we operate the del operator and take the dyad product
of del operator with a vector V then what we get is a gradient of a vector V. So, gradient

of a vector V will be a tensor and you can write this in the summation form easily.



So, which will have again nine components, you can have

v,
VV:ZZa—Xieief
i J

you can expand it and write all the nine terms. So, this if V is the velocity vector, this is
what we will have a velocity gradient term. So, velocity gradient is the dyad product of del

operator and the velocity vector.
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Laplacian

» The Laplacian operator (V) is formed by having a dot product of 7 with

itself.

v.07)- KL TAY AN
# s fay ") = )

02 a?_ 62 2 a2 2
R PO
ax2 6)/2 dzz Y sz dyz dz?

Now, we can have another operator which you would have studied in mathematics already
which is called Laplacian Operator. So, if you take a dot product of del operator by itself,
then you will get a scalar operator which is V2which we pronounce, V. (Vf), if we do then

we can write in the expanded form

So, when you take this dot product,

_ (0 62+62 _0*f 0*f  0*f
B ax2 dy?  0z2)’  0x?  Qdy? O0z2



So, all of these operators we will later use when we write down the equations in the vector
form. So, we will further discuss some of these things but before we start the course 1 just
wanted you to refresh your memory and remember some of these things and practice some
problems so when you are looking at the derivation, or when you are looking at the
problems you can appreciate in a better manner, specially we will be using curls,
divergence and gradients quite frequently, so we need to remember what these terms means

specifically, so we will stop here, thank you.



