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Lecture - 12
Fourier Series — Part - 2

Welcome to the lecture series on differential equations for under graduate students.
Today’s lecture is in continuation of Fourier series. In last lecture, we had learnt that for
periodic functions we can find out the Fourier series of those functions, we had learnt the
method to find out the Fourier series for given functions. In the examples we had seen
that for certain functions, we were getting the Fourier series containing either only cosine
terms or only sin terms. When it is happening? Can we answer this, we can answer it, but
before that we will relook at certain properties of the function. So, first we will see even
and odd functions, first odd function.
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Even and Odd Functions
Odd Functions:

Any function f (x) is said to be odd if

fl-x) =-f{x), Vx
Odd Function

A function would be called odd, if for f of minus x is same as minus of f of x for all x,
say for example, in this function, here we see this function is from 0 to 2 if we see the
values are in the negative. So, let us see at 1 at the 1 value of this function is minus 1.
Now if | see value at minus 1, value at minus 1 is plus 1 that is minus of minus 1 that is
plus 1. Similarly, if | see any value let us say here at half or at 0.5 the value over here is

coming somewhere here as 0.6 or something and when we are moving here, we would be



getting this is in the negative and here in the positive one. So, we are getting is that this
function is odd, that is it is changing its mode whatever it is going upside the x-axis that
IS towards the positive y-axis. The same thing is being repeated in the reverse order in

the negative side of the x-axis or that is the y-axis.

(Refer Slide Time: 02:22)

Even and Odd Functions
Even Functions:
Any function f (x) is said to be even if
f(-x) =f(x), V x

»

1

Similarly, for even function a function is called even, if f of minus x is f of x for all x that
is it is not changing the sign. Let us see here, we see again here is the function, which is
something a triangle kind of thing on the positive side of x-axis, if | go to the negative
side of the x-axis, we are getting the similar kind of function that is if | see the value at
plus 1, the value at plus 1 is somewhere here as actually the plus 1 and at minus 1 is also

the value is plus 1.

Similarly, if | see value at 2 value at 2 here is coming somewhere as 0.5 while as at
minus 2 if | see the value is again coming as 0.5. That the value of at the positive side of
the x-axis whatever is we are getting is the f x the same thing we are getting on the
negative side of the x, that is the function is repeating itself on both the sides of the x-

axis, this is called the even function.
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Even and odd Functions
Any function f (x) is said to be even if

f(-x) = f{x), V x
and odd if fl-x) = -f{x), V x

Three main facts
1. if g (x) is an even function then

[ alxiex = 2fgix)dx
2. If g (x) is an odd function, then
If g(x)dx =0
3. The product&of an even odd function is odd.

So, what we had learnt, we had learnt that any function f x would be called even if f of
minus X is same as f of x for all x and odd if f of minus x is same as minus of f of x for
all x. What this properties or what this even odd is telling us, let us see the three main
facts were this section, first is that if g x is an even function, then if | integrate it over any
interval from minus L to plus L | can write it as 2 times integral 0 to L g x d x. And if g X
is an odd function, then this integral minus L to plus L g x d x is 0, this we are knowing
from the properties of the definite integral. The third property which we would be using

here is the product of an even and odd function is odd.
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Fourier sine and Fourier cosine series

Theorem: The Fourier series of an even
function of period 2L is a “Fourier cosine
series”. i.e.
< nnx
fix)=ag+X a,,cos(—]
n=1 L
with coefficients

1L
ao=‘E£f(X)dx,

L
an=3[f(x)cosTdex, n=123,...
Lo L




Now, let us see what is happening with this function in the Fourier series, so the result
here is the Fourier series of an even function of period 2 L is a Fourier cosine series. So;
that means, we will get the series f x as a naught plus summation n is running from 1 to
infinity a n cos n pi x by L with the coefficients a naught as 1 by L 0 to L f x d x and
coefficientanas2 by L 0to L fx cosn pixbyL dx forn running from 1, 2, 3 and so

on.

We see here, that the coefficients as such it was 1 upon 2 L 0 to minus L to plus L f x d x
a naught. Now, we are seeing is that because, it is an even function, so integral minus L
toplus L fxdxis2timesOtoL fxdx, sowe are changing this integral from 0 to L

only similarly in the a n also the integral has been changedto O to L.
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Fourier sine and Fourier cosine series

The Fourier Series of an odd function of
period 2L is a “Fourier Sine Series” i.e.

fix) = ao+£: a, sin(m}
n=1 L

with coefficients

A . [ nmx
bn-tgf(x)su;(T)dx

Similarly, the Fourier series of an odd function of period 2 L is a Fourier sin series, that
is | would get the series as f x as a naught plus an sin n pi x by L, where a naught would
be 0 and the coefficient a n would be 2 by L 0 to L f x sin n pi x over L d x. Now, since it
is an odd function we would get that f x integral with this f x and sin n and x the both are
odd. So, product of odd and odd function would be even, so this integral would be from
minus L to plus L with change to 0 to L, while when we are writing f X into cos n pi X

that would be odd function and that would result as 0.
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Theorem

The Fourier series of a sum function f; +f,
can be obtained from Fourier series of
functions f, and f, .

Since Fourier coefficients of sum functions
f, +f, , will be sum of corresponding

Fourier coefficients of f, and f, .So, if

and

f,=a +y (a'cos(m}bb' sin(mD
Q =1 n L n L

So, next we are getting that the Fourier series of a one more property, the Fourier series

of a sum function f 1 plus f 2 can be obtained from the Fourier series of functions of f 1
and f 2. What it says is, it simply says is that Fourier coefficients of the sum function f 1
plus f 2 will be the sum of corresponding coefficients of f 1 plus f 2. That means; if | do
have a function f 1 whose Fourier series is a naught plus summation n is running from 1
to infinity a n cos n pi x by L plus b n sin n pi x by L. And another Fourier series for the
function f 2 as a naught star plus summation n is running from 1 to infinity a n star cos n

pi X by L plus b n star sin n pi by x over L.
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Then,
£+, = (a,%a)) *é[(%ﬁ;m(¥)«n‘¢b; N'{%D

Also, the Fourier coefficients of the
function cf, where c is a constant, are ¢
times 1 corresponding Fourier

coefficients of f, i.e. if

R (e L )

then,

cf(x) = ca,ﬁ-{‘, [cancos(m}rcbnsin(mn
= L L




Then we will get, so Fourier series for f 1 plus f 2 as a naught plus a naught star plus
summation n is running from 1 to infinity, the coefficient of cos n pi x by | would be now
a n plus a n star plus the coefficient of sin n pi x by L would be b n plus b n star. So, we
are getting this new Fourier series for f 1 plus f 2, moreover if the Fourier coefficient of
the function of the ¢ f where, ¢ is a constant are the ¢ times the corresponding Fourier

coefficients of f.

That is f my Fourier series for the function f x is a naught plus summation n is running 1
to infinity a n cos n pi X by L plus b n sin n pi x by L. Then, the Fourier series for the
function ¢ f would be given as ¢ times a naught plus summation n is running from 1 to

infinity ¢ times a n cos n pi X by L plus c times b n sin n pi x by L.
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Example

Rectangular pulse: Find the Fourier series
0 -n<x<0
fix) = fix+2x) = f(x)

2a 0<x<=x

Solution

We had found the Fourier series of

f(x) = {

-a -n<x<0
F- 0<x<xn

f,(x+2x) = f,(x)

Now, we just see that is the example explaining these properties, which we have got first
example is for rectangular pulse, find the Fourier series of the function f x as 0 in minus
pi to 0 and 2 a from 0 to pi f x plus 2 pi is equal to f x. That is, this is a periodic function
with period 2 pi, we have to find out the Fourier series for this of course, we can find out
the Fourier series we do know the method how to find out the Fourier coefficients and
then evaluate it, but we will just use the properties we had learnt.

Let us see, we have one in the last lecture one example where we had find out, the
Fourier series for this function minus a from minus pi to 0 and a from 0 to pi and the

periodic with period 2 pi.
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ﬁ n odd
nx vyn>1
0 n even

>a,=0,a,=0, p,=

- fx)= a+f(x),
L(x)=a -w<x<=, f,(x+2x)=f(x)

> a;=-2:i adx= a, a;=% [ cosnxdx =0
-x -x

b,',=3 | sinnxdx=0
N -x

The Fourier Series: f(x)=a

If you do remember we have got the Fourier series for this function as 4 a upon pi sin x
plus 1 by 3 sin 3 x minus plus 1 by 5 sin 5 x and, so on. And now we see that this my f
what we have got this is nothing, but as, so here in this one we are having is a naught and
an 0 and b n was 4 a upon n pi for n odd and n even. And now this f x which we have to
find out now the Fourier series that is nothing but, a plus f 1 x, f 1 x is minus a n 0 to pi
minus pi to 0 and a from 0 to pi. So, if | add a I would get 0 in minus pi to 0 and 2 a from

0 to pi.

So, we are getting this 1 now, we take f 2 as a from minus pi to plus pi and it is a
periodic function with period 2 pi. As we know that constant function, we can always
treat with ((Refer Time: 10:23)) whatever we like, so now, for f 1 we already know what
is the Fourier series for f 2 let us find out the Fourier series. So, a naught star would be 1
upon 2 pi minus pi to plus pi a d x that integral would turn out to be a, if I take an star
that would be a upon pi minus pi to plus pi cos n x d x, we do know the integral minus pi

to plus pi cos n x d x is 0 for all n integer n's.

Similarly, the b n star would be a upon pi integral minus pi to plus pi sin n x d x, again
we know the integral minus pi to plus pi sin n x d x for any integer n is 0. So, we are
getting both a n star and b n star as 0 for all n and we are getting a naught star as a, so the

Fourier series for f 2 is nothing but, a only the constant. So, what we will get the Fourier



series for f, Fourier series for f that we would have that coefficients of f 2 and

coefficients of f 1 that has to be added up.
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So Fourier series for f (x)

f(x)f—'al*‘2
n

So, what we will get the Fourier series a plus 4 a upon pi sin x plus 1 by 3 sin 3 x plus 1
by 5 sin 5 x and so on. So, now you see is that is using this property of the sum of the

functions we can find out the Fourier series very easily.
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Example

Saw tooth Wave: Find the Fourier series of
fix)=x+x -w<x<xn, f(x+2x)="1F(x)

Solution
we found the Fourier series of function

f(x)=x -w<x<m, f£(x+2x)=1{(x)

f(x) = 2(5inx-%sin2x+%sin3x)

52,=0, a,=0, bn=§(-1)"", n=123,.

Now, let us do one more example, find the Fourier series of the function f x is equal to x

plus pi minus pi to plus pi and periodic with f x plus 2 pi as f x, we have to find out the



Fourier series for this function. Now, see we had already done one more example in the
last lecture, they we had find out the function f x is equal to x for minus pi to plus pi in

periodic with period 2 pi.

So, now if we see my new function f x is nothing but, f 1 x plus pi and for this series f 1
x we do find out that the Fourier series was 2 times sin x minus 1 by 2 sin 2 x plus 1 by 3
sin 3 x and so on. That says is we have got a naught as 0, an as 0 and b n as 2 upon n

minus 1 to the power n plus 1, for nis equal to 1, 2, 3, and so on.
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The Given function
f(x)=f(x)+=

Hence required Fourier series is

fix) = ﬂZ(sinx-%sian*-%sinl’ax

So now, we have to just find out the Fourier series pi f x is f 1 x plus pi in the last
example just now we had seen when this another function was a just a constant, we have
got that the Fourier series is nothing but, that constant only. So, the required Fourier
series would be now f x as pi plus 2 times sin X minus 1 by 2 sin 2 x plus 1 by 3 sin 3 x

and so on.

So, now we are see is that is rather than finding out the Fourier series knew that is
finding out all the Fourier coefficients again doing with the integrals and so on, we can
try and we can do it by new Fourier series, we can just add up the constants or thus
Fourier coefficients and we can find out these Fourier series. These are the certain
examples, which are very easy we have done, but if you see is that we had find out for
the two functions, the Fourier series where the coefficients finding the coefficients we

have done the tuff integrals.



So, for the sum function or if the coefficients are also involve, we can find out the sum
function or the linear combination by the just taking the linear combination of those
Fourier coefficients. Let us go with this even and odd function, now we will come to one
more practical problems which we are facing, now we had learn that Fourier series we
can obtain for the periodic functions, that is my function has to be defined on all whole

real line and it should have it should repeat after sometime that is that the period.

Now, most practical problems we do not have this kind of functions, we may have the
functions, which are defined only on a particular interval only not on the whole real line.
How to find out the Fourier series for that, how to solve those problems, we can do it we
can what we do, we had learn that is when we are finding out the Fourier sin series and
cosine series, we are assuming is that if the function is even we would get the Fourier sin

series only when the it function is even we will get the Fourier cosine series only.

(Refer Slide Time: 15:08)

Half Range Expansions

1L
ao=E£f(x)dX.

2L nnx
a,,—-l:t{f(x)cos (T)dx, n=123,...

OR

_ 2% . [ nmx
b"-E£ f(X)Sln[T)dx

And the coefficients would be a naught as 1 upon LOto L fx d x and nas 2 upon L 0 to
LfxcosnpixbyLdxfornisl, 2, 3andsoon or if the function is odd we can get the
Fourier sin series with the coefficients bnas2 by L Oto L fx sinn pi x by L d x. That
says is we can find out the Fourier coefficients, only for the function defined in interval 0
to I.

But, the condition is that the function has to be either even or odd and it has to be

periodic that says is that gives us an insight that for the function, which is defined only



on the interval 0 to L for that also we can find out the Fourier series, only thing is we
have to either extend a function to the as even extension or odd extension. Let us see,
what we are meaning by these extensions, the function is let us say is defined only in the

interval O to L here as this straight line.
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Odd and Even Extensions

f (x)

Even extension

|
|
|
i

Odd extension

| can have it is even extension, that is | can extend it to this it should have the similar
kind of function on the negative side also. Now, | can repeat this function from minus L
to plus L again and that would be a periodic, similarly we can get the odd extension, we
are having this function 0 to L this was defined over as a straight line for this we would
just go with the negative 1 and we have this extension. Now we can ahead with here
again periodically like that one. So, that says is that we can extend the function either
with even function or as an odd function. And then we can have the period as 12 that is
we can repeat it out and now we are getting is even or odd function and we can get the

integral with the function defined only on O to L.
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Example
(Triangle and its half range expansions)

Find the two half range expansions of the
function

2K

i 0<x<£
L 2

-25(L-x) Lo
L 2

Let us see, how we are doing with the help of an example, this example says find the two
half range expansions of the function f x, which is defined as 2 K by L times x in the
interval 0 to L by 2 and 2 K upon L into L minus x in the interval L by 2 to L, we can see
that this function is actually a triangle, we are having is that its increasing in 0 to L by 2

and then it is decreasing from L by 2 to L.

So, this is what is we are calling is triangle and it is half range expansions, what is the
meaning of this half range expansion, we have learn that is if the function is defined only
in 0 to L. We will use the function only if defined in the O to L, but what we will find out
either we will find out a cosine series or a sin series, that is either we will repeat the
function 0 to L same as minus L to O that is as an even function. And then repeat it out
that is make it periodic function and find out the Fourier series or make it as odd function
from minus L to 0 and then repeat it and find out a Fourier sin series. So, whatever this
series we are getting for this odd extension or even extensions, those things we are

calling as half range expansions.
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So, let us try to say that is what is this function and what is it is, so the function is this

triangle, which is defined from 0 to 2.
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Even Penodic Extension

12
1

as

as

Let us first do the even extensions, that is the function we have taken from 0 to 2 even
extension that is minus 2 to 0 | will repeat the same triangle over here. So, we see that
the value at 0.5 is 0.5 here value at minus 0.5 is also 0.5 here value at 1 is 1 here. So,
value at minus 1 is also 1, similarly value at 1.5 is 0.5 and value at minus 1.5 is also plus

0.5 that is we have just got this even extension and now you see is that is it is a periodic



function. So, we would go just ahead with this function, now defined from minus 2 to

plus 2 which is an even function and we will repeat it, so we can get the Fourier series.
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Solution

A) Even periodic extension: Fourier cosine
series
“Half range expansion towards even
periodic extension”

- nmx
We will get series: f(x) = ao+z’,1a,, cos(T)
nw

a,=—[f({x)dx and
Lo

L
an=%£f(x)cos(?)dx, n=1,23,...

So, Fourier series first we are doing this even periodic extension, we will get the what we
will called as for a cosine series half range expansion towards even periodic extension of
the given function. So, we will get this series as a naught plus summation n is running
from 1 to infinity a n cos n pi x by L with coefficient a naught as 1 by LOto L fx d x
andanas2byLOtoL fxcosnpixbyLdx, letus try to find it out for this given

function.
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So, the function is defined in 0 to L which is been braked up into two parts 0 to L by 2
and L by 2 to L. So, first the integral a naught 1 by L0 to L fx d x. So, 1 by L integral 0
to L that we will break up into two parts O to L by 2, where the functionis 2 Kby L x d x
and from L by 2 to L the function was 2 K by L into L minus x d X. Now, integrate it out
we will get this integral as K by K times x square 2 x integral is x square, similarly here
we will get L times x and this integral would be K by L times x square and evaluate it
hereitisOto L by 2 hereitisL by 2to L.

So, just doing these calculations we get 1 by L times K by L into L square by 4 plus 2 K
by L into L into L by 2 minus K by L, L square minus L square by 4 that is at 0 the
function would be 0 for all the values, which after simplification comes out to be only K

by 2, so we have got a naught as K by 2.
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L
ﬂl'-x)dxﬂ»Lj' cos(ﬂx)dx
L VL

-lxcos(%x)dx I

Now, what is a n the integral is 2 by L integral O to L f x times cosine n pi X by L d X,
now the integral we will again break into two parts, that is 0 to L by 2 the function is 2 K
by L into x and then multiply with cosine n pi over L x. And the other one is that is from
L by 2 to L the function is L minus x 2 K by L times L minus x cos n pi by L x d x.
Again we are integrating it by parts because, we do have x times cos x time kind of
function, we would get it 4 K by L square integral 0 to L x cos n pi by L x d x plus L by
2 to L cos n pi x that is what we have taken the integral L times cos n pi x that would be
0.
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And we are just getting thus an as 4 K by L square L upon n pi X sin n pi over L x
evaluated from 0 to L by 2 minus L upon n pi integral 0 to L by 2 sin n pi by Lx d x this
is the first integral. The second integral would be L square upon n pi sin n pi over L x
evaluate from L by 2 to L and minus L by n pi x times sin n pi over L x this evaluated
from L by 2 to L and the integral for this one would be that second part plus L by 2 is
integral L by 2 to L sin n pi over L x d x.
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ST +_licos(ﬁx)
n’n’ L

. (nx L nx
sin| — |-——cos| —Xx
2)n=n L

2
= ?")-coso- OOS(M)"’COS( %) |

1+cos nx - 2cos(%‘)|

4K
>a, =

= ZCOS(E)-COSM-‘lI
nm" | - 4 i

So, a n would be 4 K upon L square into L square upon 2 n pi sin n pi by 2 plus L square
upon n square pi square cos n pi over L x evaluate it from 0 to L by 2 minus L square
upon n pi sin n pi by 2 plus L square upon 2 n pi sin n pi by 2 minus L square upon n
sguare pi square cos n pi over L x evaluated from L by 2 to L, which would be 4 K upon

L square into L square upon n square into pi square since sin n pi by 2 here would be 0.

So, L square upon n square pi square plus into cos n pi by 2 minus cosine 0 minus cosine
n pi plus cosine n pi by 2, which is coming as minus 4 K upon n square into pi square
times 1 plus cos n pi minus 2 times cosine n pi by 2, we can rewrite it again asan as 4 K

upon n square pi square into 2 cos n pi by 2 minus cos n pi minus 1.
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0 nodd,n=2m, m=24,...

is:-‘-, n=2m, m=13,...
n
4K
—— m=135,...
m’n’
0 m=246,...

) &K 4K
= 85 ST e

(21(
L
1

Since n pi by 2 is 0 and cos n pi is plus minus 1 to the power n we would get a n as 0 for
n odd and when n is even and it is of the form 2 m with m as 2, 4 and so on that is n is
equal to 4 8 and so on it would be 0. When n is even and of the form n is equal to 2 and
with m as 1, 3 that is n is equal to 2, 6, 10 and so on we will get an as minus 16 k upon 4

m square times pi.

We can rewrite it again, since for all odd n a n is O for even n that is n is equal to 2 m we
can write it as minus 4 K upon m square pi square for m taking values 1, 3, 5 and so on
that is odd values and 0 when m is taking even values 2, 4 and 6. What it says is that my
a 1 would be 0, a 2 when m is 1 will give me minus 4 K upon pi square, then a 3 being
odd is 0, a4 is mis 2 that would be 0, a 5 again odd is 0, a 6 we would get as m is equal
to 3 minus 4 K upon 3 square pi square and so on, a 10 we will get minus 4 K upon 5

square pi square.

Thus what we will get our Fourier cosine series as K by 2 that is what is a naught minus
4 K upon pi square cos 2 pi by L x, this 4 K upon pi square with minus sign, this is
common with all the coefficients, so that we have taken common, a 1 is 0, a 2 we are
getting a 2 means n is 2 that is cos n pi x over L that, so n is 2 here, when the next term
we would get is an as 6. So, cos 6 pi x over L 1 upon 3 square and so on we will get plus

1 upon 5 square cos 10 pi over L x and so on.



Now, the function we have taken as we defined from 0 to L with K 1 constant and L is
another constant. In the example the graph of the function with h 1 | have taken L as 2
and K as 1, in that case what | will get this Fourier series as K by 2 minus 4 K upon pi
square cos 2 pi by 2 x plus 1 by 3 square cos 6 pi by 2 x and so on or we will get K by 2
minus 4 K upon pi square cos pi X plus 1 by 3 square cos 3 pi x plus 1 by 5 square cos 5
pi x and so on, moreover we can keep k as 1, so I will get her 1 by 2 and here 4 upon pi

square.
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Graph of function with Fourier Series

Let us see, the function and the Fourier series, so the function | have taken L | have taken
as 2 and K | have taken as 1. So, the function is this triangle with the height 1 and this
base as 0 to 2, we have taken it is even extension, so we have taken this minus 2 to plus 2
for this periodic function if the Fourier series | am just whatever | have find it out if I am
just plotting it is just you see is that overlapping with this one with this pink line is the

Fourier series.

The only point is where it is having a gap at is the peak at that one point that is where it
is changing the shape of the function at that point figure having this little bit half of the
function. So, we are getting the Fourier series for the even extension of the function

which is as defined only from 0 to L, now let us move to the odd extension.
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The function was defined from 0 to L as a triangle odd extension means is | have to take

minus L to 0 the function value f of minus x should be minus of f of x. That is whatever

value here we are having positive in this side the | have to have that value as negative,

So; that means, this has been inverted over here, so you see at 1 the value of the function

was 1 while at minus 1 | took it to be minus 1 at 0.5 the value of the function was 0.5 at

minus 0.5 | were require it to be minus 0.5 and so on. So, this is what is our odd

extension with the function minus L to plus L and then we can extend it as make it a

periodic function with this is odd periodic extension find out it is half range expansion.
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(B) Odd extension and

expansion:

with

fix)= 3 b, sin(ﬂ)
n=1 L

2L . [ nmx
b,,-rgf(x)sm (T)dx

2| 2KL2

b ,=—| — [ xsin
" LI L ({

2K L
omaehe
L 2

(2o

f (L-x)sin( =



This would be because, the function is odd it should be Fourier sin series that is | would
get the series of the summation n is running from 1 to infinity b n sin n pi x over L with b
nas2upon L OtolfxsinnpixoverLdx.So, evaluate for our function what ismy b n
that would be 2 by L 2 k by L integral 0 to L by 2 x sin n pi x by L d x, since our
function is defined from O to L by 2 and then L by 2 to L.

So, the next integral would be 2 K by L integrate from L by 2 to L L minus x sinn pi xd
X, now evaluate these integrals where are we are having this function x sin x we would
go for integral by part. This second integral we can break again into 2 integral 1 integral
with L times sin n pi and another integral minus x times sin n pi x, so the second integral

will again go by parts.
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nx o

L2
+L | cos(n{x)dx

(5],

So, b n would be 4 K upon L square L X upon n pi cos n pi X by L evaluated from 0 to L
by 2 plus L upon n pi 0 to L by 2 cos n pi over L x d x minus L times L upon n pi cos n
pi x over L evaluated from L by 2 to L plus L upon n pi x cos n pi x over L L by 2to L

evaluation minus L upon n pi integral L by 2 to L cos n pi over L x d x.
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4 K upon L square into minus L square upon 2 n pi cos n pi by 2 plus L square upon n
square pi square sin n pi X by L evaluate it from 0 to L by 2 minus L square upon n pi cos
n pi plus L square upon n pi cos n pi by 2 plus L square upon n pi cos n pi minus L
square upon 2 n pi cos n pi by 2 minus L square upon n square pi square sin n pi X by L
evaluated from L to L by 2.
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Now, do all the evaluation and we get b n as 4 K upon K square minus K square upon n

square pi square into sin n pi by 2 minus sin n pi plus sin n pi by 2. Now, since sin n pi is



0 sin n pi by 2 we would get twice sin n pi by 2 that is 8 K upon n square pi square sin n
pi by 2, which says is for n odd it would be plus or minus 1 for n even it would be 0. So,
b 2 m would be 0 for nis equal to 1 2 and so on, and b 2 m plus 1 would be 8 K upon 2
m plus 1 is whole square pi square into minus 1 to the power m for m is taking values 0,

1, 2, and so on.

Thus, what we have got that b 1 would be 8 K upon pi square, b 3 would be minus 8 K
upon 3 square pi square, b 5 would be 8 K upon 5 square pi square that is we are
alternately changing the sin and getting the values that is n square pi square downwards.
And in the denominator and in the numerator 8 K is common and we are alternately

changing the sin for the odd ones for the even ones it is 0.
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So, what we will get the Fourier series as 8 K upon pi square sin n pi by L minus 1 by 3
square sin 3 pi by L x plus 1 by 5 square sin 5 pi by L x and minus and so on. Now, in
our example | have taken L as to be 2, so | will get at actually 8 K upon pi square sin n pi
by 2 minus 1 by 3 square sin 3 n 3 pi by 2 x of course, here also is x 1 by 5 square sin 5

pi by 2 x and so on.
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Let us see that is how it is approximating the function, so this is what was our odd
extension from minus L to plus L. Now, this is the Fourier series this just we have got
with the sin function this is what, now we are seeing is that this is not that much nicely
approximating the function, some of things are of course, too fall because, | have taken a
small number of functions as number of terms. But, is still we are getting is it is far away
or that even extension we were getting much nice kind of approximation rather than this

one, let us see one more example, what is happening?
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Example

Find half range expansions of the function

f (x) = x, 0<x<1,

Solution

Find even and odd extension of this
function




So, see find the half range expansion first the function f x is equal to x, which is defined
from 0 to 1 only. Now, the function is defined from 0 to 1, so L is 1 here and the function
is the straight line from 0 to 1, what we have to find out the half range expansion that is
both even and odd extension, so let us first say what will be this even and odd extension

of this function.
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The function is defined 0 to 1 is a straight line, if | just go for the even extension | have
to have the same kind of line on the negative side, that is when x is 0.5 my the function
value should be plus 0.5. So, when x is minus 0.5 the value of the function at minus 0.5
should also be plus 0.5 value at 1 is 1, so value at minus 1 should also be 1. So, we are
getting is that this line is that original 0 to 1 f x here | have made this even extension. So,

this is the similar kind of thing.

Then we are making it periodic, periodic means is that is now from minus 1 to plus 1
with the period 2. So, from 1 if it is with peak into 2 it should be repeating this function
that is from minus 1 to 0, so we are getting this one, similarly here this reputation has to
be from 0 to 1. So, we are getting is this is looking like a triangle, but actually this is
extension is only this 1 and then the periodicity is changing or that repeating the values.
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Odd extension, the function was 0 to 1 then | have to make it odd 1 that is whenever f of
X is positive, then f of minus x has to be minus of f of x that is negative. So, you see the
value at 0.5 we are getting is plus 0.5, so at minus 0.5 | should have the value as minus
0.5 that is this side. Similarly, it any points, so here we are having this point save at 1 the

value is plus 1, so at minus 1 the value should be minus 1.

So, we are getting is that this is the original function 0 to 1 and this is it is odd extension
again for periodicity. If I am repeating the function from minus 1 to plus 1 again from 1
to 2 if | am repeating it should have minus 1 to 0, that is this same function, similarly if it
is repeating from minus 1 to 2 it should have been same as 0 to 1. So, minus 2 to 1 this is
again repeating the same function, so this is the periodicity these ones, this is the

extension in the interval minus 1 to plus 1, let see its half range expansions.
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So, for even extension | want this kind of Fourier series, that is half range expansion
Fourier cosine series only a naught plus summation n is running from 1 to infinity a n cos
n pi X. Since L is here 1, so will not be getting n pi x over L, L is 1, so | would be getting
it n pi x only find out what are these coefficients a naught and a 1, a naught should be
integral 0 to 1 f x d x and a n should be 2 times integral 0 to 1 f x cos n pi x d X. So, with
the given function f x as x with the interval 0 to 1 evaluate it a naught would be 0 to 1 x d

x integral that is half.
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And a n would be 2 times 0 to 1 x cos n pi x d x evaluate this integral by parts, you get 2
X by n pi sin n pi x evaluated at from 0 to 1 minus 2 upon n pi 0 to 1 sin n pi x d x
because, this is the first function. And it is derivative is 1 and this is the second function
its integral is sin n pi X upon n pi, evaluate it we will get it 2 upon n square pi square
since at x is equal to 1 sin n pi is 0 at x is equal to 0 sin 0 is 0, so this term is not giving

me anything, here again this integral. So, minus sin n pi X it is integral is cos n pi over n
pi.

So, we are getting is 2 upon n square pi square cos n pi x evaluated from 0 to 1 at x is
equal to 1 it will be cos n pi at x is equal to O it will be cos 0. So, what we would be
getting is 2 upon n square pi square cos n pi minus 1, the value of cos n pi is minus 1 to
the power n, so we are getting is 2 upon n square pi square minus 1 to the power n minus
1.
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Which says is an we would be getting is for odd n minus 4 upon n square pi square and
for even n it would be 0. So, what will be our Fourier series a 1 would be minus 4 upon
pi square a 3 would be minus 4 upon 3 square pi square and so on f x a naught we have
got as 1 4 upon pi square is common. So, we are getting is 4 upon pi square cos pi x plus
1 by 3 square cos 3 pi x plus 1 upon 5 square cos 5 pi x and so on this is the Fourier

series.
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Let us see is how it is making the even extension, this is the even extension 0 to 1 and
this even extension over here. When we are plotting the Fourier series over here, we are
finding it out that it is at the points where it is changing the values that is at 0 at 1 and
minus 1, we are getting is little bit distraction from that or this is not exactly matching

over here, but here it is quite nicely overlapping one.
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Let us move to the odd extension and it is half range expansion, we want f x as of the

form b n sin n pi x where, b n would be 2 times 0 to 1 f x sin n pi X. Hence, evaluate this



f x is x for the whole interval 0 to 1, so b n would be 2 times 0 to 1 x sin n pi x d X, again
evaluate this integral with by parts. So, this integral would be minus 2 X upon n pi cos n

pi x 0 to 1 plus 2 upon n pi 0to 1 cos n pi x d X because, the derivative of x is 1.

Here, when | am putting x is equal to 1 I will get cos n pi and 1 and when x is equal to 0
this will give me 0. So, we would be getting is minus 2 upon n pi cos n pi plus this
integral is sin n pi x over n pi, so we will get 2 upon n square pi square sin n pi x 0 to 1,
when x is equal to 1 we will get sin n pi when x is equal is 0 we will get sin 0 both values
are 0. So, we are not getting anything from here it will give only 0, we are getting it
minus 2 upon n pi cos n pi, the value of cos n pi is minus 1 to the power n. So, minus 2
upon n pi minus 1 to the power n this minus sin we are just joining over here, so we get b

nas 2 upon n pi minus 1 to the power n plus 1.
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Thus the Fourier series we would get as 2 upon pi sin pi X minus half sin 2 pi x plus 1 by
3 sin 3 pi x and so on, let us see how it is in the graph how it is approximating the

function.
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This is what is our odd extension and the Fourier series just this sin series, which we
have find it out that is this one. Now, you see here also we are distracting one, but the
points is that is when we are ending up both the sides the function as such the function
was here and if we see the periodic function from here again we are starting in this

manner, that is this has to go like this one.

What it says is at a point 1, if | take the periodic function might the function
discontinuous that is if at 1 would be here from the left when we are reaching it was
reaching to the plus 1. When from the right we are reaching it is reaching to the minus 1
that is it is discontinuous over here and that is what we are getting is our Fourier series is
just going down, if you have seen in the examples where we had find out the Fourier
series, where the function of this kind and we are getting is that the values are distracted

one.

So, we are getting the Fourier series we are functions we are getting like that one of
course, the points are less, but it was joining one. So, that is what we are seeing is it is a
joining over here, so this is what is our odd extension, so this is what we had learn today
if the function is | having certain properties that is even or odd, we get either Fourier

cosine series or Fourier sin series.

Moreover, for finding out the coefficients we are evaluating the integrals only on the half

of the period, that is if the period is from minus L to plus L, we are evaluating it only the



all integrals from 0 to I. So, when it is even function we are evaluating the integrals for a
naught and a n that is the coefficients of the cosine function and we get Fourier cosine
series. When the function is odd we are getting only Fourier sin series and the
coefficients b n again we are evaluating the integrals from 0 to L that is the half period

only rather than minus L to plus L.

This property and one more property we had learn that is, if we are adding the functions
or we are taking linear combination of any two functions for which we can find out the
Fourier series. Then the Fourier series of that linear combination of those functions can
be just given as the linear combination of the Fourier series itself, from these two
properties and the property of this even and odd functions, that has given insight to us
that we can use this Fourier series for the functions which are not periodic and they are
defined only on some interval of the form O to I.

What we have done is, we had extended them either to the even extension or to the odd
extension, that is the function which is defined from 0 to I only, we have made it from
minus L to plus L. Either taking the function from minus L to O as the same function
from O to L that is f of x as same as f of minus x or we have taken an odd extension that
is taking f of minus x as minus of f of x and then we repeated it from minus L to plus L

made it periodic with period 2 L.

Then we can find out the Fourier series for this extended functions and we called it half
range expansions, our aim was actually to find out the Fourier series for the function
which is defined only for 0 to L. But, since the method we are knowing is defined for the
periodic functions, which has defined on the complete real line, so we made it periodic
by extending it from minus L to plus L, either making it the function to be even or
making with the function to the odd.

So, that we are getting the integrals or the evaluation of the coefficient the integrals we
are using for 0 to | only, that is the given function only which where it is defined from 0
to L. And we had seen that we are in our two examples of course, both the times we had
find it out that the even extension was much nicer looking in the graphs, while rather
than the odd.

That is because of that particular examples, which we have taken they were

discontinuous at the end points. And then Fourier sin series was just going down like that



because of the graphs, which we have drawn like that one, but we have got that we can
make it from 0 to L. Next, we will see is that is whenever we are finding it out the graph
is matching with the function or graph is not matching with the function, what is this
properties, what is the value of the function at that particular point. Value of, because we
have started the Fourier series, where we want the integral over an interval to be
approximated by a series. So, next lecture we will see something more about the Fourier

series for today that is all.

Thank you.



