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CONCEPTS COVERED

~ Discrete Choice modeling

# Alternatives
» Decision rules
~ Utility theory

# Probabilistic choice theory

# Multinomial logit model

The different concepts covered in lecture 26 are discrete choice modelling, elements of
decision making process like choice alternatives and decision rules. It also covers utility
theory, probabilistic choice theory, and the multinomial logit model.
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Discrete Choice modelling

J Most of the situation we face in our life involves some sort of decision making, which in
turn involves choices.
e.g., Choosing a mode to travel, choosing a home location to stay.
O The choice can be defined as an outcome of a sequential decision making process as
illustrated in the figure below. (Ben-Akiva, Lerman, 1985)

alternative

Someone looking for new location to move/relocate.

J choice problem- How to choose a location

O Alternatives- CBD, near CBD, suburbs

(J Evaluation- based on price of house, ownership, amenities present
J Choice- rented apartment near CBD

J Implementation- moving in (Wittni,1. 1., 2081)



Most of the situations an individual faces in life involves some sort of decision making,
which involves choosing something out of a set of alternatives for example choosing a mode
of travel, choosing a location to stay and so on. All these different choices play a role in the

urban land use transportation process.

A choice can be defined as an outcome of a sequential decision making process. This
sequential process can be divided into five steps. Firstly, the choice problem is defined. For
example, how to choose a location. Second step is the generation of alternatives for example
the alternatives can be the location near CBD, in the CBD or the suburbs. Thirdly, the
evaluation of alternatives. All the available locations are evaluated based on different criteria
like price of house, ownership, regulations, amenities etc. and after that the decision maker
arrives at a particular choice using a particular evaluation technique. For example, a decision
maker chooses to stay in a rental apartment near CBD. Final step is the implementation of
that choice, which is the moving in process to that particular house. So, this is the basic
choice making process that every individual needs to go through.
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Discrete Choice modelling

J The process of decision making has four elements: (Wittinik, L. T., 2011)
Decision maker
Alternatives
Attributes of alternative
Decision rule

U Decision maker, who is rational being, can be an individual, household, or a firm,
who makes the decision.

O Alternatives are defined as different options available to decision maker given a
particular environment.

O 1tis to be noted that single decision maker do not consider all the alternatives. He or
she considers only a subset of universal set of alternatives available.

O Decision maker evaluates the alternative available based on their attributes.

U When a multiple alternatives are available, decision maker applies a decisio

rule to evaluate the attributes of the alternative in order to make a unique choice.

The process of decision making has got four elements i.e. the decision maker, the
alternatives, the attribute of alternatives, and the final decision rule.

The decision maker is supposed to be a rational being, he can be an individual, a household, a
firm, or an entity who takes a decision. The alternatives are defined as different options

available to the decision maker in a particular context or a particular environment. It is



important to note that, a single decision maker does not consider all the alternatives. Because
an individual is not aware of all the alternatives available to him/her. For example, when a
decision maker is choosing a house, he does not consider all the houses in an urban area,
instead he considers certain houses or a subset of all the housing available in that particular

area. So, a subset of the universal set of available alternatives is considered.

Now, the decision maker evaluates the available alternatives based on their respective
attributes or characteristics. Finally, the decision maker applies the decision rule based on
which the attributes of the alternatives are evaluated and the final alternative is selected
among multiple available alternatives. So this is the basic process of discrete choice
modelling.

(Refer Slide Time: 04:33)
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Alternatives

The choice set determined by the environment is referred to as the universal choice set.

The subset of the universal choice set that is feasible for an individual: Feasible choice set for that individual.
The subset of the feasible choice set which an individual actually iders : Consideration choice set.

Attributes of Alternatives
Attractiveness of an alternative is determined by the value of its attributes.
The measure of uncertainty about an attribute is also included as part of the attribute vector.

The attributes of alternatives may be generic (that is, they apply to all alternatives
equally) or alternative-specific (they apply to one or a subset of alternatives).

Evaluating the effect of policy actions

Attributes whose values can be changed through pro-active policy decisions can be
included(e.g., How a new port facility will imp! idential location choice ).

As defined earlier, alternatives are the different options, or choices available to an individual
for a specific choice scenario. But a set of these alternatives is defined as the choice set. If the
choice set is determined by the environment, it is referred as the universal choice set. It
includes all the alternatives. For example, all the houses in an urban area constitutes a
universal choice set.

The subset of this universal choice set that is feasible for an individual is termed as feasible
choice set. For example, among all the houses available in an urban area only some of the
housing fits in the decision maker’s budget. So, these alternatives constitute feasible choice
set that a decision maker can look into.



Even though there may be a lot of options, which an individual can afford, for example, it is
within his budget. But he still limits his choices only to certain choices, like which are more
close to his work location. The subset of the feasible choice set which an individual actually
considers is called the consideration choice set.

In the modelling process, the different levels of choice set play an important role. With
millions of choices or alternatives, for example, housing options in a big urban area, it is
difficult to model such a choice. Large choice set either leads to inaccurate results or an
unstable model. So, a modeller emulates the choice behaviour of decision maker by

considering different levels of choice set for better predictions.

Next element is attributes of alternatives. The alternatives among which a decision maker
makes a choice are characterised by different properties (or attributes). The attractiveness of
an alternative is determined by the value of its attributes. For example, housing unit can be
characterised by the prestige of the location, cost, number of rooms, structural quality etc.
Suppose for a single member household, housing unit with low rent/cost is of priority, then

the attractiveness of alternatives with lower cost is more.

Next, the measure of uncertainty about an attribute is also included as part of the attribute
vector, i.e., it is not only about the things that are known but there are unknown things about
that particular attribute which are also considered. In addition, attributes of alternatives may
be generic (that means they apply to all the alternatives equally), and alternative specific (that
means they only apply to a subset of alternatives). For example, travel time in a mode choice
problem. Consider three modes of travel i.e. car, bus and two-wheeler. Travel time is
involved in each mode of travel. But in case of a bus, travel time constitutes travel time inside
the bus and access time to the bus stop as well. Therefore, access time to bus stop is an

alternative specific attribute.

In addition to all this, variables which are related to policies are also considered. Values of
these attributes help in determining effects of proactive policy measures. For example, how a
new transport facility will improve residential choices can be considered while doing this
kind of discrete choice modelling.
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Decision rule

d L

phical rules and utility.
(Wittinik, L. 7., 2011)

Dominance: One attribute is better than all other. This rule is used to exclude alternatives.

Level of Satisfaction: This decision rule is based on the decision makers and their level of satisfaction

with an alternative.

Lexicographical rules: Attributes are ordered as per their importance and decision maker chooses the

attribute as per their choice.

The different decision rules that can be applied are

e, satisfaction, lexicog

Utility maximization
This rule is referred to as utility maximization and is based on two fundamental concepts.

a) attribute vector characterizing each alternative can be reduced to a scalar utility
value for that alternative

b) individual selects the alternative with the highest utility value

Utility measure is the most widely used decision rule in choice modeling.

The next element in the decision making process is the decision rule. The decision rule is
generally a function used to evaluate different alternatives and make a unique choice. There
are several ways a decision maker can make a decision. For example, decision rules are

dominance, satisfaction, lexicographical rules, and utility based.

In dominance, one alternative is better than another alternative when at least one attribute is
better than all other. Generally, this rule is used to exclude poor alternatives from the choice
set. Satisfaction based decision rule is based on the decision maker and their level of
satisfaction with a particular alternative. So, the decision maker may be satisfied with one of
the alternatives, or he can have different satisfaction with different orderings based on that he
choose the alternative he wishes. In lexicographical rules, attributes are ordered as per their
importance and decision maker chooses the attribute as per their choice, that means ranks are
given to the different alternatives and then the decision maker decides on any one of those

alternatives.

The most popular rule that is being used in choice modelling is utility maximization rule. It is
based on two fundamental concepts. First, attribute vector characterizing each alternative can
be reduced to a scalar utility value for that particular alternative which means that the
different characteristics or variables that define a particular alternative can be brought into a
scalar quantity or a unique value. Second, an individual selects the alternative which has got
the highest utility value. So, this utility measure is the most widely used decision rule
considered in the choice modelling process.
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Utility Theory

In a generic form, the choice process can be represented as:
Choice =1 ((‘hdraclerlshu of decision maker; Attributes of the alternatives)

Alternative i:1,2.........,/ is the choice set.
Each alternative is characterized by a utility'y,, which is unique for each decision maker because
of variations in the attributes of alternatives and the characteristics of decision makers.

Decision maker t will choose alternative i if and only if Y, > U, V2 i(iis preferred over j)
—

The primary implication of (i preferred over j i.e. in the ranking or ordering of

alternatives) is that:

A) There is no absolute reference for utility values.

B) The difference in utility between pairs of alternatives{either positive or
negdlwc) is only important

C) Any utility function that will result in the same order or ranking will result in

same choice are equivalent. The numerical value of the utility is not important
P ——

Utility Theory

In utility theory, it is stated that, the choice process can be represented as a function of
characteristics of both decision makers and attributes of the alternatives. A utility value is
created for each alternative which is a scalar quantity and depends on the different
characteristics of the alternative and the decision maker. So, both play a role in the final
utility of a particular alternative or choice.

Let us consider a choice set with alternatives ‘i’ where i=1, 2...j. Each alternative ‘i’ is
characterised by a utility value Uit which is unique for each decision maker ‘t’, because of
variations in the attributes of alternatives and the characteristics of the decision maker. A
decision maker ‘t> will choose alternative ‘i’ if and only if the utility of alternative ‘i’ is
greater than the utility of alternative ‘j” (or Uit > Ujy. This means that for decision maker ‘t’,

alternative ‘i’ is preferred over alternative j’.

It is important to note that only the difference between the utility values of the alternatives is
considered. So, the primary implications of ‘i’ preferred over j’ basically means that there is
no absolute reference for utility values i.e. the actual values of the utility does not play any
role. Moreover, the difference in utility between pairs of alternatives (Uit - Ujt), either
positive or negative, is important. Also, any utility function that will result in the same order
or ranking will result in the same choices are equivalent. So, if the utility value is divided or
multiplied by another value 6 the result remains the same. So, the numerical value of the
utilities is not important.
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Probabilistic Choice Theory

As per deterministic utility theory:
All similar individuals (same characteristics) will make the same choices given the same set of alternatives.

Choices vary from day to day for no observable reason.

Incorrect information or perceptions about attributes of alternatives.

Andel

may have inc lative to the decision maker or may not understand
the utility construct/function the decision maker uses.

Random utility or probabilistic choice models consider these lack of information
e Lot Nl

Alternative i is chosen given U, has the la utility can be expressed in a probabilistic
Pe——

way:
P(i|Cn) = Pr(U, 2 U, Vj ECn).

— e e
(Ben Akiva and Lerman ,1985)

Probabilistic choice theory

The deterministic utility theory states that, all similar individuals with the same
characteristics will make the same choices given the same set of alternatives. So, whenever
an individual or a group of individuals with same characteristics are presented with choices
having same attributes, then based on utility theory they will choose the same alternative

every time since the utility of one choice is higher than another.

In reality, it is not the case, because choices vary from day to day for no observable reasons.
For example, 90% of the time an individual choose to take his vehicle to office, but ten days
later he may choose to take a taxi. The reason maybe he does not feel like driving that
particular day. Even though the decision maker in question knows the reason but the modeller
or someone else does not have any idea of why the decision maker have changed the choice.

So, the modeller will have no reason to understand this.

Also, in choice scenarios, people have incorrect information or perceptions about attributes of
alternatives. So, either people do not know the exact information about every attribute of
alternative or they build some perceptions i.e. they believe the value to be something but it is
different.

Therefore, the modeller (the person who is developing these models) may have incomplete
information relative to the decision maker or may not understand the utility
construct/function that the decision maker actually uses to decide. So, these issues plague the
modelling process. Random utility or probabilistic choice model considers these issues i.e.



lack of information on the part of the user or the part of the modeller, and choice variability

due to no observable reasons.

In probabilistic choice model, the choice of alternative ‘i' given Uin has the largest utility,
could be expressed in a probabilistic way as shown in the slide where P is the probability of
choosing alternative ‘i’, Cp is the choice set specific to an individual ‘n’, and j is one of the
other alternatives. An individual ‘n’ will choose alternative ‘i’, if the utility of alternative ‘i’
(Uin) is greater than the utility of alternative j° (Ujn).

(Refer Slide Time: 16:23)

Probabilistic Choice Theory

The utility that decisiol ributes to alternative / can be written as:
U,=V,+ €
Where,

U, is the true utility of the aiternative i to the decision maker t,
V, is the deterministic or observable portion of the util ted by the analyst,
and ¢ is the error or the portion of t ity unknown to the analyst. "

Ui=Bot By oxi 4By Xt o+ By o -

J Different ions about the distribution of the random variables associated with the utility of
each alternative result in different model forms to predict choice probabilities.

J The diffs missing P ded in the error term for each alternative is
assumed to have a relatively little impact on the value of each alternative. The sum of
these errors will be normally distributed as per the Central limit theorem.

This assumption leads to the formulation of the Multino Probit (MNP)
probabilistic choice model.

The utility (Uit) that decision maker ‘t” attributes to alternative ‘i’ can be written as:
Uie = Vie + &

where, Uit is the true utility of the alternative ‘i’ to the decision maker ‘t’. Vi is the
deterministic or observable portion of the utility that is known to modeller or could be
estimated by the modeller or the analyst. i is the error term or the portion of the utility
unknown to the analyst. So, Uit can be disintegrated into a deterministic part and the error

term.

The deterministic part or Vit could be expressed as follows:

V=8 +f #xi+Frex+ . + 5,21,

Where B’s are the coefficients or parameters and ‘x’ are the different characteristics of an
alternative ‘i’. Bo is the constant and takes care of the characteristics which are not included
in the equation.



&it IS the error term or the random component of utility. It is important to note that error terms
are unmeasurable. So, different assumptions about the distribution of the random variables
associated with the utility of each alternative, are considered and this result in different model
forms to predict choice probabilities. If the modeller assumes that the different missing
components included in the error term for each alternative is assumed to have a relatively
little impact on the value of each alternative, and the sum of these errors will be normally
distributed as per the central limit theorem. This assumption leads to the formulation of
multinomial probit probabilistic choice model.
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Multinomial Logit(MNL) Model
MNP models are complex models, difficult to use in choice analysis,

MNL: Gumbel distribution p | ad age and app nearly to normal distribution. Assuming

n ides a
error are identically and i v il across i and across observations/individuals,

Cumulative density
: / function
e =
(Koppelman and Bhat,
— 2006)

Multinomial Logit Model (MNL) gives the choice probabilities of each alternative as a
function of the systematic portion of the utility of all the al i d as p! of
choosing an alternative '/’ (i = 1,2,.., J) from a set of J alternatives.

Probability
density 'uncnm!

L Where,
Pr(i) Prli) Is the p of the decisi K " e |
‘\_; . e"] (U] is the systematic component of the utility of alternative j.

Multinomial logistic model

The multinomial probit model or MNP is very complex and difficult to use in choice analysis.
Also, it is very difficult to determine the beta parameters. So, Gumbel distribution is selected
instead of normal distribution. This distribution provides computational advantages and
approximates nearly to the normal distribution as illustrated in the above figures where the

thick line represents Gumbel distribution.

In addition to Gumbel distribution, error components are assumed to be identically and
independently distributed across alternatives, and across observations and individuals. These
three assumptions lead to formulation of multinomial logistic model. Multinomial logit model
gives the choice probabilities of each alternative as a function of the systemic portion of the
utility of all the alternatives expressed as probability of choosing alternative ‘i’ (i= 1 to J)

from a set of J alternatives. The mathematical structure can be written as follows:



U;

J u;
Yiqe

Pri) =

Where Pr (i) is the probability of the decision maker choosing alternative ‘i’ and Uj is the
systematic component of the utility of alternative j. So, this is the functional form of the
multinomial logit model and this is possible after assuming Gumbel distribution for the error
term instead of a normal distribution, which would have led to the multinomial probit model.
(Refer Slide Time: 21:24)

Sigmoid or S shape of MNL probabilities:
Since the output is transformed using logit function, the
probability of each alternative/choice ranges between 0 i
tol. 1Y
Utility of an alternative relative to other alternatives 3
is high: Probahility =21
Utility of an alternative relative to other alternatives
islow: Probability 2 0
o SR

(Koppelman and Bhat, 2006)

J At extreme values, the curve has gradual slope, which implies that when the utility of
an alternative is very low or very high, a change in utility will not have a substantial
change in choice probability.

J At maximum slope along the curve, the utility of an alternative equals to sum of the

utility of other alternatives, then a small change in utility of an alternative can induce

substantial change in probability of being chosen.
v

|||||

MNL probabilities takes the S shape or a sigmoid curve. Because in MNL model the output is
transformed using a logit function, therefore, the probability of each alternative or choice
ranges from 0 to 1. If the utility of an alternative relative to other alternatives is high, then
probability tends to 1, and if the utility of an alternative relative to other alternative is low

then probability tends to 0.

At extreme values, the curve has a gradual slope, which implies that when the utility of an
alternative is very low or very high, a change in utility will not have a substantial change in
the choice probability. Even though utility changes by a large factor, there would not be
much change in the probability. At maximum slope along the curve, the utility of an
alternative equals some of the utility of other alternatives, then the small change in utility of
an alternative can induce a substantial change in the probability of being chosen. So, the
change is very abrupt and the chance of other alternatives being chosen is much higher.
(Refer Slide Time: 23:10)



Multinomial logit Model E.g. Choices are Car, Bus, Metro

Mode choice [car, bus, metro]
Neighborhood location choice [location e

Pr(car)s—r; e
1,2,3,.,10] eewr )'(«‘“‘--""~" netro )
Binary logit is a Multinomial Logit Pr(bus)= e
model with only two choices. bt G o Do ot D bk
Using statistical techniques the Pr(metro)= eumes

lationehin b ind. d ellcar 4 gUbu
variables and the dependent variable
can be predicted when dependent In general :

variable is nominal with more than

two levels, Pr(i)

MNL model can be developed for mode choice (like car, bus or metro), or neighbourhood
location choice, and so on. Multinomial logit model deals with multi class problem which
means that choice set has multiple alternatives. It is important to note that, when the choice
set has only two alternatives, it is a binary logit model, and when choice set has three or more
alternatives it is a multinomial logit model. But the mathematical formulation for both the
model is same. The relationship between independent variables and the dependent variable
can be predicted, when the dependent variable is nominal with two or more than two levels,
using logistic regression statistical techniques.

As discussed earlier, the functional form to determine the utility of an alternative i for
individual t can be written as:

Ur=Fotfxxgtfaxxat . +xx,+e;,

and the probability of choosing alternative ‘i’ (i= 1 to J) from a set of J alternatives is written

as:

el
P =575

=1

Let us consider a mode choice problem, where the probability of choosing a car, bus and
metro are to be determined. Based on the probability equation, the choice probability of car,

bus and metro can be written as:

EUGE?"

PI‘(CﬂT‘} = (E.Ucfzr' + EUE:':L-? + EUmatr'o}



glUbus
Pr{bus) =

(EUCE?"+ EUE‘.‘:L‘? + EUmatr'o}

EL’ma tro

Primetro) =

(EUEE?"+ EUb:.u' + EL’marro}

Where Ucar, Ubus, and Umetro are the utility equation of car, bus, and metro respectively. The
log of the denominator i.e. log of sum of exponential of all the different modes is termed as
logsum. Logsum is the combined utility of all the alternatives considered in a choice scenario.
(Refer Slide Time: 25:14)

MNL Properﬁes (Equiyalent difference property, Independence of irrelevant alternative)
Ulivatent ciiference p e —

Equivalent difference property
The choice probabilities of the alternatives depend only on the differences in the systematic utilities of different
alternatives and not their actual values.
Considering a small and same incremental change A_E is added in utility equation of each alternative:

Adding (-U,,,) will also not change the probability:
|

Pr{i)=— : — Prcar)=—

Prli)= Ty : - ~ T N Pricar)=——
Pr{i)=—; ——— Pr(car)s—: : — Tr—
* Setsof s can be replaced by single 1
In ge"eral: * One alternative is set as base or reference alternative.
Prli) 1 o) * Pref are set at zero for base and other
4 I+X,_,u“l£"5‘ ) s are set as p diff relative to the

< A  base alternative.

Multinomial Logit Model properties
In addition to Sigmoid or S curve property of MNL probabilities, the two other primary
properties of the MNL model are the equivalent difference property and the independence of

irrelevant alternatives. These properties have been used in many models that are developed.

The equivalent difference property states that the choice probabilities of alternatives depend
only on the differences in the systematic utilities of different alternatives and not their actual
values. It has been already discussed that adding, multiplying or dividing utility values by a
value 6 does not have any effect, because the difference between the utility values of
alternatives is important. To explain this property further, let us consider three modes of
travel (car, bus and metro), and a small and same incremental change AU is added to the
utility equation of each alternative.

The earlier probabilities of car, bus, and metro can be written as:

EUEE?"

PI{CQ’T} = EUGE?" + EUZ‘.':L? + EUmatro



EUbus

PI{bH.S’} = EUGE?" + EUbus + EUmatm

EUmatr'o

PI{THEI—TG} = eL’crzr + EUbus + EUmatm

Or in general form:
EU:’
EUcr:r+ EL’bus + EUmarrr.:-

Pri) =

Where ‘i’ is the alternative for which probability is being computed. After the addition of AU

in the utility equation of car, bus and metro, the probability can be written as:

glUi+al

PI{E’} = EUcrzr'-I-i‘.U + EL’bu3+i‘.U + EUmatro+i‘.U

gUt y oAU

Prii) =
EUcrzr'* Ei‘.U + EL’bus " Ei‘.U + EUmatro ® Ei‘.U

EL’:’ & E—_".-U
(EUCE?" + EL"bus + EUmarro} . E:".-U

Pr(i) =

So, the probability before and after the addition of AU are similar. The probability equation
can also be written in a different form which clearly explains equivalent difference property.
Similar to adding AU, -Ucar is added to the utility equation of all three alternatives. The

equation obtained are:
EUcrzr % E—Ucrzr

PI‘(CﬂT‘} = (EUcfzr‘ + EUbus + EUmatr'o} " E—Ucfzr‘

gUcart (—Uear)

PI‘(CI&‘,T'} = EU:E?"-I-L—UI:E?"} + EUbu3+L—Ucrzr} + EUmatm+'.,—Ucﬂr}

1
14+ EUbus+L—Ucr:r} + EUmatro+'~—Ucrzr}

Pricar) =

The equation has now changed into a different form. So, the probability equation could be

written in this format:

1
I{l} .l +E}':E‘€U‘J_UE

Vie]

It clearly shows that the probability of choosing an alternative car (or ‘i’) is equal to the
difference in the utility between car and bus, and car and metro.

If the utility equations are developed in this form, it would help in the development of the
multinomial logit model. The utility equation of alternative ‘i’ and alternative ‘j° will have

beta coefficients for each attributes i.e.



Ui =Bt Bu*xy+ Bp*x+ s B *x,

Ui=PBjo+ B sx,+B; #x3+ e + B ¥ %,

The difference between the alternatives becomes:

Uu,-u; = (ﬁju _ng} + [1‘9}'1 —fu)ex;+ . + (Jgjn — Bin) *x,)

It is not possible to estimate all the parameters coefficients. So, the sets of parameters are
replaced by a single constraint. The easiest constraint is to set one alternative as base or
reference alternative, for example, in this particular case ‘car’ is the base alternative, and the
preference parameters are set at 0 for base and other parameters are set as preference
differences relative to the base alternative. So, everything is determined based on the base

alternative.
(Refer Slide Time: 29:34)

Independence of irrelevant alternatives

The IIA property states that for a decision maker, the ratio of the probabilities of choosing two
alternatives does not depend on the presence of any other alternative.
i.e., probability of choosing A over B will not change based on whether a third alternative is present
—
or not.
Pr(car) e el/car~Ubus

< Pr(bus) e'b —
Pt

b Ucas

Pr{bus)= - - Pricar) _ e = (,l‘rur Umetro
; 5 Mme Pr(metro Umetro

Primetro) -

N Umetro
Pr(metro) ¢

:1’I~- =

Umetro-Ubus

Pribus

This property allows the addition or removal of an alternative from the choice set

without affecting the structure or parameters of the model.

Independence of irrelevant alternatives or I1A property states that for a decision maker, the
ratio of probabilities of choosing two alternatives does not depend on the presence of any
other alternative. For example, if a choice set constitutes three alternatives (A, B and C) then

the probability of choosing A over B will not change based on whether C is present or not.

In order to understand further, let us assume three modes of travel i.e. car, bus and metro. The
probability of choosing a car, bus and metro can be written as follows respectively.

EUEE?"

PI{CG’T} = EUGE?" + EUE‘.':L? + EUmarro

EUE‘.‘:L‘?

Ucar + EUE‘.':.'_? + EUmarm

Pribus) = .



EUmatr'o

Primetro) = gUcar  SUbus |  Umstro

The probability of choosing a car over a bus can be derived from the above expression and
written as:

Pr(car) eYear
Pr{bus) eUbus

= gUear—Ubus

So, the probability of choosing a car over bus depends only on the attributes of car and bus,
and not on the attributes of the metro. Therefore, the ratio of the probability of car and bus is

independent of metro in the choice set.

This property allows the addition or removal of an alternative from the choice set without
affecting the structure or parameters of the model. So, this property provides flexibility to
apply MNL model in choice scenarios where different individual faces different choice sets
i.e. mode choice modelling, location choice modelling etc. While developing such models an
alternative is taken as the reference category.

(Refer Slide Time: 31:26)
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Maximum Likelihood Estimation
The i likelihood hod is used to esti the p. s by imizing the likelihood of the
observed choices as per the model.

A joint probability density function (likelihood function) is developed based on the observed samples.
Parameter values which maximize the likelihood function is estimated by finding the first derivative of the
likelihood function and equating it to zero.

The likelihood function for a sample of ‘T’ individuals, each with )’ alternatives is defined as follows
Lo)= 11 (p)
vIET Vi) :

6, =1 ischosen indicator ( = 1if jis chosen by individual t and 0, otherwise ) and
e ———— e ——

is the probability that individual t chooses alternative j

Maximum Likelihood Estimation

The most important part of a model development process is the estimation of parameters of
the attributes. The estimation of parameters is accomplished by the maximum likelihood
method. This method is used to estimate the parameters by maximizing the likelihood of the
observed choices as per the model. Firstly, the joint probability density function of the
likelihood function is developed based on the observed samples. Secondly, the parameter

values which maximizes the likelihood function is estimated by finding the first derivative of



the likelihood function and equating it to zero. The likelihood function for a sample of ‘T’
individual, each with ‘J’ alternatives is defined as follows:

t@ =[] []e6n*

VeeT  Vjef

Where L(B) is the likelihood function, Pjt is the probability that the individual ‘t* chooses

alternative j’, and djt is equal to 1, if alternative ‘j’ is chosen by individual and 0 otherwise.

The log transformation of the given equation gives the same maximum as the likelihood
function. Therefore, the parameter is determined by differentiating the log likelihood function
instead of likelihood function. So, the first derivative of the log likelihood function is taken,
the maximum likelihood is yielded by equating it to zero. This gives the best values of beta
parameters and would be adopted for the considered utility equation.

Generally, software are used to determine the beta parameters i.e., the software uses the
maximum likelihood method to determine the coefficient values for each of the attributes
included in the equation. These coefficient values explain the relative influence of the
attributes (or independent variable) on the dependent variable.

(Refer Slide Time: 34:00)
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Discrete choice models are used to analyze and predict the decision maker’s choice of one alternative
from a set of finite and lusive alt i

These models are able to predict decision of a group of individuals(aggregate approach) or an
individual(disaggregate approach) using probabilistic approach.

)

Multinomial/Binary logistic regression can be used to esti lationship b depend
variable(choice) and independent variables which can be continuous (interval/ratio) or categorical
(ordinal/nominal).

Additionally, this helps to di ine the relative infl of different attributes
(alternatives and decision maker characteristics) on the choice outcome.

Conclusion

Discrete choice models are used to analyze and predict the decision makers’ choice of one
alternative from a set of finite and mutually exclusive alternatives. These models can predict
the decision of a group of individuals like in aggregate approach, or an individual in a
disaggregate approach, using a probabilistic approach. Multinomial or binary logistic
regression can be used to estimate the relationship between dependent variable (choice) and
independent variables which can be continuous variable (interval/ratio) or categorical
variables (ordinal or nominal). So, additionally, this helps to determine the relative influence
of different attributes on the choice outcome. These attributes are either alternative or

decision maker characteristics.



