IMPACT OF FLOW OF FLUIDS IN FOOD PROCESSING
AND PRESERVATION

Lecturell

LECTURE 11 : EQUATION OF MOTION TO BE
CONTINUED

Good morning, my dear students and friends. We are doing the equation of motion.
Right. In the previous class, we could not complete it because we said that the
eqguation of motion is a really big time-consuming derivation. So, we left off where
we started from there. OK.

So, for recapitulation, we said that we are doing the equation of motion for
Cartesian coordinates because it is the simplest of the lot. Why did | say 'of the
lot? 'Of the lot' means the other two coordinates, which are cylindrical and
spherical, that is r, 6, z for cylindrical and r, 6, ¢ for spherical. So, that is much
more complicated and even more time-consuming, for which we are developing

Equation of motion in Cartesian coordinate
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the equation of motion under Cartesian coordinates X, v, z, right. So, we also said
that momentum, it is based on momentum balance. So, two types of momentum
transfer occur: one by the bulk flow, | will give the example of waves of rivers or
sea, right. So, there, the bulk flow occurs from one point to another point.

The equation of motion -:



A momentum balance is approached

Rate of momentum in - Rate of momentum out + sum of force acting on system =
rate of momentum accumulation

By convection or bulk flow

Rate of x comp. of moment™ on face x and x + Ax = pvx Vx |x Ay Az and pvx Vx |x+Ax
Ay Az

Rate of x comp. of moment“™ on face y and y + Ay = pvy Vx |y Ax Az and pvy Vx |y+ay
Ax Az

Rate of x comp. of moment'™ on face z and z + Az = pvz Vx |z Ax Ay and pvz Vx |z+Az
Ax Ay

And, because of the molecules within that bulk, they also have some movement,
right, in all directions, of course, and that is called molecular transport, which is
represented by tau, t, right. So, in this diagram, we see that we have shown the
face x and x plus Ax, where the tx can be said to represent the normal force, right,
because it is directly impacting on the face x and x plus Ax, right. But the other two,
as we see, txy Or yx, rather tyx and tyx plus Ay that is or that can be said to be a
shear component, shear force, and similarly, that tzx at z and tzx at z plus Az. These
are the shear components. of the x component of velocity, right. So, we came to
this up to this, we derived, right, where we said that this is del del t of p vx, this is
equals to minus del del x of p vx vx plus del del y of p vy vx plus del del z of p vz v,
right, plus txx del del del y of ty and del del z of tzx plus the other forces like
pressure force and gravitational force.

By molecular transport -:

Rate of x component of momentum on face x and X+AX = Txx |x Ay A z and Txx |x+Ax
Ay Az respectively.

Rate of x component of momentum on face y and y+Ay = Tyx [y A X A z and Tx |y+ay
Ax Az respectively.

Rate of x component of momentum on face z and z+Az = Tz« |z AX Ay and Tzx |z+Az
A x Ay respectively.



Equation of motion in Cartesian coordinate
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Equating and dividing by Ax Ay Az

PV Vi L = OV Vi Lo /BX + (Y, Vi | = BV, Vi
ay VBY +(pv, vy |- PV, vy [ ) B2+ (T
o= Toiclene AR E (T | mte Viuay YAV H
(sz |1 - T I 2+ Oz )/ Bz + (p 'x' p | x+ BX )/ Bx +
pg,= O(pv,) /ot

or,

d(pv,) /0t = - [d(pv, v,) /Ox + d(pv, v,) /Oy +
d(pv, v,) /dz] - [d,, /dx + Ot,, /Oy + A1, [0z -

So, they were del P del x and p gx. So, these are all added, ok. One more thing to
highlight here again that, in the t, you see the direction is first, ty, 1x, Tz, that is the
direction. and the component of the velocity that is the second, that is txx, Tyx, Tzx.
So, remember, if you remember this that the direction is first, and the second is the
component, then we will not make a mistake.

ok. Then, similar to this derivation of equation 1, if we see the y and z components,
so then we can write that was x component momentum. acting in all directions. So,
this is y component of momentum acting in all directions. So, in a similar fashion
of equation 1, we can write del del t of p vy say here the velocity component is vy
is equal to del del x of p vx vy



Equating and dividing by Ax Ay Az

(PVy Vi L = PV Vy s ax /DX + (pV, v, | - PV Vi Ly
a VB + (Vv |- PV vy g ) B2 +(x,,
= Toe ke BXH (T by =T |y ay W BY +
(tl)( |I -tlx | 2+ A2 )/AZ + (p lx g p | x+ Ox )/ Ax +
pg,= O(pv,)/at

or,

3pvy) /3t = - [3(pv, v,) /3x + A(pv, v,) /dy +
a(pv, v,) /9z] - 3T, /Ox + dt,, /Ay + O, /Oz -

..Sum of the convective and molecular transport terms:

(PVx Vx [x - PVx Vx |x+ ax ) Ay AZ + (pVy Vx |y - PVy Vx |y+ay ) AX AZ + (pVz Vx |z - pvz
Vx|z+Az ) Ay AX — (Txx |x - Txx | X+ AX ) Ay Az + (Tyx |y—Tyx | y+ Ay ) AX Az + (sz |z - Tzx | z+
Az ) AX Ay

del del y of p vy vy plus del del z of p vz vy minus that is the molecular transport del
del x of 1xy del del y of tyy. Now, this tyy can be said to be normal force, right, like
the txx earlier. So, plus tzy or rather plus del del z of t1zy minus del p del y plus p gy
is equal to rather, this is the second component of velocity in the y velocity
component in all directions, right. And in the same way, we can write the third one
as del del z, as del del t del p vz that is equal to del del x of p vx vz plus del del y
of p vy del del z of p vz vz. So, here also that okay when it is coming to t, then |
should say minus del del x of txz plus del del y of ty.. del del z of tzz. So, this 1z
can also be said to be the normal force right. So, minus del P del z plus p gz right.
So, then we have in our hand all three velocity components acting in all directions
and they are equation of motion derivation part is the first one, okay. Now, if we
look at equation 1, that it was del del t of p vx on the left side. Similarly, for equation
2, it was del del t of p vy and for z component just now, we saw that it was del del
t of p vz. Now, if we expand that del del t of p vx, then we get again in the same u
v method which we said earlier.

Other terms,
Pressure force:- (p |x- p | x+ax ) Ay Az

Gravity force- p gx AX Ay Az



Accumulation -:

Rate of accumulation of x component of momentum
= (d(pvx) /at) AX Ay Az

Equating and dividing by Ax Ay Az

(PVx Vx |x = PVx Vx |x+ ax IAX + (PVy Vx |y - PVy Vx |y+ ay IAY + (PVz Vx |z = PVz Vx |2+ az )| Az
+ (Txx [x = Txx | x+ax ) AX + (Tyx |y — Tyx | y+ay ) Ay + (Tzx |z = Tox | z# a2 ) AZ+ (P |x - P | x+
ax ) AX + pgx = d(pvx) /ot

or,

d(pvx) /ot = - [9(pvx Vx) [0x + d(pVy Vx) /dy + 9(pVz Vx) /0Z] - [0Txx [OX + OTyx [0y + OTzx
10Z - 9P 10X + POX «evveeieiiinnnnn (1)

Similarly, for the y- and z- components are

3lpv,) /0t =~ [3(pv, v,) /x + d(pv, v,) /Ay +
d(pv,v,) /9z] - [dt,, /Ox +dt,, /Ay + Ot
[0z - Op/OY + PB, .vvvveiersicruncns (2)

zy

and

d(pv,) /0t = - [d(pv, v,) /dx + d(pv, v,) /Ay +
d(pv, v,) /02] - [dt,, /Ox + dt,, /oy + Ot
[0z - Op/0Z + Pg, .vevvvvrverrirines (3)

If you want, | can also show, okay. I did not do beforehand, okay. It can be that del
del x of u v is u into del del x of v plus v into del del x of u that is the expansion of
u v. Similarly, here also we are expanding it del del t of p vx. So, one is u say p and
V IS say Vx, right. So, p times del del t of v«.

Similarly, for the y- and z- components are

a(pvy) /ot = - [9(pvx Vy) [ox + d(pvy Vy) 10y + O(pVz Vy) 10Z] - [OTxy IOX + OTyy IOy +  OTzy
10z - 9plAy + Py «..vnveiinannnne (2)

and



a(pvz) /ot = - [O(pvx Vz) [0x + d(pVy Vz) 10y + O(pVz Vz) [0Z] - [OTxz IOX + OTyz IOy +  OTz2
102 - 9pl0Z + PQz «.vuvnviiiinn. (3)

Now v is that vx. So, vx times del del t of p, right. And now if we go back to our
equation of continuity, | said while doing that, that this will be required in future.
So, now it is being utilized. We have seen that in equation of continuity del p del t,
right, del p del t is equal to minus del del x of p vx plus del del y of p vy plus del del
z of p vz, right.

We can say that del del t of p vx on expansion is p times del vx del t, right. Here
you Can you find out something which is not logical in sign? It will be corrected
afterwards. See here also.

We are ok, taking it as now, p times del del t of vx, this is plus vx del del x of p vx.
Similarly, for y, del del y of p vy plus del del z of p vz. So, what we are doing is,
from the equation of continuity, that is del p del t is equal to minus del del x of p vx
plus del del y of p vy plus del del z of p vz, this we have taken from the equation of
continuity. So, we are writing that del p vx del t, right, del p vx del t, this is equal to
p on expansion into del vx del t. Actually, it should be plus vx del del x of p vx, right,
plus as usual whatever was there del del y of p vy plus del del z of p vz. So, we
have made only one expansion and There is a mistake here, it should have been
plus, right.

What did we do? We have expanded this del del x of p vx, right, as from here,
obviously, this part remains. So, here we have this part, we have expanded this is,
It was minus of that whole thing. So, if we put minus at the beginning, then it should
have been ok, right.

So, it is, that is why, we have taken it out, right. So, it is like from here minus it
remains here and This becomes plus. So, del del t of p vxis p del del t of vx plus vx
into del p vx del del x of p vx and other two terms remain intact that is Del del y of
p vy plus del del z of p v: like this, ok.



From (1)

d(pv,) /ot = p (dv, /0t) + v, (dp /0t)

From equation of continuity

dp /ot = - [3(pv,) /Ox + d(pv,) /dy + (pv,) /92]

~.0(pv,) /ot = p (dv, /3t) - v, [d(pv,) /Ox + d(pv,)
/dy +d(pv,) /9z]

The right hand side of eq" (1) can be written as,

- [3(pv, v,) /0x + d(pv, v,) /9y + d(pv, v,) /0 2] -
[0t /9x + Ot /9y + Ot,, /0z]- Op/Ox + pg,

Then, the right-hand side of equation 1, which we had, let us go back to that. This
was our right-hand side. So, the left-hand side was del del t of p vx, this is equal to
minus del del x of p vx vx plus del del y of p vy vx plus del del z of p vz vx, right,
minus del del x of txx, plus del del y of tyx, del del z of tzx minus the pressure term
del P del x and the gravitational term p gx, right. So, from here, as we have just
shown, from here we can say that the right-hand side of that equation 1. We write
minus del del x of p vx vx plus del del y of p vx vy, plus, sorry, del del y of p vy vx,
plus del del z of p vz vx minus del del x of tx plus, del del y of tyx plus del del z of
Tz2x minus del P del x plus p gx. This was on the right-hand side of equation 1, right.
We have already done something on the left-hand side, that is del del t of p vx on
expansion, and then, we have come to one point, right. So, taking the right-hand
side, we can say. That the first term can be expanded. The first term is what? del
del x of p vx v, right.

From (1)

d(pvx) /ot = p (dvx /at) + vx (dp /ot)

From equation of continuity

dp /ot = - [0(pvx) Iox + d(pvy) Iy + d(pVz) /0Z]

~.d(pvx) lot = p (avx Iot) — vx[0(pvx) /ox + d(pvy) ldy + d(pVz) /0Z]
The right hand side of eq" (1) can be written as,

- [0(pvx Vx) 10X + A(pVy Vx) 1y + O(pVz Vx) 10 Z] - [OTxx /10X + OTyx 10y + OTzx 10z]- dplox
+ POx



The first term can be expanded as
-pv, (Av, /9x) — pv, (dv,/dy) — pv, (dv,/dz) -
v,[0(pv,) /dx + d(pv,) /9y + d(pv,) /97]

So, there, if we take p vx as u and vx as v, then minus p vx del del x of vx, now the
plus is out because we have taken all negative outside. So, p vx del del x of vy,
right. Similarly, the other term for vy, del del y of p vy, del del rather p vy times del
y of vx minus p vz del del z of v, right.

This is the first term minus all you see vx are taken out vx into del del x of p vx. del
dely of p vy plus del del z of p vz. Let me clear it out again, taking this, right, taking
this that minus. del del x of p vx vx. This we are expanding right, as u v. So, in that
case p vx becomes 1 u and vx becomes 1 v. Similarly, p vy becomes 1 u and v«
becomes 1 v for expansion. And p vz becomes 1 u and vx becomes 1 v, right. So,
the first term if we expand then it is p vx times del del x of vx, right.

The first term can be expanded as
-pVx (Ovx 10X) — pVy (Ovx/dy) — pVz (Ovx/0Z) - vx[d(pVx) IOx + d(pvy) /oy + A(pV:) /0Z]

So, you are not keeping now vx. Separate because in all other cases that is why
we have taken it if you see the next equation right, I will go to that. So, similarly
here also p vy as u. So, p vy into del del x of. vx and similarly p v: times del del x
del, sorry, this was del del y of vx and this is del del z of vx. This is one. Now, the
other term where everywhere you see vx times this, right.



From (1)

d(pv,) /ot = p (dv, /0t) + v, (dp /0t)

From equation of continuity

dp /ot = - [d(pv,) /Ox + d(pv,) /dy + A(pv,) /92]

~.0(pv,) /ot =p (dv, /dt) - v, [d(pv,) /Ox + d(pv,)
/dy +d(pv,) /dz]

The right hand side of eq" (1) can be written as,

= [d(pvx v;:) /dx + d(pvy vx) /GY + d(pvz Vx) /d Z] -
[0t /9x + Ot /Yy + Ot,, /0z]- Op/Ox + pg,

So, that is why vx we have taken common. So, vx. times del del x of p vx, here v
times del del y of p vy, here vx times del del z of p vz. That is what explicitly we
have done here, right. We have taken out that negative. So, it is minus p vx times
del del x of vx minus p vy del del y of vx.

And minus p vz del del z of p vx and this minus again we have taken out vk common
because everywhere it is coming. as v. So, v into that part. So, vx into del del x of
p Vx plus del del y of p vy plus del del z of p v, right. So, this is the one expanded
form. So, we can rewrite that equation 1.

EqQ. (1) can be written as

p (9vx Iat) = - vx[d(pvx) /ox + d(pvy) /19y + A(pVz) /0z] — pvx (Ovx [OX) — pVy (dvy/dy) —
pVz (0vz/0z) — vx [0(pVx) /10X + d(pVy) Iy + A(pVz) /0Z] - [0Txx [0X + OTyx 10y + OTzx [0Z] -
oplox + pgx

p [Ovx /ot +0vx [OX + dvy [dy + dvz [0z ] = - [0Txx [0X + OTyx [0y + OTzx 10Z] - dp /10X
+ POx

If you remember, we had p times del del t of vx that is equal to minus vx del del x
of p vx plus del del y of p vy plus del del z of p vz minus p vx times. del del x of vx
minus del del y of p vy. Or rather this, since we have taken minus common. So, vx
we have taken, yeah, minus p vx del vx del x minus p vy del vy del y minus p v: del
vz del z. Now, all minus you have taken out minus vx. into del del x of p vx plus,
because minus we have taken out, plus del del y of p vy plus del del z of p vz, right,
del del z of p vz. And we still have that



Eqg. (1) can be written as

p (dv, /t) = - v, [d(pv,) /dx + d(pv,) /9y +
d(pv,) /92] - pv, (dv, /Ox) - pv, (v, /dy) -
pV, (dv,/92) — v, [d(pv,) /Ox + d(pv,) /Ay +
d(pv,) /9z] - [dT,, /Ox + dt,, /dy + I, /02] -
Op/dx + pg,

p [dv, /Ot +dv, /dx + dv, /Oy + dv, [0z ] =
- [dt,, /Ox + 91, /dy + O, /02] - Op /Ox +
P8

molecular transport terms that is minus del del x of txx plus del del y of tyx plus del
del z of tzx and the pressure terms del p del x plus p gx, right. So, we can rewrite,
right, p times del vx del t plus del vx del x plus del vy del y plus del vz del z, this is
equal to del del x of txx plus del del y of tyx plus del del z of tzx minus del P del x
plus p gx, right. So, here you see this was our

this was our left side, p del vx del x. So, we have taken p common here, ok. And
here you see minus vx del del x of p vx plus vy del del y of p vy. plus del del z of p
vz, right. This is 1 and here minus vx del del x of p vx plus del del y of p vy plus del
del z of p vz, ok.

One sign problem is appearing because this term and that term they are canceling,
right. And remaining is this, p is taken common del vx del t, right. This is taken
common and it is going to that side. So, p is taken out. So, del vx del x, del vx del
X plus del vy del y.

Plus del vz del z, right, and remaining this part del del x of txx del del y of tyy is yx
and del del z of tzx right, and del p del x for the pressure and p gx for the
gravitational force, ok. Then we can rewrite because this part is similar with respect
to capital D, right. So, we can write p del or rather capital D vx / Dt is equal to minus
del txx del x plus del tvx del y.

Or, p Dv«/Dt = - [0Txx /10X + OTyx 0y + 0Tzx [0Z] - dplox + pOx
Similarly
p Dvy/Dt = - [0Txy /OX + OTyy /0y + OTzy [0Z] - dpldy + pgy

p DVz/Dt = - [0Txz /OX + OTyz/0y + OTzz /0Z] - dploz + pg:



Or, p Dv,/Dt = - [dt,, /dx + Ot /dy + 9T, /92]
- Op/0x + pg,

Similarly

p Dv,/Dt = - [1,, /9x + dt,, /Ay + 0T, /92]
- ap/dy + pg,

p Dv,/Dt = - [dt,, /dx + 91,,/dy + 0T, /02
- 0p/0z + pg,

Plus del tzx del z minus del p del x plus p gx, right. This we arrive at from that
equation 1, ok. Now, time is up; we will continue in the next class.

Thank you.



