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Lecture - 7
Bessel Functions and their Properties (Contd.)

Dear viewers, in my last lecture we had discussed the Bessel's equation and it is
solutions, which are known as Bessel's function of first kind and Bessel's function of
second kind. We had also discussed the transformation of Bessel's equation, where why
we obtained a fairly general linear differential equation of second order, whose solutions
could be written in terms of Bessel functions. Now, today we shall discuss the some

properties of the Bessel functions.
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Orthogonality with respect to a
weight function

We begin with an important property of Bessel's functions known as orthogonality of
Bessel functions. The orthogonality of Bessel functions is significant, it is used in the

problems on by variation of circular membranes.
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Orthogonality with respect to a
weight function

A set of real functions g,, g,..... Is said to be
orthogonal with respect to the weight function

p(x) on [a,b] if
_ip(lt)g_(x)g_(x)dx 0 when mzn.

Wweset h_(x) (,p)g.,

Let us first define the orthogonality with respect to a weight function, a set of real
functions g 1, g 2 and so on, is said to be orthogonal with respect to the weight function p

x on the interval a, b. If integral a to b p x into g m x into g n x d x is equal to O,

whenever m is not equal to n, if we set h m x equal to square root p x into g m x.
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then the above equation becomes
Ih_(x)h,,(x)dx 0 whenmzsn,

i.e. the functions h,, form an orthogonal set in the
usual sense.

Example. Chebyshev polynomials of the first
kind defined by

T,(x) - cos(ncos "x), n 012..
are orthogonal on the interval [-1, 1] w.r.t the
weight function

p(x) = (1-x*)"2.

Then, we see that the above equation reduces to integral ato b h m x into h n x d x equal
to 0, whenever m is not equal to n which implies that the functions h m x are orthogonal

in the usual sense. That is the functions h m x satisfy the orthogonal property integral a



tobhmxinto hnxd xisequal to 0, so they form an orthogonal set in the usual sense.
For example, let us consider Chebyshev polynomials of the first kind, which are defined

by T n x equal to cos n cos inverse X, where n is equal to 0, 1, 2, 3 and so on.

Now, from here we can see that T naught x is equal to 1, T 1 x is equal to cos of cos
inverse X, so itis X T 2 X is cos 2 cos inverse X, if you put cos inverse x as theta, then you
can see that cos 2 theta is 2 cos square theta minus 1. So, T 2 x will be equal to 2 x
square minus 1 and similarly, we can see that T 3 x which is cos 3 cos inverse x turns out
to be 4 x cube minus 3 x. Because, cos inverse x when we put as theta we have got cos 3

theta and cos 3 theta is 4 cos cube theta minus 3 cos theta.

So, T 3 x turns out to be 4 x cube minus 3 X, so in general T n x is polynomial n x of
degree n. And we note that these functions T n x are orthogonal on the interval minus 1
into 1 with respect to the weight function p x equal to 1 minus x square raise to the
power minus half, this one can easily show by taking cos inverse x equal to theta. And
then, we can show that the integral over minus 1to 1 T x into Tm x into T n x d X is

equal to 0 whenever m is not equal to n.
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Theorem: For each fixed non negative
integer n, the sequence of Bessel
functions of the first kind

J (K X)) (K, x),J, (K X),.. . where k.,
m=123..... are defined as J (k__R) =0,

forms an orthogonal set on the interval
0 < x < R with respect to the weight
function p(x) = x i.e.

fo xJ, (K, x)J, (k, x)dx =0, iz ]
.

Let us study this theorem on orthogonality Bessel functions, for each fixed a non
negative integer n, the sequence of Bessel functions of the first kindJn (k1 nx),Jn (k 2
n x),Jn (k3 nx)andsoon. Wherekmn, misequalto 1, 2, 3 are definedasJn(kmn

R) equal to O that is k m n R are the roots of the Bessel function J n x is equal to 0. Form



an orthogonal set on the interval 0 less than or equal to x, less than or equal to R with
respect to the weight function p x equal to x, that is we have the result integral 0 to R x J

n(kinx)intoJn (kjnx)dxisequal to 0, whenever i is not equal to j.
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Proof. We know that u = J (k, x) and v =
Jo(kix), i # ] are solutions of the
differential equations

(1 x2u” +xu'+ (k% x?-n?Ju=0
and

(2) X"+ xv' + (k3 x? -n?)v = 0
respectively.

Multiplying (1) by v/x and (2) u/x and then
subtracting,we get

x(u"v - v"u) + (u'v - v'u) + (K2, - k% )xuv =0

R

Let us look at the proof of this theorem, we know that u equal to J n (k i n x) and v equal
to J n (k j nx), inotequal to j are solutions of the differential equations. X square u
double dash plus x u dash plus k i n square x square minus n square into u equal to 0 and
x square v double dash plus x v dash plus k j n square x square minus n square into v
equal to 0.

We had obtained such a differential equation in the article on transformation of Bessel's
equation, when we had made the first substitution, we change the independent variable
from T 2 lambda x there. So, from that it comes that u equal to J n (k i n x) is a solution
of this, and v equal to J n (k j n x) is the solution of this equation number 2. Now, let us
multiply the equation 1 by v over x and equation 2 by u over x and then, subtract we
shall get x times u double dash v minus v double dash u plus u dash v minus v dash u

plus k i n square minus K j n square X into u into v equal to 0.
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or, - {X(u'V -v'u)} + (KL, -k}, Jxuv = 0.

Now, integrating with respect to x over
(0,R) we obtain

(k;‘ - k:‘)[: xuvdx = [x(u'v . v'u)]:

n“n

=| x|k, J, (XN, (k,x)-K,J (k_‘x).l;,(khx)lt

=> [y xJ, (K, x), (k, x)dx =0, isj

Now, this first two term in the last equation can be combined and we were write them as
the differential of x into u dash v minus v dash u and then, the third termisasitiskin
square minus K j n square x into u into v equal to 0. Let us now integrate with respect to
x over the interval (0, R), then we shall have k j n square minus k i n square into 0 to R x

into u into v d x equal to x into u dash v minus v dash u evaluated 0 R.

Let us substitute the values of u and v here, the right hand side becomes x into the
derivative of u is J n (k i n x), when we differentiate that with respect to x we get ki n
into J n dash (k i nx), vwasJn (kjnx), then minus v dash is k j ninto J n dash (k j n x)
and uis Jn (ki nXx). So, when you put the limits R and 0 here, then because of the effect

thatJn(kinx)JnkinRisequaltoOandJnkjnR equal to 0.

When we put x equal to R here, this becomes 0 and also this becomes 0 and when you
put the lower limit x is equal to 0, again because of x here this whole thing becomes 0, so
we have the right hand side equal to 0. And this therefore, implies that if i is not equal to
J, we can divide by k j n square minus K i n square in this equation and that will give us
integral to 0 to R x into u into v d x equal to O replacing the values of u and v, we get
integral 0to R x intoJn (kinx)intoJn (kjnx)dxequal to 0.
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case | = |: Let k., R be a zero of J (x) = 0
and k,, » k,, then
fo xd, (K, x)dx
= lim |5, (k, XN, (K, x)dx
L

Kodn Tk RN, (K _R)

’R-.m?n RN
+ -
RJ_{k_R
=Rk_J_(k_R) lim oR)
o,

.
L]

1.2 t _R R
=_R'{J. =3 kR,
2 n‘k-ml 2 ( )

as J (k,R)=-J . (k.R).

Next let us study the case i is equal to j, so let us assume that k i n R is a 0 of J n x equal
to O that is we assume that J n ki n R is equal to 0. And let us assume that k j n goes to k
i n, then integral 0 to R x J n square (k i n x) d x can be expressed as the limit of integral
OtoRxJn(kinx)intoJn (kjnx)dxaskjngoestokin. Now, from our last slide
we see that integral 0to R x Jninto (kinx)dxintoxJn(kinx)intoJn (kjnx)dx
can be writtenas kinintoJndashkinRintoJnkjnRoverkjnsquare minuskin

square, because Jn ki n R is equal to 0.

So, this limit of this multiplied by R we have and then, this becomes R times k i n into J
and x kinRinto limitk jngoestokinRjndashkjnR over2jn, this we get by
using the L'Hospital's rule, because this is of the form 0 by 0, then k j n goes to k i n. So,
differentiating with respect to k j n we get this expression as this and which is equal to
half R J n dash k i n R whole square. And that is further equal to R square by 2 J n plus 1
square k i n R, as we know that J n dash ki n R is equal to minus Jnplus 1 kinR in

view of the fact that Jn ki n R is equal to 0.
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Fourier-Bessel Expansion of f(x):

If f is a continuous function having
finite no. of oscillations in (0,a),
then we can write

f(x) =cJ, (A x)+c,Jd (A, X)+...

(3) = ic.,J,,(l,x)R.

1

Next we study the Fourier Bessel expansion of f x, if we have a continuous function
which has finite number of oscillations in an interval 0, a, then it can be expressed as in
terms of Bessel's functions of a given order n. So, let us say f x, we want to write f (x)as
an in finite series in terms of Bessel functions of order n, then we assume that f (x)is
equal to ¢ 1 into J n lambda 1 x plus ¢ 2 J n lambda 2 x and so on. Or in short we can

write the function f (x) as sigma i equal to 1 to infinity c i J n lambda i x.
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where A,,A,,... are the roots of
J, (Aa)=0.
To determine c,, multiplying both

sides of (3) by xJ (A x)

and integrating from 0 to a,




Where lambda 1, lambda 2, lambda 3 and so on, are the roots of the equation J n lambda
a equal to 0 to determine the unknown coefficient c i is, let us multiply both sides of the

equations 3 by x J n lambda i x and integrate from 0O to a.

(Refer Slide Time: 11:49)

fxt00d, (A x)ex

i [EC,J,(A,x) )xJ_()\x)dx
AN

o C.i XJ, (AXN,, (A, x)dx

" _ 0

¢, [ xE(Axdx,

by the orthogonality property of Bessel
functions.

>

Then, we shall have integral 0 to a x f (x)into j n lambda i x d x equal to integral O to a
sigma j equal to 1 to infinity ¢ j J n lambda j x into X J n lambda i x d x, which can be
also written as equal to sigma j equal to 1 to infinity ¢ j integral 0 to a x J n lambda j x
into J n lambda j x d x. Now, making use of the orthogonality of Bessel functions, we
ignore that integral 0 to a x J n lambda x into J n lambda j x d x is equal to O, whenever j
is not equal to i. And therefore, this equation further reduces to c i times integral 0 to a x

J n square lambda i x d x by the orthogonal property of Bessel functions.
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in view of

2

fo xJ,” (k,, x)dx = Rz 32,k R),

2

X LA = =, (1a)
a 2

5 jxf(x)J,,(A,x)dx = c,a?Jf,,,(A,a).
0

caa? [xtx) :
>C,= .2%2“1 '.)! (x)J, (A, x)dx

Now, we have seen that when i is equal to J integral 0 to R x J nsquare kinx d x is
equal to R square by 2 J n plus 1 square k i n R, therefore integral 0 to a x J n square
lambda x d x will be equal to a square by 2 J n plus 1 square lambda i a. And hence,
integral 0 to a x f (X)J n lambda i x d x is equal to ¢ i times a square by 2 J n plus 1
square lambda i a. From where we get the value of ¢ i as 2 over a square into J n plus 1
square lambda i a multiplied by integral 0 to a x f (x) J n lambda i x d X, and thus we get
the values of the unknown coefficients c i is which occur in the Fourier Bessel expansion

of the function f x.
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Putting i=1,2,3,... we can find c,,c,,c,,...
and hence the function f{x).

Example. If a,,a,,...,a, are the positive

roots of J,(x) = 0, prove that

-

1_ Jo(yx) )
s ; CRACH)

Solution. If f(x) = Zc,Jn(ka)




So, putting i equal to 1, 2, 3, we can find the values of ¢ 1, ¢ 2, ¢ 3 and so on, and hence
the function f (x) can be expanded in the desired in finite series of Bessel functions.
Now, let us study an example based on this article if alpha 1, alpha 2 and so on, alpha n
are the positive roots of the equation J naught x equal to 0, J naught x is the Bessel

function of order 0, so J naught x is equal to 0.

Let us show that half is equal to sigma i is equal to 1 to infinity J naught alpha x over
alpha i J 1 alpha i or we may say that 1 is equal to sigma i equal to 1 to infinity 2 times J
naught alpha i x over alpha i J 1 alpha i. So, we wish to expand the function f (x) equal to
1, in terms of n infinite series of Bessel functions of order 0, now we know that if f (x) is

equal to sigma i equal to 1 to infinity c i J n lambda i x.
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then 2

© =22 )

ixf(x)J,,(l,x)dx.

Taking f(x)=1, a=1 and n=0, we get

C

Then, we have seen that c i is are given by 2 over a square J n plus 1 square lambda i a
integral 0 to a x f (x) J n lambda i x d x, where lambda 1, lambda 2 and lambda 3 and so
on, are the roots of the equation J n lambda a equal to 0. So, in this let us take f (x) equal
to 1, a equal to 1 and n equal to 0, because we wish to expand the function f (x) equal to

1, in terms of Bessel functions of order O.

So, we take f (x) equal to 1 and more over we are given that alpha 1, alpha 2, alpha n are
the roots of the equation, J naught x equal to 0, so we take a equal to 1, then we will get ¢
i is equal to 2 over J 1 square alpha i integral O to a x J naught alpha i x d x. Now, we

know that from the differential formulae for Bessel function, we know that integral of x J



naught x is x J 1 x. So, integral of x J naught alpha i x d x over the interval 0 to 1 will be
equal to x J 1 alpha i x over alpha i evaluated at over 0, 1. And therefore, c i is will be
equal to 2 over J 1 square alpha i into x J 1 alpha i x over alpha i, when you put the limits
0 and 1 here, we get this c i is to be equal to 2 over alpha i J 1 alpha i.
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Therefore,
f(‘) - iclJnﬂﬂx)

-

1= 23 (a,x)

st ajdq(aj)

=% Jo(oyx) .
=1 "1-’1(‘th

Therefore, f (X) is equal to sigma i equal to 1 to infinity ¢ i J n lambda i x implies that 1
is equal to sigma i equal to 1 to infinity 2 over alpha i into J 1 alpha i into J naught alpha
i X. And then, dividing by 2 we see that, half is equal to sigma i equal to 1 to infinity J
naught alpha i x over alpha i J 1 i, which gives us the record proof.
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GENERATING FUNCTION:
It follows that

oxp-:x(t-t") 2: =¥e I (xR".

el o ™

The function on the left hand side of the
above equation is called the generating

function of the Bessel's functiqtn J,.(x).

Let us now study the generating function for Bessel functions, we are going to show that
exponential of x t minus t to the power of minus 1 over 2 can be written as sigma n equal
to minus infinity to plus infinity J n x into t to the power n. So, the Bessel functions of
various orders can be derived from the coefficients of the powers of t, and that is why we
call this exponential of x t minus t to the power minus 1 over 2 as the generating function
for the Bessel's functions. The function on the left hand side of the above equation is

called the Bessel generating function of the Bessel's function J n x.
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We have

1 1
21"t (xt/2) _(x/2t)
=e'" e

The terms that are independent of t

are given by




We can write e to the power half x into t minus t to the power minus 1 equal to e to the
power X t by 2 into e to the minus x by 2 t. Let us then put the Maclaurin series
expansion of e to the power x t by 2 and e to the power minus x by 2 t to have the right
hand side as 1 plus x t by 2 plus 1 by 2 factorial x t by 2 whole square and so on. And
then, 1 minus x by 2 t plus 1 by 2 factorial x by 2 t whole square and so on, then let us

collect the coefficients of by this powers of t.

First we look at the coefficients of t to the power 0, that is the terms that are independent
of t, such terms will come when we will multiply 1 by 1 had been multiplied t by 1 by t
or t square by 1 by t square. That is the t to the power and coefficient of t power and is
multiplied by the coefficient of t to the power minus and from here, we will just gives us

the terms that are independent of t.
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o 1 (x i} 1 [
(21 \ 2 (31*\ 2

7

(-1)" ( X
MU AY

x? x* x*

1- - - -
T2 24 4N
=J, (x)
Collecting the coefficient of t"in the
product on the r.h.shof (4), we obtain

So, we collect those terms that are independent of t and we see that, that are come out to
be 1 minus x by 2 whole square plus 1 by 2 factorial whole square into x by 2 raise to the
power 4 minus 1 by 3 factorial whole square x by 2 raise to the power 6 and so on, which
can be written in the form of sum sigma k equal to O to infinity minus 1 to the power k
over k factorial square multiplied x by 2 raise to the power 2 k.

And then, we can put at in this convenient form 1 minus x square by 1 square into 2
square plus x to the power 4 over 2 square 4 square minus x to the power 6 over 2 square

4 square 6 square and so on, which we know is nothing but J naught x. So, the coefficient



of t to the power 0 is nothing but J naught x, now let us collect the coefficient of t to the

power n in the product on the right hand side of 4.

(Refer Slide Time: 20:09)

!- x-ﬂ [‘ . !uot [
2°n! 2"'"(n+ 0\ 2) 2" (n+2)2

ne2k

2

=2 re (1)

J, (x),

2P ki n+k)!

The coefficient of t"is

-1)"x" [1_ x’ A x* —
2"n! 2(2n+2) 2.4(2n+2)(2n+4)

= (-1, (x) = J_,,*(x).

So, that means in the first series, we will multiply the term with that power n by 1, then
we will multiply t to the power n plus 1 by t, then t to the power n plus 2 by 1 by t square
and so on, and to have the coefficients of t to the power n. And they come out to be x to
the power n over 2 to the power n over n factorial minus x to the power n plus 1 over 2 to

the power n plus 1 into n plus 1 factorial into x by 2.

Or you can say the second term is x by 2 raise to the power n plus 2 and then, x by 2
raise to the power n plus 2 is into x by 2 whole square is x by 2 raise to the power n plus
4 here divided by n plus 2 factorial into 2 factorial and so on, which can be writl0 as
sigma k equal to 0 to infinity minus 1 to the power k, then x to the power n plus 2 k over
2 to the power n plus 2 k into k factorial n plus k factorial and which is equal to J n x.

Next the collect the coefficient of t to the power minus n, so for that we may multiply the
coefficient of t to the power minus n by 1, then t to the power minus n minus 1 by t and
then t to the power minus n minus 2 by t square and so on. And we see that we get the
coefficients of t to the minus n as minus 1 to the power n into x to the power n over 2 to
the power n into n factorial multiplied by this infinite series 1 by x square over 2 into 2 n

plus 2 plus x to the power 4 over 2 into 4 into 2 n plus 2 into 2 n plus 4 and so on, which



is equal to minus 1 to the power n into J n X. And we know that when n is an integer,

minus 1 to the power n into J n X is J minus n Xx.
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Hence

=Y o, (O,

which proves the required result.

Hence, we can say that e to the power x into t minus 1 over t by 2 is equal to the term
that contains that are independent of t is J naught x, the terms which give us the terms in
t, t square, t cube, t to the power n and so on, their coefficients are J 1 x, J 2 X, J n X and
so on. Because, we saw that the coefficient of t to the power n is J n x and then, the
coefficient of t to the power minus n and we have seen is J minus n X, so the coefficients

of t to the power minus 1 is J minus 1 x.

The coefficient of t to the power minus 2 is J minus 2 x and so on, the coefficient of t to
the power minus n is J minus n x and so on. So, we can write this in the form of the
summation sigma n equal to minus infinity to infinity J n x into t to the power n, which

gives us the required result.
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Jo s () Jyer () = e, ().
X

Solution. Differentiating both sides of
expix(t-t')/2} =33 _,J"(x)t:.

w.r.t &t we obtain

Now, let us study an example based on the generating function, let us establish this
formula for Bessel functions J n minus 1 x plus J n plus 1 x is equal to 2 n over X J n X,
we had earlier shown this. Now, we are going to prove this, using the article on
generating functions, so we know that e to the power x into t minus 1 by t divided by 2 is

equal to sigma n equal to minus infinity to infinity J n x into t to the power n.
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X x —
?(ht')exp(?(t t')) > nd ()t

or

=3 00 1= 007 - 3 nd, (.
e g =%

Now equating the coefficient of t™' on both sides,
the required result follows.

When we differentiate this equation with respect to t what we get is this, x by 2 1 plus t

to the power minus 2 into exponential of x by 2 t minus 1 by 2, t is equal to sigma n



equal to minus infinity to infinity n into J n x into t to the power n minus 1. Now, we
know that the left hand side can be written as x by 2 into e to the power x by 2 t minus t
to the power minus 1. And the generating function e to the power x by 2 t minus t to the
power minus 1 is equal to sigma n equal to minus infinity to infinity J n x t to the power

n.

So, we get x by 2 into sigma n equal to minus infinity to infinity J n x t to the power n
and then, plus x by 2 into t to the power minus 2 multiply to sigma n equal to minus
infinity to infinity J n x t to the power n gives you x by 2 sigma n equal to minus infinity
to infinity J n x t to the power n minus 2. So, left hand side becomes the sum of these two
terms and then, it is equal to sigma n equal to minus infinity to infinity and J n x t to the

power n minus 1.

So, in this equation what we have done is simply we have put the value of e to the power
X by 2 t minus t to the power minus 1 as sigma n equal to minus infinity to infinity Jn x t
to the power n. Now, we equate the coefficient of t to the power n minus 1 on both sides,
coefficient n minus 1 here will be x by 2 into J n minus 1, the coefficient of t to the
power n minus 1 here will be x by 2 J n plus 1 and the coefficient of t to the power n

minus 1 will be nJ n x and that will give us the required result.
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INTEGRAL REPRESENTATION OF J, (x)

Lett = cos0 + i sin0. Then,
1

) e Y =™ = cosixsing) + isin(xsing).

Now,
" "?” = (cosnO+isinn0)
¢ +(-1)"(cosn0-isinn0)

= ] 2cosn®, whennis even l
[Zhinno. whennis odd ]
B

Now, let us study the integral representation of Bessel functions of first kind that is J n x,

we are going to show that the Bessel function of first kind of order n which is an in finite



series can be expressed as an integral, which we call as Bessel integral, if n is an integer.
So, let us put t equal to cos theta plus i sin theta, let t be equal to cos theta plus i sin theta,
then the generating function for the Bessel functions e to the power half x t minus 1 by t
will be equal to e to the power i X sin theta.

Because, t is cos theta plus i sin theta, so 1 by t will be cos theta minus i sin theta, so t
minus 1 by t will be 2 i sin theta and therefore, e to the power half x into 2 i sin theta will
give us e to the power i x sin theta. And by the Euler's formula we know that e to the
power i X sin theta is cos X sin theta plus i sin x sin theta. Now, t to the power n plus
minus 1 to the power n over t to the power n will be equal to t to the power n by De

Moivre's theorem will be cos theta plus i sin theta to the power n.

So, n is an integer, therefore t to the power n will be cos n theta plus i sin n theta, then
minus 1 to the power n, 1 over t to the power n will be t to the power minus n, so cos
theta plus i sin theta to the power minus n will be cos n theta minus i sin n theta. If n is
an even integer, then the right hand side, therefore is 2 cos n theta and when n is an odd
integer the right hand side becomes 2 i sin n theta. So, the value of t to the power n plus
minus 1 to the power n over t to the power n is 2 cos n theta, when n is an even integer

and it is 2 i sin n theta when n is an odd integer.
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) w(n )
© =d(x)+ 2|t + ¢ J, (%)

(8) =|J,(x)+2{J,(x)cos20 +J, (x)cosdd+ ........| |
.21[.;,(,().‘.9.,;,(,)....33.,,,_,,_]

comparing the real and imaginary parts of
equations (5) and (6), we obtain

Hence, the generating function e to the power half x t minus 1 over t, which is equal to J

naught x plus sigma n equal to 1 to infinity t to the power n J n x plus sigma n equal to 1



to infinity minus 1 to the power n over t to the power n J n x will be equal to J naught x
plus 2 times J 2 x cos 2 theta J 4 x cos 4 theta and so on. Because, when n is even here, t
to the power n plus minus 1 to the power n over t to the power n becomes 2 cos n theta,

S0 2 cos n theta into J n x when n is an even integer.

And when n is an odd integer, the value of t to the power n plus minus 1 to the power n
over t to the power n is 2 i sin n theta, so for odd integral values of n, this sum will give
us the terms 2 i J 1 x sin theta plus J 3 x sin 3 theta and so on. Now, let us compare the
real and imaginary parts of equations 5 and 6, in the equation 5 we have seen that e to the
power half x t minus 1 by t is cos x sin theta plus i sin x sin theta, so cos x sin theta plus i

sin x sin theta is equal to this.
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(7) cos(xsind) = J,(x)*+2{J,(x)cos20
+J,(x)cosd0+...}

and

(8) sin(xsind) = 2{J,(x)sin0+J,(x)sin30+...}.

These series are known as Jacobi series.
From the above series, it follows that

.

So, when the equate real and imaginary parts on the two sides, we get cos x sin theta
equal to J naught x plus 2 times J 2 x cos 2 theta plus J 4 x cos 4 theta and so on. And sin
X sin theta equal to 2 times J 1 x times sin theta plus J 3 x sin 3 theta and so on, these

series are known as the Jacobi series.
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‘[M,(x).ﬁmniswonuol‘

[; cos(xsinB)cos e =
|0, when nis odd ]

[O.vmen n iseven ]

" Sin(xsinB)sinnBdB = _
S | =J, (x), when n isodd |

On adding these two relations, we get

o jcos(xsinB)cosnd + sin(xsinB)sinnB|de = 1tJ_(x)

Now, from these series it follows that, if you multiply the Jacobi series for cos x sin theta
by cos n theta and integrate over 0 to pi, then we know that the cosine functions cos n
theta are orthogonal over the interval 0 to pi that is whenever m is not equal to, that is
integral O to pi cos n theta into cos n theta d theta is 0 whenever m is not equal to n. And
in the case when m is equal to n, we know that O to pi cos square n theta d theta is pi by
2, so making use of that 0 to pi cos X sin theta into cos n theta d theta is equal to pi into J

n X when n is an even integer or n is equal to 0.

And it will be 0 when n is an odd integer, because when n is an odd integer cos n theta
into cos n theta integral of that will be 0, because m will be never equal to n, on the right
hand side of cos x sin theta we have only even integral multiples of theta in cosine terms.
And then, in the Jacobi series for sin x sin theta, we multiply sin x sin theta by sin n theta
and similarly, we see that the value of integral O to pi sin x sin theta sin n theta d theta is

equal to 0 when n is even.

Because, in the sin x sin theta expansion of that we have sin of odd multiples of theta on
the right side, so when we multiply by sin n theta where n is even, then integral sin m
theta into sin n theta d theta will always be 0, because m will be not equal to n. And then,
integral of sin square n theta d theta, when n is odd will give us pi into J n X, so now let

us add these two equations, when we add these two equations, we find that integral 0 to



pi cos X sin theta into cos n theta plus sin x sin theta into sin n theta d theta is equal to pi

into J n x.

Because, if n is 0 then this is 0, obviously this is 0 and when n is 0, 0 to pi cos x sin theta
into cos n theta d theta is equal to pi into J n X. And when n is an even integer, then
integral O to pi sin x sin theta sin n theta is 0, we have seen here an integral 0 to pi cos X
sin theta into cos n theta d theta is pi into J n X, so again we get the right side. And when
n is an odd integer here, then integral O to pi sin x sin theta sin n theta is pi into J n X,
while the other integral 0 to pi cos x sin theta into cos n theta d theta is 0. So, when we
add these two equations for all integral values of n, 0, 1, 2, 3, nequal to 0, 1, 2, 3 and so
on, we see that integral 0 to pi cos x sin theta cos n theta plus sin x sin theta sin n theta d

theta is pi into J n x.
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Therefore, for integral n,

J, (x) = ] [ cos(nB - xsinB)dO.
n

For n = 0, we get the integral
representation of J,(x) as

J, (x) = L [o cos(xsinB)de.
n

1 ni2
- | cos ( xcos®) do
Wonr

And which can be put in an alternate form as J n x equal to 1 over pi integral O to pi cos n
theta minus x sin theta d theta, because we know that cos of a minus b is cos a cos b plus
sin a sin b. For n equal to 0, from here we can see for n equal to 0 we get that J naught x
is equal to 1 over pi 0 to pi cos x sin theta d theta, now using the property of definite
integrals we can see that, if you put here theta equal to pi by 2 minus pi,

If you make this substitution theta is equal to pi by 2 minus pi, then this integral
representation of J naught x changes into 1 over pi integral over minus pi by 2 to pi by 2

cos X cos phi d phi, here we have put theta equal to pi by 2 minus pi. Now, since cos x



cos phi is an even function of phi may be use of the property of definite integrals, we can
write the integral over minus pi by 2 to pi by 2 cos x cos phi d phi as 2 times integral 0 to

pi by 2 cos x cos phi d phi.
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oo ( xos®) dO

ar
0

21’!0
= | cos (xsin®) d®
"0

n
- | cos (xan®) d®
-0

We note that

And so we will get 2 over pi 0 to pi by 2 cos x cos phi d phi, which is equal to 2 over pi
integral O to pi by 2 cos x sin phi d phi, because we have the property of the definite
integrals that integral 0 to a, f (X) d x is equal to integral 0 to a f a minus x d x; so when
you replace phi by pi by 2 minus phi here, you get cos x sin phi. Now, if you look at
integral O to pi cos x sin phi d phi, then we see that 0 to pi cos x sin phi d phi is equal to 2

times 0 to pi by 2 cos x sin phi d phi, again by using the property of definite integrals.

Because, we have the property of definite integrals they says that integral 0to 2 a f (x) d
x is equal to 2 times 0 to a f (x) d x provided f 2 a minus x is equal to f x, so making use
of that property these two are equal. And therefore, we have J naught x also equal to 1
over pi integral O to pi cos x sin phi d phi, now we also note that integral 0 to pi by 2 cos

X cos phi d phi is equal to half of integral 0 to pi cos x cos phi d phi.

Because, again when you replace phi by pi minus phi here, you get cos of minus x cos
phi which cos of minus theta is cos theta, so you get cos of x cos phi. And therefore,
again making use of the property of definite and definite integrals O to pi cos x cos phi d

phi is nothing but it is equal to 2 times 0 to pi by 2 cos x cos phi d phi.
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hence

1"
Jo(x):“jcns(mrno) do

cos ( xsin®) do®

0
n

|
0

Aliter:
Changing 8 to w/2-® in (7), we get

cos(xcos®) = J,(x) - 2J,(x) cos2®

+ 2J,(x) cos4o - o

So, the integral representation of J naught x is has another form J naught x can be also
written as 1 over pi 0 to pi cos x cos phi d phi, so we have two integral representations,
when the limits are 0 and pi of the Bessel functions of other 0. One is J naught x equal to
1 over pi 0 to pi cos x cos phi d phi, another one is J naught x equal to 1 over pi integral

0 to pi cos x sin phi d phi.

Now, we can arrive at this integral representation of J naught x in an another way from
Jacobi series, also we can get this integral representation of J naught x directly. If in the
Jacobi series equation number 7 you change the theta to pi by 2 minus phi, if you put
theta equal to pi by 2 minus phi there in the Jacobi series given in equation 6. Then, we
get that cos x cos phi, sin phi becomes cos phi there and then, cos 2 theta, cos 4 theta
becomes cos 2 phi minus cos 2 phi and then, plus cos 4 phi. So, right hand side of that
equation becomes J naught x minus 2 J 2 x cos 2 phi plus 2 J 4 x cos 4 phi and so on.
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Integrating both sides w.r.t. ® from 0 to w, we get

j[coqxcocomo
2

= [[9,(X) - 2J,(X)c0820 + 2J, (X)cO84® - .. ]d®
Rl

=|J,(x)®-2J, (x); sin20 + 2J,(x): Sind® - L

=J, (x)w.
Therefqe, we have

And when we integrate this equation with respect to phi from 0 to pi, what we get is 0 to
pi cos x cos phi d phi is equal to integral 0 to pi J naught x minus 2 J 2 x cos 2 phi plus 2
J 4 x cos 4 phi and so on, d phi. Now, let us integrate it we get integral of J naught x d
phi with respect to phi is J naught x into phi, then 2 J 2 x by sin integral of cos 2 phi sin 2
phi by 2 and then, 2 J 4 x integral of cos 4 phi is sin 4 phi by 4.

So, now let us put the limits 0 in to pi, we will get the value of this expression as J
naught x into pi, because sin n phi is always equal to 0. So, we get sin 2 pi, cos sin 4 phi
all are O's and at phi equal to 0 again this whole expression is 0, so the value of this

expression is J naught x into pi.
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Jy(x) = :' Icos(xcos@)do.

Example.

4
X

xl ..‘ (_1)1 !11
J. =1 ot em——- =) c—
e 2 2’4 2..‘ 2" (1)

Solution. We know that

J,(x)= :' Icos(xcos@)d@.
' .

And therefore, we have J naught x equal to 1 over pi integral 0 to pi cos x cos phi d phi,
so the value of J naught x can be evaluated in an independent manner directly from the
Jacobi series equation number 7, rather than obtaining yet as a particular case of J n x for
n equal to 0. Now, let us take an example which is based on the integral representation of
Bessel functions, let us show that reading the integral representation of J naught x, the
value of J naught x is equal to 1 minus X square by 2 square plus x 4 by 2 square into 4

square and so on.

That is sigma r equal to O to infinity minus 1 to the power r x to the power 2 r over 2 to
the power 2 r into r factorial square, this expansion infinite series expansion of J naught x
we shall derive using the integral representation of J naught x; we know that J naught x is

equal to 1 over pi 0 to pi cos x cos phi d phi.
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X ‘cos’® X coc‘o x*cos*® )d.
2

_135.(2r-1)

1 i (-1 x" cos” ® e (1) x™1.3.5...(2r-1)
x5 @2 (2r)l2.4.6...(2ri

Now, let us put the Maclaurin series expansion of cos x cos phi, then we shall get J
naught x equal to 1 over pi integral 0 to pi 1 minus x square cos square phi over 2
factorial plus x to the power 4 cos 4 phi over 4 factorial minus x to the power 6 cos 6 phi
over 6 factorial and so on, d phi. Now, since 1 over pi integral O to pi cos 2 r phi d phi is

equal 1, 3, 5and so on, 2 r minus 1 over 2 into 4 into 6 and so on, 2 r.

This result can be derived by using the reduction formula for cos 2 r phi or it can also be
obtained by the gamma function, because when you replace phi by pi minus phi, because
of the even power of cos phi the sin will not change that is cos 2 r phi will remain cos 2 r
phi, when we replace phi by pi minus phi. So, the limits will change from 0 to pi by 2
and we will get 2 over pi 0 to pi by 2 cos 2 r phi d phi, from functions we know that

integral O to pi by 2.

Sin theta raise to the power m cos theta raise to the power n d theta is equal to gamma m
plus 1 by 2 into gamma n plus 1 by 2 over 2 times gamma m plus n plus 2 by 2. So,
making use of that, we can see that the value of this integral is 1 into 3 into 5 and so on,
2 rminus 1 over 2 into 4 into 6 and so on, 2 r, so then we shall have 1 over pi integral 0
to pi minus 1 to the power r into x to the power 2 r cos 2 r phi over 2 r factorial d phi.

Now, there is nothing but the general term of this expansion, we have taken the general
term from this expansion and evaluated the integral of that with respect to phi over the

interval O to pi and multiply by 1 over pi. So, we see that making use of this result the



value of this integral comes out to be minus 1 to the power r x to the power 2 r 1, 3,5

and so on, 2 r minus 1 over 2 r factorial 2 into 4 into 6 and so on, up to 2 r.
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246 (a7

Consagusniiy, we gst

egrafing w.r.LE8 from
@ to 7 and in view of the foliowing resuils

Tc&smﬁzssﬁgﬁ = ism mEsinn8dE =0,

And which is equal to minus 1 to the power r x to the power 2 r over 2 square into 4
square into 6 square and so on, 2 r whole square. And consequently the value of J naught
X is equal to sigma r equal to 0 to infinity minus 1 to the power r x to the power 2 r over
2 to the power 2 r into r factorial square, r in the expanded form; it has 1 minus x square

by 2 square plus x to the power 4 over 2 square into 4 square and so on.

Now, let us square the equation number 7 and 8 and integrate with respect to theta over
the interval O to pi, then in view of the following results. Integral 0 to pi cos m theta into
cos n theta d theta and 0 to pi sin m theta sin n theta d theta being 0, whenever m is not

equal to n.
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and

"cos’ mede = "sin’ mede = n/2,
0

0
we obtain

W, O + 41, ()F '; ‘.= ]'cos’(xsmo)ds
0
and

w o T
A, (x)F : + 49, (x)F 5 *—" It""(mnﬁ)d:

And integral 0 to pi cos square m theta d theta and O to pi sin square m theta d theta
being equal to pi by 2, we obtain J naught x whole square into pi plus 4 J 2 x whole
square into pi by 2 plus and so on, equal to integral O to pi cos square X sin theta d theta.
And 4 times J 1 x whole square into pi by 2 plus J 3 x whole square into pi by 2 and so

on, equal to integral O to pi sin square X sin theta d theta.
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Adding these two equations

n
WS +20] #2042+ )= [de =m
0
hence 4242574203420+, =1,

Consequently, |Jy | <1

19, 152", n=1,2,3.

On adding these two equations we get pi into J naught square plus 2 times J 1 square plus

2 times J 2 square plus 2 times J 3 square and so on, equal to O to pi integral O to pi d



theta. Because, cos square X sin theta plus sin square x sin theta is 1, so the right hand
side becomes integral 0 to pi d theta which is equal to pi, and hence J naught square plus

2 J 1 square plus 2 J 2 square plus 2 J 3 square and so on, is equal to 1.

Now, from here we can easily see that we are adding positive quantity 2 J 1 square, 2 J 2
square, 2 J 3 square are positive quantities which are added to J naught square. And then,
we get this as equal to 1, so J naught square is less than or equal to 1, which implies that
mod of J naught is less than or equal to 1 and 2 times j n square where n is equal 1, 2, 3
and so on is less than or equal to 1.

So, mod of J n or you can say J n square is less than or equal to half, so mod of J n is less
than or equal to 2 to the power minus half r 1 by root 2, this whole square n equal to 1, 2,
3 and so on. So, these are the properties of Bessel functions of order 0 and Bessel
functions of order n, where n is equal to 1, 2, 3 and so on.
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Modified Bessel’s Equation
The differential equation
(9) X’y"+xy'- (x> +v)y =0

is known as modified Bessel's equation of order
v since it can be written as

Xy +xy' +(x? - vV)y =0

which is Bessel’s equation of order v with the
Imaginary parameter A = k

Now, we shall study a modification of Bessel's equation, the differential equation x
square y double dash plus x y dash minus x square plus nu square into y equal to O is
called as the modified Bessel's equation of order nu. Because, we were write it as x
square y double dash plus x y dash plus i square into x square minus nu square into y

equal to 0, where i is the ((Refer Time: 45:30)) square root minus 1 and so on.



And we know that this is Bessel's equation of order nu with the imaginary parameter

lambda equal to, the parameter lambda here is the imaginary lambda equal to i.
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The solution of (9) is

L (1))
J.(x)= .Z,; 272 KM (vek +1)

xaa

=y .
.Z.,Z"ak!r(vi'k'ﬂ)

On muitiplying both sides by i”, we obtain

So, the solution of 9 is J nu i x equal to sigma k equal to 0 to infinity minus 1 to the
power K i x to the power nu plus 2 k over 2 to the power nu plus 2 k into k factorial
gamma nu plus k plus 1; which below also write as i to the power nu into sigma k equal
to 0 to infinity x to the power nu plus 2 k over 2 to the power nu plus 2 k into k factorial

gamma nu plus k plus 1.

Because, i to the power 2 k is i square raise to the power k, which is minus 1 to the
power k and minus 1 to the power k here also we have, so minus 1 to the power 2 k will
give us plus 1. Now, let us multiply both sides of this equation by i to the power minus

nu.
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w2k

- X
i"J_(ix)= :
(1) §2"’”‘k!l‘(v+k+1)

which is also a solution of (9) since I”is a
constant

This new function i"J_(ix) is called modified
Bessel function of the first kind of order v and is
denoted by Iv(x),

If v is not an integer, the function | _(X) obtained
from |_(x) by replacing v by —v is a second
independent solution of (9k

Then, we will obtain i to the power minus nu into J nu i X equal to sigma k equal to 0 to
infinity x to the power nu plus 2 k over 2 to the power nu plus 2 k into k factorial gamma
nu plus k plus 1, which is also a solution of 9. Since i to the power minus nu is a
constant, then i to the power minus nu into J nu i x is called modified Bessel function of
first kind of order nu and we denoted by i nu x. Now, if nu is not an integer, the function
i minus nu X, which is obtained from i nu x by replacing nu by minus nu is then a second

independent solution of the equation 9.
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Thus

l -"J ) N - x-wn
=L 0= kv 1)

Therefore, the complete solution of (9) is

y(x) = AL (x) +BI_,(x).

As in the case of Bessel function of second kind
we may take the second solution of modified
Bessel equation to be the linear combination

[N




And thus i minus nu x is equal to i to the power nu into j minus nu i X, which is equal to
sigma k equal to 0 to infinity x to the power minus nu plus 2 k over 2 to the power minus
nu plus 2 k into k factorial gamma k minus nu plus 1. And thus the complete solution of

equation 9 we may write as y x equal to a times i nu x plus b times i minus nu x.
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wi (x)-1,(x)

K. (x)=
- 2 sinvmw

and define for v=n (an integer)

- = i T L (X) -1 (x)
K, 0x)=limK_(x) =lim > = = .
It can be shown that the limit exists. The function
K. (x)is known as modified Bessel function of the
second kind.
Equation (9) is a special case (A=1) of the
equation

k

Now, as in the case of Bessel function of second kind, we may take the second solution
of modified Bessel equation to be the linear combination of i nu x and i minus nu X when
nu is not an integer, that is we can take K nu x equal to pi by 2 into i minus nu X minus i
nu x over sin nu pi. And for nu equal to n an integer we define K n x equal to limit of K
nu x as nu goes to n equal to limit nu goes to n pi by 2 into i minus nu X minus i nu X

over sin nu pi.

Now, we can show that this limit exists, so when nu is not only integer K nu x being the
linear combination of i nu x and i minus nu X is also a solution of the equation 9. And
when nu is the integer, K n x being the limit of K nu x and since the limit exists is also a
solution of the equation 9. And therefore, we call the function K nu x as the modified
Bessel function of the second kind, now equation 9 is a special case of the following

equation.
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xzyn+xyr_(A2x2 +v2)y =o

which contains a parameter A. Ilts complete
solution, when v is unrestricted, is

y(x) = Al_(Ax) +BK_(Ax).

When v is not an integer, the complete solution
can be expressed in the form

y(x)= Al (Ax) +BI_(Ax).

If you put lambda equal to 1 in this equation, we get x square y double dash plus x y dash
minus lambda square x square plus nu square y equal to O reduces to x square y double
dash plus x y dash minus x square plus nu square into y equal to O, which contains a
parameter lambda. It is complete solution is, therefore y x equal to A times | nu lambda x
plus B times K nu lambda x, where nu can take integer or non integral value, so there is

no restriction on nu.

Now, when nu is not an integer the complete solution may also be expressed as y x equal
to A times | nu lambda x plus B times I minus nu lambda x, because we know that 1
minus nu lambda X is independent of | nu lambda x. So, modified Bessel's equation is the
particular case of this equation of lambda equal to 1, whose solution are given by for all
values of nu by y x equal to a times | nu lambda x plus B times K nu lambda x. And
when nu is not an integer y x is equal to a times | nu lambda x plus B times | minus nu

lambda x.

In our next lecture we shall discuss the Laplace transformation, Laplace transformation is
very useful in engineering mathematics, the linear differential equation with constant
coefficients are solved by using Laplace transformation method. When we solve the
linear differential equation with constant coefficients by finding the complementary
function and particular integral, then the constants that occur there, their values are

obtained after putting the conditions given.



While in the case Laplace transformation it takes in to account the initial conditions
while taking the Laplace transformation itself. So, we do not have to find the values of
the arbitrary constants after we have found the general solution as the case while solving
the linear differential equation with constant coefficient. So, it is very useful for solving
linear differential equation with constant coefficients, we can also solve simultaneous
system of simultaneous linear equations by using Laplace transformation method. And
that is used in the study of electric circuits, then dynamical systems and then, many other

problems, so we will be discussing Laplace transformation in our next lecture.

Thank you.



