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Lecture - 11
Fourier series — Part -1

Welcome to the lecture series on differential equations for under graduate students.
Today’s lecture is on Fourier Series. In series solution of differential equations, we have

learnt many series such as the Taylor series and Taylor polynomials.
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Taylor Series Taylor Polynomials

Fourier Series

J.B. Fourier

Theory of Heat Conduction

There we had learnt, that if we have to approximate the solution at a one point, we can
use the Taylor series or Taylor polynomials or in other words, we had learnt that Taylor
polynomials can approximate the function locally, but not globally that is if we have to
find approximate the function at a particular point say for example, if we have to find out
the limit we can use the Taylor series.

But if suppose we have to approximate the integral of a function over an interval, then of
course, this Taylor polynomials or Taylor series they cannot give the answer, then what
to do? The answer comes in the form of Fourier series found by J.B. Fourier in the
development of the theory of heat conduction. Later audit has been find out that the

series, which he has find out that is a very important mathematical tool in solving many



other engineering and applications problems. Thus the series have been named after his

name and they have been called the Fourier series.
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Fourier Series

Fourier Series are series of cosine and sine
terms.

Study of Periodic Phenomenon

Fourier series are obtained for periodic
function.

So, now let us try to find out, what is the Fourier series? Fourier series is a series of cos
and sine terms this arises, basically in a study of periodic phenomenon or in other words
we can say the Fourier series are obtained for the periodic functions, what are periodic

functions?
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PERIODIC FUNCTION
A function f (x) is called periodic if it is

defined for all real x and if there is some
positive number p such that

f(x+p) =f(x) Vx

This number p is called a period of f (x).




A function f x is called periodic, if it is defined for all real x and if there is some positive
number p such that f x plus p is f x for all x that is it is repeating itself after some time

and this number p is called the period of f x.
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Say for example, in this particular function we see that the function is fromQto 4 itisa
triangle and then again it is repeating in the same one or if we just go like this one this is

what is the periodic function, with period as 4.
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Similarly, let us see this another function here if we try to see from 0 to 2 and then from
2 to 4, again we are having is that function is moving like this one and after that it starts
repeating itself that is if | take value at O, that is same as value at 4, if | take value at 1

this is same as value at 5, so again it is a periodic function.
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This is also one other example of a periodic function, here is one more example of

periodic function.
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You see here, is that the period you do find out that the function is started from 0 it has

gone up to 6 and then again it is started repeating, so now we find out that the period is 6.
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Periodic function

This is again one more periodic function.
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FUNDAMENTAL PERIOD
- f{x+p) = f(x)
> f(x+2p) = f(x+p+p) = f(x+p) = f(x)
Thus, for any integer, n f{x+np) =f(x) V x

" P»2p,..,NP are all period of the function

If a periodic function f (x) has a smallest
period p(>0) ggs p is called the
fundamental period of f (x)

Now, we had seen that f x plus p is equal to f x this is what is we have defining as a
periodic function. This says is if | take f x plus 2 p this would be f x of f of x plus p and

plus p that we can write it as f x plus p by the first equation, which is same as f x, what it



says is that, f x plus 2 p is also a same as f x moreover if we just go on like this one, then

for any integer n we can get that f x plus n p would be f x for all x.

So, what it says is now | do have a function which is defined for all real number x such
that f x pluspisfx, fx plus 2 pis fxand f x plus n p is same as f x for any integer n that
says is my p 2 p or n p all are periods. So, we can say this function to be periodic with

period p or 2 p or n p, so all these are period of the function.

If a periodic function f x has a smallest period p, then this p is called the fundamental
period of f x. So, we had seen that if it is a period p, then 2 p n p all those would be the
periods, so what we would call we just call this p that is smallest integer as the
fundamental period and normally we just mean is that this period rather than using the

fundamental period, which are simply say period.

So, let us see in our examples this was one periodic function if we see the function is
repeating after 4. So, we have started from minus 3 to minus 1 to plus 1, so minus 3to 1
you see is the function is same, then it is started repeating again it has come if | try to see
this whole lot that is from here to here and again if I try to see again it is or rather, you if
we just go with up to here and then if we see is again my function is repeating, so either |
could say the period is from minus 3 to 1 that is the 4 or from minus 3 to 5, where it
should be at till here 5.

So, what we are getting is that they either we could say that the period is this much or the
period is this much, but the fundamental period where this is smallest one, when it starts
repeating is this 1 that is from minus 3 to 1. Similarly, let us see in this one here also we
find it out that it is starts repeating after this time, so this is the smallest value that is 6
after, which its starts repeating, so we just get that the 6 is the fundamental period for this

function.
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We have this trigonometric functions as we said is that sine and cosine functions we have
defined in the Fourier series. So, we see that the sine function this has a period 2 pi,
because O to pi it is a positive curve and then it is coming is negative, so 0 to 2 pi after
that its starts repeating itself. Similarly, for the cos pi if | see again we could say either
from minus pi to plus pi or then minus pi to plus pi and then pi to 2 pi. So, we do just
find it out that is the function is repeating from here to here and, so that we just simply

say that the period of the sine x and cosine x they are 2 pi.
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Example

sin x has fundamental period 2x.
sin(x+2nnx)=sinx V Xx,

cos(x+2nnx)=cosx V X

If f (x) and g (x) are two functions of period
p then the function

h(x) = af(x)+bg(x)

with a , b some constants also has period p.




So, sine x has the fundamental period 2 pi that says simply that sine x plus 2 and pi X is
sine x for all x this we do know already from trigonometry. And similarly for the cosine
function also that is cosine of x plus 2 n pi x is equal to cos x for all x. One more result
for this periodic function that is if f x and g x are 2 functions of period p, then if | take a
function h x defined as a linear combination of f x and g x that is a of f x plus b of g x
this will also be a periodic function and will have the period same as p, where this a and

b are some constants.
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sin(xj+cos{x)

Say for example, if we could see here if | have taken this sine x and cosine x both are
periodic function with fundamental period p. So, if | take sine x plus cosine x we find it
out that this is again your function with period 2 pi, so this is the graph of sine x plus

cosine X.
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TRIGONOMETRIC FUNCTION

some trigonometric functions with period
2x are:

sin X, cos X, sin2x, cos2x, sin3x, cos3X,...,
sin nx, cos nx, ...

Now, trigonometric functions we will just come up some trigonometric functions with

period 2 pi they are sine X, cosine X, sine 2 X, cosine 2 X, sine 3 X, cosine 3 x and so on.
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Let us see their graphs, here is the function sin x and sin 2 x this white line this is sin x
function its period is 2 pi, so let say 0 to 2 pi from here to here, then this coloured line
this is sin 2 x. We see is again it is also repeating after 2 pi, but we see here the
fundamental period for sin 2 pi would be actually sin 2 x would be actually pi, you see it

is repeating after here itself, but of course, as we say is that if p is the period 2 p and n p



they all of the them called can be called as period. So, here we say is that sin x has the

period 2 pi sin 2 x also has the period 2 pi.
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Similarly, for the cosine x we do have is that cosine x you do have the period from 0 to 2
pi and then again cosine 2 x this is cosine 2 x is this white line. So, you are finding it out
again it is repeating after pi, but we could just go ahead with till pi and we are finding it

out that this is also of 2 pi.
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TRIGONOMETRIC SERIES

a,+a,cosx+b,sinx+a,cos2x+b,sin2x+

where, a,, a,, a,, ,by, by, are all real
constants called coefficients.

-
a,+3 (a,cosnx+b, sinnx)
n=1

1, sin x, cos X, sin2x, cos2x, sin3x,cos3Xx,...,
sin nx, cos nx, ...

Trigonometric System




So, we can say that is sine x cosine x sine 2 x cosine 2 x and so on. They would be all of
the period 2 pi, so if | take this series a naught plus a 1 cosine x plus b 1 sin x plus a 2
cosine 2 x plus b 2 sin 2 x and so on. Here cosine x sin x cosine 2 x sin 2 x all these have
period 2 pi a naught is a constant, constant function we can have with any period, so we

can say as that period 2 pi again.

So, we do have this is a linear combination of the functions with the period 2 pi, so this
series would be actually a function with period 2 pi. So, this trigonometric series we
could say is a function with period 2 pi, where all these a naughta 1 b 1 b 2 they are real

constants and they are called the coefficients.

We can rewrite this series as a naught plus summation n is running from 1 to infinity a n
cos n x plus b n sin n x. Now, what we are getting is 1 sin X cosine X sin 2 X cosine 2 x
and so on, these we would be calling the trigonometric system, so now we are just
formulated the terms before going for the Fourier series, Fourier series we said is a series

of containing the terms of sin x and cosine X.

Here, we have taken a trigonometric series, which is containing cosine x and sin x terms
and moreover, we had also learnt one thing is about that the periodic functions and we
had find out that the sin x cosine x all of them are periodic functions. So, this series we
could treat as a function with period 2 pi this basic functions 1 sin x cosine x and so on,

this system we would call trigonometric system, now come to the Fourier series.
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FOURIER SERIES

Method to find Fourier coefficients :

Let f(x) be a function of period 2x and
integrable over its period i.e. on [-mx, =]
further assume that f(x) can be represented
by trigonometric series

fix)=a,+ i (a,cosnx+b sinnx)
n=1




How do we find out the Fourier coefficients, what we are saying is that is the
trigonometric series, which we had find out we said is that is it is containing the
functions, so this complete series can be taken as a periodic function with period 2 pi. So,
the question comes only that is if any function, which is of period p or period 2 pi that
can be approximated by that trigonometric series only thing is we have to find out what

are those coefficients anaughtala2 b 1 b 2 and so on, how to find it out, let us see.

First, we are assuming that f x be a function of period 2 pi and this is integral over its
period, whenever it is having a period 2 pi normally we write it out that is it is from
minus pi to plus pi rather than writing it from 0 to pi. This convention we can write
anything, but normally we write minus pi to plus pi further assume that f x can be
represented by trigonometric series as a naught plus summation n is running from 1 to

infinity a n cos n x plus b nsin n x.
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First integrate on [-x, x] both sides of

fix)=a,+ E (a,cosnx+b sinnx)
n=1

> if(x)dx= } ao+z (a,cosnx+b_sinnx) Fx
-x x| n=1 j

If f (x) is uniformly convergent on [-x, x], then

[ fix)dx = a, | dx+ f} a, } cosnxdx +b, f sinnxdx
-x - n=1 - -x

= 2na,

x x
> | sinnxdx =0 & [cosnxdx =0 Vn

Now, we integrate this function and the series on both the sides from minus pi to plus pi,
S0 we integrate it this says is that | would get integral minus pi to plus pi f x d x is same
as integral minus pi to plus pi, a naught plus summation n is running from 1 to infinity a

ncosnxplusbnsinnxdx.

Now, integrate it out the right hand side for integration we are assuming that f x is
uniformly convergent on minus pi to plus pi, then this integral can be written the right

hand side we can write as the integral of some functions | can write as sum of integral



function these things, you might have learn in some other courses that is when we can
integrate or the series and integration sign that summation integration sign can be

interchanged.

So, like that if 1 am writing that it should be a naught minus pi to plus pi d x plus
summation n is equal to 1 to infinity a n integral minus pi to plus picosn x dn x plusb n
times minus pi to plus pi integral sin n x d x, that should be equal to 2 pi a naught why,
because integral minus pi to plus pi sin n x d x is 0 and integral minus 2 pi to plus pi cos
n x d x is 0 for all n. So, what is been left is only the first term a naught minus pi to plus

pi d x its integral is X.
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> [fx)dx =272, - 3, = 2—1- f fx)dx
-x N -x

Now for a_, multiply by cos mx for some fixed
integer m, and then integrate on [-x, x]

fix) =a,+ f; (a,cosnx+b_ sinnx)
n=1

> f f(x)cos mxdx

=i a°+'g(ancosm4b“sinnx) cos mxdx

So, from plus pi to minus pi this is 2 pi, what it give me it give me that integral minus pi
to plus pi f x d x is 2 pi a naught or in other words a naught is equal to 1 upon 2 pi minus
pi to plus pi f x d x, so the first coefficient a naught we had find that, now for the other

coefficients.

So for a n, what we will do we will multiply with cos n x for some fixed integer n and
integrate from minus pi to plus pi this whole series that is | multiply both the sides with
the cos n x, here and here this whole series and then integrate over minus pi to plus pi.
This says is left hand side minus pi to plus pi f x cos n x d x would be same as minus pi
to plus pi integral a naught cos summation of n running from 1 to infinity a n cos n x plus

bnsinnxintocosnxd x.
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Taking again term by term integration,

> | fix)coxmxdx =5 } cosmxdx
-x

+£ (a,, ’f cosnxcosmxdx+b, f sinnxcosnxdx)

n=1 -X

=a.nmn

- m
" | cosnxcos mxdx

= % } (cos(m+n)x+cos(m-n)x )dx

_|0 ¥ m#n
xif m=n

Now, again we will assume that uniform continuity and convergence and that this series
summation and this integral sign, they can been interchanged that will give me this
minus pi to plus pi f x cos m x d x as a naught integral minus pi to plus pi cos m x d x
plus summation n is running from 1 to infinity a n integral minus pi to plus pi cos n x cos

m x d x plus b n integral minus pi to plus pi sin n x cos n x d X, now integrate it.

The first term just, now we had seen that in the last integral that integral minus to pi to
plus pi cos m x d x is O for all integer n, so this will be 0 and then we have integral cos n
X, €os m x sin n x and cos n X. This integral will come as a m times pi y, let us see we

have to integrate one by one these integral.

So, let us see first this integral cos n x, cos m X this integral this function cos n X, cos m x
we can write as half of cos m plus n x plus cos of m minus n x d x, and now this m plus n
and m minus n both are integers m plus n is an integer m minus n would be an integer,
but it would be 0 if m is same as n and then what we are getting is that if m is not equal
to n, 1 would get this integral as some cos p as a k x and some cos | x both are integers

and we already know that integral minus pi to plus pi cos n x is 0 for all integer n.

If m is equal to n in that case it would be this part would be 0 of course, but here what we
would get we would get cos 0, cos 0 is 1. So, what we will get integral minus pi to plus

pi 1 d x and that would be 2 pi half into 2 pi that would give me pi, so we are getting is



that this first integral would be pi if m is same as n moreover this integral this integral,

you could see that it is it would be 0.
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And

X
| sinnxcosmxdx
-x

=— [ (sin(n+m)x+sin(n-m)x)dx =0 V m,n

1 =
> a_ =—][f(x)cosmxdx m=1,23,...
N =

k

So, now come up to this second integral sin n X, cos m X, d x this we could write as sin n
plus m x plus sin n minus m x d X. Now, this is again sin k x and this is sin | X, when n is
not equal to m and we already know that integral minus pi to plus pi sin nx d x is 0 for

all integer n, when n is equal to m this is some integer, but this would be 0 and sin 0 is 0.

So, again this whole function would be 0 for all m and n that is why the second part of
the integral would not be contributing anything and what we have got the result, we have
got that a m is equal to 1 upon pi minus pi to plus pi f x cos m x d x this is true for all m

12 3 and so on.
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Now for getting coefficient b, multiply by
sin mx for some fixed integer m, integrating
both sides on [-=, =],

fix)=a,+ ;_ (a,cosnx+b sinnx)
=1

> ff(x)sirmxdx

= i (a°+ z (a,,cosnx-rb,,sinnx)) sinmxdx
-x n=1

Integrating again term by term,
f f(x)sinmxdx= nb_

>b, = 1 } fix)sinmxdx, m=1,2,...
N .x

Now, move to find out b n for finding out b n, what we will do we will multiply with sin
m X this series f x a naught plus summation running from n is equal to 1 to infinity a n
cos n x plus b n'sin n x and integrate it on complete interval minus pi to plus pi. So, what
we would get that left hand side integral minus pi to plus pi f x sin m x d x and right
hand side as minus pi to plus pi a naught plus summation running from 1 to infinity a n

cos n x plus b n sin n x multiplied with sinm x d x.

Again we will assume that the uniform convergence and its summation sign and integral
sign can be interchange, so | would get it first term a naught sin m x d x that is O, integral
minus pi to plus pi. Second term second we would be getting is a n times integral minus
pi to plus pi cos n x into sin m x d x. And that in the previous integral we have just find it
out that there it was cos sin n x and cos m x that is n and m both interchanged that is all,
but that does not make any difference that was 0 for all n and m.

So, the first integral that is the coefficients a n is that is whatever, we are getting that
integral would be 0. Another integral would be b n as sin n x into sin m x and that is pi b
m Yy, because we could see is that that the second integral sin n x into sin m x that can be
written as cos m plus n x minus cos m minus n x like that And that again would be pi
only when m is equal to n and that is, what we are getting here it is pi b m thus we are
getting it that b m is equal to 1 upon pi integral minus pi to plus pi f x sin m x d x for all

m 1 2 and so on.
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Since, as shown earlier,

X
[ cosnxsinmxdx=0 V m,n

And

=
| sinmx sinnxdx

’[l |cos(n-m)x+cos(n+m)x |dx

_ |0 ns&m
x h-m

So, we see is that is as earlier we have shown that cos n x sinm x d x is 0 for all m and n
and this sin m x sine n x that can written as half times minus pi to plus pi integral cos n
minus m X plus cos n plus m x d x and that would be 0 if n is not equal to m and if n is

equal to m that would be pi.

(Refer Slide Time: 22:39)

Euler Formulas for Fourier Coefficients

n=123,..

f(x)smnxdx n=123,.

The Fourier Series of periodic function f(x)

fix)=a,+ z (a,cosnx+b, sinnx)
n=1

So, we have got the coefficients these coefficients we call that Euler formula for Fourier

coefficients, what we had obtained? We had obtained that a naught is equal to 1 upon 2



pi minus pi to plus pi f x, d x anis 1 upon pi minus pi to plus pi fx cosnx,dx and bn

is 1 upon pi minus pi to plus pi f X, sin n x, d x and this is true for all n 1 2 3 and so on.

These are called the Euler formula for Fourier coefficients, what are the Fourier
coefficients, that is if we do have any periodic function with period 2 pi, we can
represent it as a trigonometric series containing a naught plus summation n is running
from 1 to infinity a n cos n x plus b n sin n x kind of thing and, where this a naught a n
and b n, we can obtain using this Euler’s formula for the coefficients. So, the Fourier
series of the periodic function f x is a naught plus summation n is running from 1 to
infinity a n cos n x plus b n sin n x with Fourier coefficients a naught a n and b n as

obtained above.
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Example
Find the Fourier series of the function
-a -n<x<0

fix) = { ; fix+2x) = f(x)

a 0<x<=n
Solution

The Fourier series 3, +“z=;1(a,,cosnx+b,,sinnx)

The Fourier coefficient with Euler’s formula

a = %if(x)dx = % i-adxi'zadx]

Now, let us try with example find the Fourier series of the function f x, which is minus a
in the interval minus pi to 0 and a in the interval 0 to pi and its periodic that is f x plus 2
pi is equal to f x, you have to find out the Fourier series of this function. Let us see, how
we are going to do, the Fourier series is we have to obtain a trigonometric series of the

form a naught plus summation n is equal to 1 to infinity a n cos n x plus b n sin n x.

And, the Fourier coefficients will obtain by the Euler’s formula, so first for a naught 1
upon 2 pi minus pi to plus pi f x d x, f x is the above function, so what we are finding it
out minus pi to O it is minus a and O to pi itis a d x. So, if I integrate over here, what | do

get is, minus a pi plus a pi that is 0, so a naught is 0.
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a"=l ,j' f(x)cos nxdx

0 =
=1 - [ acos nxdx+| acos nxde
- 0

sinnx sinnx|”
-a [+a L =0

b“=1 ’]l f(x)sinnxdx

0 x
=3 [ asinnxdx+[asinnxdx
x| 0

Now, let us come to the ananis 1 upon pi minus pi to plus pi fx cosnxd x my f x is
minus a n minus pi to 0 and from 0O to pi it is a. So, we just write this integral as 1 upon
pi integral minus pi to 0 as minus a times cos n x d x and 0 to pi as plus a times cos n x d
x. Now, integrate it we get minus a times sin n x upon n 0 to minus pi to 0 plus a times

sin n x upon n from 0 to pi.

And, we do know that as x is equal to 0 sin 0 is 0 and at x is equal to pi, whether plus or
minus sin n pi is always 0, so we are getting this is 0. So, we have got a naught is 0 as
well as a nis 0 for all n, now let us come to the b n, b n is 1 upon pi minus pi to plus pi f
x sin n x d x. Again we will put the value of f x that is from minus pi to 0 it is minus a

times sin n x d x plus integral O to pi a times sin n x d x, now if | integrate it.
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0 x
- [ asinnxdx+[ a sinnxdx
- 0

cosnx cosnx
a -a
n |, n

= ni[cos(o)-cos(-nu)-cos(nx)+cos(0)]
y 4

4a
=£(1—cosnn) =inx’ i Sk
nn
0, neven

-1, n odd

~-cos(0)=1 cos(m:)={1 Ao,

We do get it as 1 upon pi a times integral of sin n x is minus cosine n X upon n and minus
a times cosine n x upon n 0 to pi. So, when x is 0 cos 0 is 1 from X is minus pi it is minus
cos n pi and, when cos is plus pi x is plus, plus pi put, because pi, so we would be getting

it as a upon n pi cosine 0 minus cosine minus n pi minus cosine n pi plus cosine 0.

Since, cosine of minus x is same as cosine of X, we would be getting it as 1 minus cosine
n pi and 2 as common cos 0 is 1. So, what we are getting is for n odd; that means, nis 1 3
and 5 and so on, | would be getting it as cos pi by 2 that is cos n pi by 2 is 0, so | would
be getting it as 4 a upon n pi and it will be 0 for n even. So, we would be getting it since

cos 0 is 1 and cos n pi is minus 1 for n odd and plus 1 for n even.
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Hence,

a,=0, a,=0,a,=0,a,=0,...

b=22, b,=0, b3=;—a, b,=0.,....
N n

n
Thus, the Fourier series for f (x) will be
fix) = E(sin x+1sin3x+1sin5x+...)
n 3 5

So, this is what we have got b n that says is b n we have got asanaught01a2isObnis
4ablisdauponpib2is0b 3is4aupon 3 piandso on. Thus the Fourier series we
would obtain is 4 a upon pi sin x plus 1 by 3 sin 3 x plus 1 by 5 sin 5 x, you see is that
coefficients a naught a 1 they are 0, we are getting just only the b n is and that
summation n is running from 1 to infinity b n sin n x that is n would be making itb 1 is 4
a upon pi b 2 is 0. So, again we would be getting is 3 times, so this is 4 a upon 3, so 4 a
upon pi we have taken common sin x plus 1 upon 3 sin 3 x plus 1 upon 5 sin x sin 5 X

and so on.
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Partial sums

S,=£sinx, S,=£(sinx+-1-sin3x),
n n 3

1 1
S,=£( sinx+—sin3x+—sin5x)
n 3 5




Now, let us see is that is, what we have obtained for this function if | take only the first
term S 1, we call it 4 a upon pi sin X, this is the first partial sum we are saying S2 as 4 a
upon pi sin x plus 1 by 3 sin 3 x and so on say, let us say S 3 till 3 terms we are just
writing it over here, and let us try to see if | try to approximate the function by this

Fourier series, let us see that is, how it is approximating.
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First Partial Sum

Let us see by the graph, if | take only S 1 this is the function minus a we could say is 0 to
minus pi it is minus a and 0 to pi it is plus, so this is the periodic function you are getting
is just this is square kind of is square waves kind of function it is coming up. And, if I
approximate it by first partial sum that is my only 4 a upon pi sin x we are getting this
function, you see is that is we are approximating it. So, we are getting is that it is
matching from this end points and all those things, but as we are approaching towards

this upper ones we are reaching above ones.
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Let us see, if I use the first two functions that is S 2, now you see is that is we are first we
are moving varying for our, now we are coming little bit inside here, let us see if i am

just using the third function that is S3.
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That is 3 terms we had used, now we are approximate, so now if I am going on
increasing my n that is if I am approximating my function by this Fourier series as i am

increasing by the number of terms in the approximation.



I would be getting is that this function would be more near to this whatever the function
actual function, we are getting is you see is that is here also, we are matching too much,

you see in the previous one also.

First one, you see we are deviating from here, then we have started matching it till here,
so little bit deviation over here, let us see if this points and then we have gone this. Third
one, we find out that is we are not deviating, we are deviating only at this point and then
as we are going to increase the number of terms in this one, we would be more
stabilising or we would be more correctly approximating this function over this whole

interval or that is on the whole real line.
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Example
Find the Fourier Series of the function
fix)=x, w<x <=, fix+2x)=f(x)
Solution

We have to find out a series

fix) = ao+£ (a,cosnx+b_sinnx)
=

using Euler’s formulas

1 =
a, = E_]‘f(x)dx =0

" x is an odd function i.e. f (-x) = - f(x)

Let us see one more example, find the Fourier series of this function f x is equal to x
from minus pi to plus pi and its periodic that is f x plus 2 pi is equal to f x. Since, we
have just obtained only to find out the Fourier series for the functions, which has period

2 pi, so we are just taking those examples.

So, let us see now, what we have to do that simply says is we have to find out a series of
this form a naught plus summation n is running from 1 to infinity a n cos n x plus b n sin
n x and this coefficients a naught a n and b n we would be using by finding by using this
Euler’s formula, so a naught is 1 upon 2 pi minus pi to plus pi f x d x. Since, my function
f x is x from minus pi to plus pi we do find it out that f of minus x is same as f of x, so

we are minus of f of x.
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a,=— | xcosnxdx =0

. X cosnx is an odd function i.e. f (-x) = - f(x)

1=
b -—j x sinnxdx

-—[ ﬂ‘ +— ]cosnxdx

= -—[n cosna+xcosnx| = -ECOSI\R = _(-1)"*1
nx n

2
b1 = 2, b2 = "2-, b3 = ;,...

So, we are getting it as O it is an odd function moreover when we come to this an 1 upon
pi minus pi to plus pi x sin f x sin n x d x this is also 0, because minus pi to plus pi x sine
nx d x isalso 0, since x cos n x is an odd function that is f of minus x is minus of f of x.
So, we have b n, now 1 upon pi minus pi to plus pi x times sin n x d X, now integrate it

by term by parts.

So, it is 1 upon pi the integral of sin n x is minus cosine n x upon n integrate from minus
pi to plus pi evaluate and then another integral plus 1 upon n minus pi to plus pi cosine n
x d X, because the derivative of x is 1. Now, when | am keeping the values and
evaluating it | would be getting it as minus 1 upon n pi pi cos n pi plus pi cosine n pi that

is the second integral as well.

And, this is minus 2 upon n cos n pi, which is 2 upon n minus 1 to the power n plus 1,
because cos n pi is minus 1 to the power n and 1 minus sin | have taken from here that is
this minus sign have merged over. So, what this is, what we have got b n, which says is
my b 1 would be 2 nis 1 b 2 would be 2 upon 2 that is and with the sign would be minus

1 to the power 3 that is minus b 3 would be 2 by 3 with plus sign and so on.
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Hence the Fourier series will be

fix) = 2| sivx- sin2x - sin3x
2 3
(-1)n+1sinnx l
r— .,

Partial sums .
S, = 2sinx, S, = Z(Sinx - s"'z"),

sin2x sin3x
3

S,= 2(sinx-

So, what we will get the finally, Fourier series a naught and a n is we have got 0 and this
2, | have taken as common first term sin n x minus second term with minus 1 by 2 sin 2 x
plus sin 3 x with 1 by 3 and so on, will go on that is next sign would be minus actually,
so this is, what is my Fourier series, now again try to approximate it with the function in

the graph we would see.

So, for that lets first find out that the partial sums, partial sums we are calling it that is
the first term, second term that the sum up to first term, second term and so on. So this is,
what is my complete Fourier series, and the partial sums are S 1is 2 sin x S 2 is 2 times
sin X minus sin 2 x by 2 s 3 is 2 times sin X minus sin 2 x upon 2 plus sin 3 x upon 3 and

so on like that.
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So, let us see in the graphs, you see here is in this graph actually this line, which is been
shown here, is joining this one that line is not there this is just in the graph that this line
is coming up here, we just have that this function is, where we have marked once this is

not the line this is just showing it up.

And, if | approximate this function by the first partial sum you see our approximation is
from here to here, it is coming up little bit that is at the points, where it is meeting with x
axis at those points its matching, but we are deviating from here and, because of this that
is what | have shown that is, the function if | just start S1 this function will be the

straight lines.

But, if I try this function to be the continuous one, because it is a piece wise continuous
here the function is discontinuous, so if | try to join it would be like this 1, but this is
what it is this Fourier series is it is also making it one and that says is, we are deviating

from the function little bit more.
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Now, let us move to the second partial sum this second partial sum, we are getting is that
of course, because of this discontinuity we are deviating, but now we are little bit more

near that is here, we are trying to be more near to this one.

(Refer Slide Time: 36:37)

As we move to the third partial sum, you see we are more near to the approximate values
or the points over there. So, like that if we just increase on that is if by whole Fourier
series | am approximating it, you see is now here, on this line the points are decreasing,

the line actually in the function this is the point and this is the point no other point in



between, but if we see in the first partial sum, you see we are getting many points, so
over here. But, if | just come to the second partial sum | am getting less points over here,

when | am moving to third partial sum I am getting again more less points.

So, as we are increasing my aim that is the terms we will be we would be actually
approximating this function more nicely, so you do find it out that the Fourier series in
this one only this we require is that the function has to be continuous it may be
discontinuous that is what we are calling piece wise continuous. We can approximate the

function by the Fourier series the function has to be periodic and the period is 2 pi.
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Functions of Any period p = 2L

Let, f (x) is defined and integrable on the
interval [-L, L] and f(x+2L) = f (x)

Let X Then

vV=E—,

nX
L

glv) = f(

J VxeR xeld,L]

Hence a(v), v €[, n]

Now set o= f( LV)

ki

Now, it is not that is we do have only the functions of the period 2 pi only we can have
any period, so can we find out the Fourier series for any period 2 L, now we are just
using it 2 L. So, let say f x is defined and integrable on the interval minus L to plus L and
f x plus 2 Lis f x that is my period p is 2 L, then we try to find it out can we find out the

Fourier series for this.

We will just try to obtain it with the method as we are seeing is we are approximating it
with the series containing sin x and cosine x sin x and cosine X they are periodic
functions with period 2 pi, so we will just try to find out the answer from there itself. So,
let us say defining new variable pi x upon L, let us call it v, now if | take the function f x,

which is defined and minus L to plus L.



Now, we would take the new function g v as f of pi x upon L, so | am defining another
function g for all x belonging to R. So, my original function my f x is defined from
minus L to plus L. Now, | have changed my variable to v as pi x upon L, so what will
happen since x is in minus L to plus L, what | would get that my new function g v this

would be actually from minus pi to plus pi.

Since, when x is minus L, | would get the value for v as minus pi and when x is plus L |
would get the value for v as plus pi. So, now if | change the variable x to v | would get
the new function and the new function | defined like this one, | would get the new
function from minus pi to plus pi and since I am defining it for all x and the original
function f x is periodic with f x plus 2 L is equal to f x | would get g v plus 2 pi is equal

togv.
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Then

glv) = f(L—v) = ao+f‘_ (a,cosnv + b _sinnv)
L3 n=1

Lv
Let X=— ,weget =E
w L

e )=f(x)_~ a,+ i (a,,cos(ﬂ)
= L

Fourier coefficients with Euler’s formula are

2= gv)dv = | fix)dx
T =iA AL

So, now set g vas fo fL vupon pi, now | am again rechanging it now, you see, what it
gives me, that now this new function this is, now periodic with period 2 pi in the v. So, |
can write it as a naught plus summation n is running from 1 to infinity an cos n v plus b
n sin n v, now rather than x |1 am using it v and what | would get this function
coefficients using the Euler’s formula. So, x is the L v upon pi we get v as pi x upon L
and now, what | am getting is g of pi x upon L that is f x, which is, because finally | have

to find out the Fourier series for f x.



So, | am again rewriting it on getting it is a naught plus summation n is running from 1 to
infinity a n cos now n v, v | would write pi X upon L, so n pi x upon | plus b n sin n pi x
upon L. Now, this is what we have got the Fourier series for function f x, where the
period of function is 2 L. And, the Fourier coefficients with the Euler’s formula again we
will just go back a naught, now you see a naught from here it should be if g v is the
function at that the period 2 pi and with any function with period 2 pi we do know that a

naught is integral minus pi to plus pi 1 upon 2 pi g v d v that there it was f x d x.

So, because we are changing it to x to v this would be, now if I rewrite it, what | would
get is, I would get it minus | to plus, because g v is same as f x, where g v is defined from
minus pi to plus pi f x is defined from minus L to plus L. So, | would get it this is same

as 1 upon 2 L minus L to plus L integral f x d x.
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Fourier coefficients with Euler’s formula

a,,=1 | g(v)cosnvdv
N

= f(x)cos?dx, n=1.23,..

And

b,,=1 i g(v)sinnvdv
n.-x

1L . NmXx
= E‘jl'-f(x)smT('-b(, n=123,...

Similarly, we would go with a n, a n would be 1 upon pi minus pi to pluspigvcosnvd
v, now we would change to the x and we would get it as 1 upon L minus L to plus L
integral f x cos n pi x over L d x and this would be foralln 12 3 and so on. And b n we
would be getting is 1 upon pi minus pi to plus pi g v sin n v d v again changing it to the x
we would get 1 upon L minus L to plus L f x sin n pi x over L d x thus what we have got

well is true for again for 1 2 3 and so on.

So, now, we have got Fourier series for any periodic function, the period could be any

period p, which we are saying is equal to 2 L that is for our convenience we are just



writing it as 2 L that can be obtained using the Euler’s formula this new Euler’s formula
are, now a naught is 1 upon 2 L minus L to plus L f x d x and a n is 1 upon L integral
minus L to plus L fx cos n pi x over L d x and b n is 1 upon L integral minus L to plus L
f x sin n pi x over L d x. And now, the Fourier series we would be having is a naught
plus summation n is running from 1 to infinity a n cos n pi x over L plus b n sin n pi x

over L.
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Example
Find the Fourier series of

0 -2<x<0
fix) = {x’ L e

Solution

p=2L=4>L=2,

We have to find a series of the form
fix) = a°+£ a,cos (E]ﬂ)nsin(n—u)
n=1 2 2

So, now let us see one example over this find the Fourier series of the function f x, which

is 0 from minus 2 to 0 and x from 0 to 2 and the period is 4 that is f x plus 4 is equal to f
X. So here, my period p is 4 that says is L is 2, because we are taking is p is equal to 2 L
say now, what we would get L we have obtained as 2. Now, we will find out the Fourier
series of this forma a naught plus summation n is running from 1 to infinity a n cos n pi x
by 2 plus b n sin n pi x by 2, because my L is, now 2 and what a naught a n and b n, we

will obtained using the Euler’s formula.
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Fourier coefficients with Euler’s Formulas
Given:

w-|

0 2<x<0
, f(x+4) = f(x)
X, D<x<2

— [ xdx =1x
4

So, we have been given this is the function a naught is 1 upon 12 that is 1 upon 4 minus
2toplus 2 fxdx,fxis0fromminus 2 to 0 and x from 0 to 2. So, we would get it as 1
by 4 0 to 2 x d x and that would get x square by 2 and so on, integrated over this 1 and
evaluated from 0 to 2 | would get it 4 by 2 that is 2 that is we would be getting it as 1 by
2.

Now, an 1 by L that is 1 by 2 integral minus L to plus L that is minus 2 to plus 2 f x into
cos npi x over L thatis L is2 d x, f x is O from minus 2 to 0, so this integral would be
half times integral 0 to 2 x times cos n pi x by 2 d x. Now, integrate it by parts we would
get half as outside this first x is as such integral of cos n pi x by 2 is 2 upon n pi sin n pi
by x sin n pi x by 2 evaluated from 0 to 2 minus 2 upon n pi this derivative of x is 1, 0 to
2 sin n pi x by 2 d x, which when | would be evaluating it at x is equal to 2 | would be
getting it as sin n pi that is 0 and x is equal to 0 this is 0 as well as sin 0 is 0.



(Refer Slide Time: 46:10)

So, the first function would be first term would be 0 and we would be getting it as minus
1 upon n pi 0 to 2 sin n pi X by 2 d X, which when again we would be integrating it we
would be getting is 2 upon n pi square cos n pi x by 2 0 to 2 at 2, | would be getting it as
cos n pi and at 0 |1 would be getting it as cos 0. So, this is 2 upon n pi square cos n pi

minus 1, because cos 0 is 1.

So, cos n pi is minus 1 to the power n, so we are getting this 2 upon n pi square minus 1
to the power n minus 1 and b n finally, we would be getting it as 1 upon 2 that is 1 upon
L integral minus L to plus L that is minus 2 to plus 2 f x sinn pi x by L, L is 2 d x.
Function is 0 from minus 2 to 0, so the integral would change to half times integral 0 to 2

X times sin n pi x by 2 d x.
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nx

= i(-1)"4'L2(sinmt-0)
(nx)

(nx)

Again integrating it by parts we do get it as minus x 2 upon n pi cos n pi x by 2, 0 to 2
plus 2 upon n pi 0 to 2 integral cos n pi x by 2 d x. Now, here when we keep x is equal to
2 | would get cos n pi, when x is equal to O this 0 will give 0, so we would be getting it is

the first term as minus 2 upon n pi cos n pi.

Since, 2 is here and 2 is here, so it will be cancelling it out and this 2 and this 2 is again
cancelling out, so | would be getting is this integral as 2 upon n pi whole square sin n pi
x by 2, evaluate it at 0 to 2 pi, when x is equal to 2 | would get sin n pi and when X is
equal to 0 I will get sin 0 both are 0. So, that is not going to put any term with there we
would get it as 2 upon n pi minus cos n pi is minus 1 to the power n plus 2 upon n pi
square sin n pi minus 0 both the terms will give me 0. So, finally, we are getting is 2
upon n pi minus 1 to the power n plus 1 that is minus sign here it is been deleted little bit,
S0 we are getting it this minus 1 sign with here that is minus 1 to the power n plusl.
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Hence the Fourier series:

)= 2452 mcos(m)+$sn(m)]

2 =inl n'n 2 2

2
) cosSnX COSZKX+ +COSHRX

»  a C oy

sinnx/2 sinmx + sin3nax/2 3

K R
™ sinnxx/2 “ I

So, the Fourier series would be f x as half plus summation n is running from 1 to infinity
2 upon n minus 1 to the power n minus 1 upon n square pi cos n pi x over 2 plus minus 1

to the power n plus 1 upon n sin n pi x over 2.

Thus we would be writing it out that is expanding it half minus 2 upon pi whole square
that is we are taking common and we would be getting the terms, here cos pi x upon 2
square plus cos 2 pi x upon 4 square plus and so on, cos n pi X over upon 2 n whole
square and so on, and then we would be getting the sin terms as 2 upon pi sin pi X by 2
upon 1 minus sin pi X by 2 minus sin 3 pi x by 2 upon 3 and so on.

So finally, we would get the here the general term as minus 1 to the power n plus 1 sin n
pi x by 2 upon n and plus 1. So, we are getting this is the Fourier series of the function f
X, which was having the period of period 4 it was not of the form 2 pi, but we could get it
as here, we are getting the sin terms as pi x and like this 1.
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Example
Find the Fourner Series of the rectangular
wave:

0 -2<x<-1
fix)= K -1<x<1; f(x+4) = f(x)
0 1<x<2

Solution
The period: p=4=2L, > L=2

fix) = a°+£; (ancos(nlx-)+bnsin[gx—n
= 2 2

N

Let see another example, find the Fourier series of the rectangular wave, which is 0 from
minus 2 to minus 1 and k from minus 1 to plus 1 and 0 from 1 to 2 and the period is
again 4 f x plus 4 is f x. So, we do have again a function of period 4, somy p is 2 | is 4,
so | would be 2 again and my | want the Fourier series of this form, so again here | is 2,
so | would be getting is n pi x by 2. So, we would be getting the we want a series of the
form a naught plus summation n is running from 1 to infinity a n cos n pi x by 2 plus b n

sin n pi x by 2.
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Fourier coefficients from Euler formulas
0 -2<x<1
fix) = -1<x<1; f{x+4) = f(x)
1<x<2

K| . nm . nx
=—/| sin—-sin(-—)
nn 2 2




This a naught a 1 a nis and b n is will find out using the Euler’s formula this is my f X,
which is given to us, so a naught 1 by 4 minus 2 to plus 2 f x d x. This is 0 function is 0
from minus 2 to minus 1 and 0 from 1 to 2, so it is a function is only k from minus 1 to

plus 1, so we would be getting it as k by 2 this integral.

Nextan1by I thatis 1 by 2 minus 2 to plus 2 f x cos n pi x by 2 d x again the function is
k only in minus 1 to plus 1. So, this integral would be k by 2 minus 1 to plus 1 cos n pi X
by 2 d x, now integrate this function cos n pi x by 2 we do get is sin n pi x by 2 into 2
upon n pi. So, k by 2 into 2 upon n pi sin n pi X by 2 from minus 1 to plus 1,when i keep
x is equal to plus 1 I would get sin n pi by 2 and, when | keep x is equal to minus 1 |

would get minus n pi by 2.
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"." (odd function)

So, the value for sin n pi by 2 is 1 and value for sin minus n pi by 2 is minus 1 that will
give me a n as 2 k upon n pi into sin n pi by 2. Now, sin n pi by 2 that is when n is even |
would get it is of the forms sin 2 n pi upon 2 that is sin n pi that will always be 0, when it
is odd with 1 5 9and so on, | would be getting it as a plus 1. So, this will be 2 k upon n

pi, when it is 37 11, | would be getting it as minus 1, so it is minus 2 k upon n pi.

Because, we do know that sin pi by 2 is plus 1 sin 3 pi by 2 is minus 1 and so on, so we
just find out that this is, what a n we had find it out. Now, b n 1 upon 2 minus 2 to plus 2

f x sin n pi x by 2 d x, since the function is k only in the interval minus k to minus 1 to



plus 1, 1 would get this integral as k by 2 minus 1 to plus 1 sin n pi x by 2 d X. Now,

function sine x is odd function, so minus 1 to plus 1 it will always be 0.
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So, for rectangular Wave function:

0 -2<x<-1
fix) = {K -1<x<1; f(x+4) = f(x)
0 1<x<2

Fourier series:

K 2K ax) 1
f(x) = —+—| cos| — |-—cos
2 2)3

n
1 5nx
+—cos| — |+...
5 p.

So, what we have got we have got that for rectangular wave of function f x 0 to 0

between minus 2 to minus 1 and 1 to 2 and k from minus 1 to plus 1. The Fourier theory
is k by 2 this is a naught, which we had find out plus 2 k upon pi cos pi x by 2 minus 1
by 3 cos 3 pi x by 2 and so on, plus 1 upon 5 cos 5 pi x by 2 and so on this is, what is the

Fourier series for this function we have got.

So, today we had learn what is Fourier series we had learnt that this is a series of sin and
cosine functions and it could be given as that a naught plus a 1 cosine x plus a 2 cosine 2
x and so on, plus b 1 sine x plus b 2 sine 2 x and so on. Then, the function was of the
period 2 pi, we had also learnt how to obtain for any function f x this coefficients a
naughtal a2 b 1 b 2 so on, which we are calling Fourier coefficients, we had learnt

Euler’s formula for that.

This we have done for a periodic function with period 2 pi, then we have move to the any
periodic function that is the period is of any p or rather we call it any 2 L rather than 2 pi.
And we had learnt how to obtain the Fourier series for a periodic function with period 2
L, again we had modified our Euler’s formula for finding out the Fourier coefficients and

we had find it out.



We had seen in the examples, we have done two examples for Fourier series for periodic
functions with period 2 pi there we had seen also in the graphs that is how those
functions, when we are approximating by the Fourier series as we are moving towards
many terms we are obtaining that the functions are being approximated by those Fourier
series. And we have learnt for the other functions periodic functions with period 2 pi,
next some more properties of this Fourier series for this periodic functions we will learn

in the next lecture, so today is lecture is over here.

Thank you.



