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Lecture -7
Higher Order Linear Differential Equations

Welcome to the lecture series on differential equations for under graduate students.
Today’s topic is Higher Order Linear Differential Equations, but before going to the
today’s topic, we will first do the example for the last lecture, which we had left in the
last lecture, just recall what we have done in the last lecture the damped forced

oscillation or vibration.
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Damped Forced Oscillation (or Vibration)
Governing Differential equation:

my*+cy'+ky=F, cos ot

Associated homogeneous equation:
my”*+cy'+ky =0

General Solution: Y=y, %y,
Transient Solution

Particular Solution: Y,
Steady State Solution

Here we were having that the system of mass spring system, were the damping was
present and the vibration of the oscillation was governed by a force. That was that the
differential equation which we were dealing was the second order differential equation
and for this system the governing equation was m y double dash plus ¢ y dash plus k y is

equal to F naught times cos omega t.

You remember that we have taken this force as an example, that is we are talking about
this kind of force where the force is F naught cos omega t that is the deriving force. And
we want the systems response corresponding to this force, this is a non homogeneous

equation. So, associated homogeneous equation would be m y double dash plus ¢ y dash



plus k y is equal to O, the solution of this non homogeneous system we do know the
general solution is of the form y h plus y p, where y h is the general solution of this
corresponding homogeneous equation and y p is the particular solution of this non

homogeneous equation.

This general solution is called the transient solution and this particular solution y p this is
called the steady state solution. So, we are saying is that this steady state what the term is
steady state means that is it would remain as such and this term is also saying is the
vibration or oscillation will go on, so let us see all these things with the help of the

examples, so do the example.
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Example

A body of mass (m) 4kg is hanging on
spring with spring constant k = 3nt, a
damper is attached to the system that will
exert a force of 8nt when velocity is 1m/s.
Further an external force F = 426 sin2t is

attached to the body. If initially the body is
displaced by 16m downwards and given
an initial velocity of 26 m/s downwards,
find its equilibrium position. Find the
displacement at any time L

We do have a body of mass 4 Kg is hanging on the spring with spring constant as 3
Newton a damper is attached to the system that will exert a force of 8 Newton when
velocity is 1 metre per second. Further an external force of 425 sin 2 t is attached to the
body, if initially the body is displaced by 16 metre down wards and given that this initial
velocity at that time is 26 metre per second downwards, then we have to find the

equilibrium position and find the displacement at any time t.

So, this question is basically of a mass spring system where, this we are having is a
spring and which is attached with the mass. And the damper there is 1 external force is
also there and initially it has been displaced by 16 metres downwards and that has

generated a velocity of 26 metre per second downwards.
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Solution

Spring constant=3

— =4 kg

Damping=$ at y' =1mis —8 \'Ir= 425 sinf2y)

So, let us see is that is what is the system is, we are having this spring which has a spring
constant as 3 there is a mass of 4 Kg which is attached to with this one, moreover a
damper is also attached with this one, what this damper is doing this is changing the
motion that is it is exerting a force of 8 Newton, when the velocity is 1 metre per second,
we have to develop the equation differential equation for this system. And moreover in
this system there is an external force is also governing this mass, that is external force of

425 sin 2 t this force is upwards.
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Solution
Differential equation: my”"+cy’'+ky=r(t)
Given:
external force (input): 425sin2t=r(t)

Spring constant: k=3

Damping constant:

cy'=8 >¢c.%=8 >c=8
The mass of body: m=4
4y"+By'+3y=426sin2t

L




So, we do have that what will be the solution because, differential equation we are
having is that damping is also there and the spring constant is also there. So, the equation
would be in m y double dash plus ¢ y dash plus k y is equal to r t since, an external force
is also there. Now, what we are being given, we are given that this external force or this
input is 425 sin 2 tthat is r t is 425 sin 2 t, then we have been given this constant k spring

constant that is 3.

Now, what is this damping constant ¢ we are been given that the damping force is 8
Newton, when the velocity that is y dash is 1 metre per second that is we do have c y
dash as 8. So, at y dash as 1 which gives me that the damping constant c to be 8 and
moreover this mass we have been given is as 4 Kg, so what will be our equation now our
equation would be 4 y double dash plus 8 y dash plus 3 y is equal to 425 sin 2 t. Now, we
have got the governing equation for this given system, what we have to find it out here

this y is actually the displacement at any time t.

So, we have to find out the displacement any time t that is the solution of this equation,
which is y. Moreover, we have to find out when this system reaches to the equilibrium
that is when it is reaching to the equilibrium position, that is just giving the response to

the initial force that is this force.
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Solution
Differential equation: 4y" +8y'+3y=425sin2t
Associated homogeneous equation:
4y"+B8y'+3y=0
Characteristic equation: 427 +84+3=0
Factorization: (2A+1)(24+3)=0
Roots: A=-12, A=-3/2 \

nn

- "2
y,=ce M 4ce

So, let us see that is how we are going to solve, so we are going to solve this differential

equation. Now, this is a second order linear differential equation with the constant



coefficients and the right hand side is not O that is it is non homogeneous, we do know
that for solving this equation we require first to solve the associated homogeneous
equation. What will be associated homogeneous equation that is the right hand side is 0

equation is same for y double dash plus 8 y dash plus3 y is equal to 0.

Now, for solving this homogeneous equation we do know we require the characteristic
equation of this one, what will be the characteristic equation from here it should be 4
lambda square plus 8 lambda plus 3 is equal to O for finding the roots of this equation,
we will first factorize it. So, factorization gives me 2 lambda plus 1 into 2 lambda plus 3
now equate it to 0 we will get the two roots, one is minus half and another is minus 3 by

2 from here, so we are getting two real roots which have distinct.

So, what will be the linear independent solutions, two linear independent solution
corresponding to these two roots, as we do know they should be e to the power minus t
by 2 and e to the power minus 3 by 2. So, the general solution for this homogeneous
equation would be ¢ 1 e to the power minus t by 2 plus ¢ 2 e to the power minus 3 t by 2.
Now, for finding out the particular solution for this non homogeneous one, since we have
this linear differential equation with the constant coefficient and this right hand side is of

a special form we can use the method of undetermined coefficient.
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METHOD OF UNDETERMINED
COEFFICIENT

Terms in r(x) Choice of y,

ke™ Ce™

kx"(n=0,1,...) = KxX"+K_x""+... Kx+K,

kcoswx A sin ox + B cos mx
ksinmx

ke"*cosmx e" (A sin ox + B cos wx)
ke“"sinwox




So, based on this kind of thing we just go to the table, which says is that if my right hand
side is of the form k sin omega x then | should choose my y p as A sin omega x plus B

Cos omega X, so let us move to the solution.
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4y " +8y'+3y=425sin2t
rit)=425sin2t y,=acos2{+bsin2t
> y" =.2asin2t +2bcos 2t > y,=-4acos2t-4bsin2t
Substitution:
(16b-13a)cos 2t -(16a+13b)sin2t =425 sin2t
>16b-13a=0, 16a+13b=-425
>a=-16,b=-13 - y =-16cos2f-13sin2t

General solution: YEY, YY,

y(t)=ce "*+c,e ¥*-16cos2t-13sin2t

We do have this right hand side as 425 sin 2 t, so according to the table my r t is since
425 sin 2 t. So, | should choose y p as a cos 2 t plus b sin 2 t, now here this a and b are
the constant which we have to determine for this equation which gives that is, so that this
y p becomes a particular solution of this equation. For this what I have to do, | have to
find out y p dash and y p double dash and substitute it over in this equation.

So, y p dash would be minus 2 a sin 2 t plus 2 b cos 2 t, what will be y p double dash
again differentiate minus 4 a cos 2 t minus 4 b sin 2 t, now substitute this y p y p dash
and y p double dash in this given equation. So, this substitution will give me after all
these clarifications, we get it that is 16 b minus 13 a cos 2 t minus 16 a plus 13 bsin 2 tis
equal to 425 sin 2 t. Now, to find out this a and b we will equate the coefficient of cos 2 t

and sin 2 t on both the sides.

So, on the left side we see the coefficient of cos 2 t is 16 b minus 13 a on the right hand
side there is no term involving cos 2 t that is the coefficient is 0. So, we get the first
equation as 16 b minus 13 a plus is equal to 0, now the coefficient of sin 2 t and the left
side is minus of 16 a plus 13 b and the right side is 425. So, we get the second equation

as 16 a plus 13 b is equal to minus 425, now we are getting two equations in two



unknowns, these are simple algebraic equations we can get the unique solution and that

solution is actually a as minus 16 and b as minus 13.

So, what will be our particular solution y p would be minus 16 cos 2 t minus 13 sin 2 t,
so what will be the general solution for this non homogeneous equation, that would be as
y h plus y p, now y h we do remember that it we have got ¢ 1 e to the power minus t by 2
plus c 2 e to the power minus 3 t by 2 and plus this y p that is minus 16 cos 2 t minus 13

sin 2 t, so this is the general solution of this non homogeneous system.

Now, we are been given the conditions initial one's that the system has been put to the
movement by displacing initially the object by 16 metre downwards and having

generating velocity of 26 metre per second downwards.
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Particular solution
Initial Conditions: y(0)= 16, y'(0) =26

y(t)=ce ""+c,e ¥ -16cos2t-13sin2t
> y'(t)=-%c,e "’-%c,e W2432sin2t-26cos 2t

> y(0)=c,+c,-16 =18 > C,*¢c, =32

Y(O)=-76,5¢,-26=26  ->¢+36,=104
>¢,=100, c,=-68

~. y(t)=100e "*-68e *'*-16cos2t-13sin2t

So, we have to get the particular solution for that, the initial conditions y 0 is 16 because,
it is downwards, so the sign is plus. Similarly, the velocity that is y dash at 0 that is 26
metre per second downwards that is again the sign is plus, so we have got y 0 at 16 and y
dash at 0 as 26. Now, what was our general solution, our general solution was this one,
so we find out first what will be y dash t, y dash t would be minus half ¢ 1 e to the power
minus t by 2 minus 3 by 2 ¢ 2 e to the power minus 3 by 2 plus 32 sin 2 t minus 26 cos 2
t.



Now, initial condition means that is y at 0, when | put t is equal to 0 here | will get ¢ 1,
here 1 will get ¢ 2 and here | will get minus 16 this part would be 0. So, we would get y
at 0isc 1 plus ¢c 2 minus 16, this is given as equal to 16, so the first equation we have got
¢ 1 plus c 2 is equal to 32. Now, second initial condition is about y dash at 0, so when |
put t is equal to 0 in this y dash t what | will get minus half ¢ 1 minus 3 by 2 ¢ 2 this term
would be 0 and minus 26, that is minus half ¢ 1 minus 3 by 2 ¢ 2 minus 26 this is given
to be equal to 26, so we will get the second equation as ¢ 1 plus 3 ¢ 2 is equal to minus
104.

Now, we have got two equations in two unknowns we will solve it and we get from here
that ¢ 1 has 100 and ¢ 2 as minus 68. So, what is our particular solution for the given
system, that is y t is equal to 100 e to the power minus t by 2 minus 68 e to the power
minus 3 t by 2 minus 16 cos 2 t minus 13 sin 2 t. Now, we are been asked two questions,
the question one was that is what is the when it reaches to equilibrium position and
second was that is what is the displacement at any time t displacement at any time t that

iIsyt.

So, we are getting is that by this function we are giving the displacement at any time t,
now when it is reaching to the steady state solution that is the equilibrium, equilibrium
means is it is reaching to the steady state solution, this solution and this part is O, let us

see these things by the graphs.
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y(1)=100e""? -68e"'*-16cos 21-13sin2t



So, we see that this graph we do have this red line is actually the general solution, that is
100 e to the power minus t by 2 minus 68 e to the power minus 3 t by 2 minus 16 cos 2 t
minus 13 sin 2 t and while this green line this representing the particular solution, that we
had obtained as y h plus y p that is minus 16 cos 2 t minus 13 sin 2 t. Now, we see this
solution that is solution of this problem, we do have that initially it is displaced by 16
metre downwards that is the positive side it is generating an velocity of 26 metre per

second, that is the slope here is 26 metre or 26 with positive direction.

So, this movement is that is the displacement is in the positive side more higher, then it is
coming down. Because, it is a spring it is coming down to something is near O or other
going little bit negative, when it is again going up and then coming down and so on it
goes on. We see after some time this red line and this green line they are matching ones,
this we called if you do remember the general solution as the transient solution and this y

p that is the particular solution as the steady state solution.

So, this is the graph where we are saying is that this is the displacement or this will be
the motion of that system, which after sometimes you are seeing is that it is matching
towards the green line, if you see is that is exactly it is started matching after this at say
10 seconds, after this 10 second it is exactly matching with the green and red, that is we

are not able to see finally, that is where is the green and where is the red.

So, we find out that is after that the system has stabilized now the movement is not
because of that initial pull or initial velocity. Now, it is only the response of the function
deriving force that is 425 sin 2 t, so we are reaching to the steady state solution after say
10 seconds. So, this is what the solution of we could say that displacement at any time t
that is been given by this red graph, when it is reaching to the steady state solution or
equilibrium that is at 10 seconds after 10 seconds it is reaching.

So, this is what we had concluded with this vibration one, that is it will move on like this,
this oscillation will on go that is why we are calling it vibration it is going with equal

ones and like that one it will go on because of that, input deriving force 425 sin 2 t.
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HIGHER ORDER LINEAR

DIFFERENTIAL EQUATIONS

Now, we will move to towards today’s topic that is higher order linear differential
equations. Now, we will move on from the second order to any arbitrary order in

equations.
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Differential equations of order n ( >1)
Fix,y,y',~...y"™")=0 Iy
Ve
n™ order linear differential equation
Standard form

y'"ep, (x)y'" T+ #p(x)y'+p,(x)y=r(x)

) Non homogeneous

y"ep, (x)y" T4 p(x)y+p,(x)y=0

Homogeneous

So, what will be a differential equation of any order in that should be a function of x y y
dash y n is equal to 0, where this y n we are saying is representing the derivative of y
with respect to x. This equation would be called linear, if this is of the form y n plus p n

minus 1 x y to the power n minus 1'th derivative of y y n minus 1 plusandsoonp 1xy



dash plus p naught x y is equal to r x. This is equation is of order n, we see the highest
derivative which is occurring in this equation that is of n'th order, so the order of this

equation is n.

The coefficients of y n y n minus 1 y dash y all these are functions of x only that is p
naught x p 1 x p n minus 1 x and r x all these are the function of x only. So, we this
equation is linear since none of the terms y or y dash or it is derivatives are coming in the
same terms simultaneously, so it is a linear one. Now, if this right hand side is identically
0 the equation will be of the form y n plus p n minus 1 X y n minus 1 plus, soonp 1 xy
dash plus p naught x y is equal to O this would be called the homogeneous linear

equation of order n.

When this is not 0, then we call it non homogeneous linear equation of order n, this we
are calling as the standard form since the coefficient of the n'th derivative y n is 1, this
could be any p n x, but that to make it as of order n we require that p n x must not be 0
function. So, we do can have this p n x as 1, so this we are calling a standard form now

let us do revisit some definitions in the differential equations.
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A solution of n™ order differential equation
on some open interval | is function y(x),

which is differentiable n times on | and the
function and its derivatives satisfy the
equation.

So, first is solution, what will be the solution of in a n'th order differential equation, as
usual we have done that the solution should be any function, which is satisfying the

equation. So, what is special about this one, a solution of in a n'th order differential



equation on some open interval | is the function y x, which is differentiable n times on |

and the function and it is derivatives satisfy the equation.

So, the function and it is derivatives satisfy the equation that fulfil the condition of
solution, what | require that this function would be solution only if it is n times
differentiable. So, that is the difference between the whatever the definitions we have
done earlier, now we will concentrate first on the homogeneous equations, we have seen
in the second order homogeneous equations that we have got one fundamental theorem,
which said is that is linear combination of solution is also the solution.
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Superposition Principle Or Linearity Principle

For the homogeneous linear differential
equation

y'"4p, (x)y'" "+ Hpx)y+p,(x)y =0

the sums and constant multiples of
solutions on some open interval | are again
the solution of this, in other words, The
linear combination of solutions of
homogeneous linear equation

y'"4p, ((x)y"" T * ot py(x)y +py(x)y =0

are also solution of the same equation.

Similarly, here also we do have superposition principle or the linearity principle what
this says, this says for homogeneous linear differential equation y n plus p n minus 1 x y
n minus 1 and so on plus p 1 x y dash plus p naught x y is equal to 0. The sum and the
constant multiples of the solutions on some open interval | are again the solution of this

equation.

In other words the linear combination of the solution of the homogeneous linear equation
are also solution of the same equation, that is if suppose | do have y 1 and y 2 as the two
solution for this homogeneous linear equation. Thenc 1y 1 plus ¢ 2 y 2 will again be a
solution of this homogeneous linear equation of order n, let us just see some more terms

over here.
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The Basis, General Solution And
Particular Solution

y"4p, (x)y"" "+ #p(x)y'+p,(x)y =0
General solution:

y(x)=c,y *c,y,*..+cy,

Yoo Y are linearly independent
solutions.

The basis or fundamental system of solutions

Particular solution:
specific values to constants c,, c,,

That basis, general solution and particular solution, first the general solution for in a third
order differential equation, which is homogeneous of this form that is standard form y n
plus p n minus 1 X y n minus 1 plus, so on plus p 1 x y dash plus p naught x y is equal to
0. The general solution will be of the formc 1y 1 plusc 2y 2 plus, plus ¢ n'y n where
thisy 1, y 2, y n they are linearly independent solution of this equation and thisc 1, ¢ 2, ¢

n are the arbitrary constants.

Now, this linearly independent solutions of this equation they are called basis or
fundamental system of solutions. Moreover, what we do have here is since this is n'th
order equation, this will actually have n linearly independent solutions and those n
linearly independent solutions will form the basis or the fundamental system of the
solution. And the general solution of this equation will consist of the linear combination
of the all these linearly independent solutions, where this ¢ 1, ¢ 2, ¢ n would be arbitrary

constants.

And this general solution will include all the solutions, moreover a particular solution
would be what when | do give this specific values to these constants ¢ 1, ¢ 2, ¢ n that
solution would be called particular solution that can be obtained by giving certain
conditions, we say is that it satisfying certain conditions, so that I could find out the

values of thisc 1,c 2, c n.
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Example
The functions y, = x, y, = 3x , y, = x? are
linearly dependent on any interval |
Solution

cy,tey,t...*Cy, Linear combination
cy,te,y, .. *cy, =0
Some non zero constants c,, c,, ....C,

functions y., Y, are inearly dependent
Let,c,=3, ¢c,=-1,¢,=0

3y, -1y, +0. y,= x-3Ix=0Vxinl
~ ¥y ¥, and y, are linearly dependent

Let us do some examples to understand the concepts just now we had learnt of course,
we have done it in the second order and the first order. But, we will again redo for the
n'th order just, first example is the function x 3 x x square or linearly dependent on
interval | that is first we are trying to understand the linear dependence and
independence. We have already done the linear dependence and independence in the

terms of two solutions, now we are moving to the higher one.

So, first thing is that is what we would call linear dependence or independence c 1y 1
plus c 2y 2 plus c ny n this is called a linear combination where, y 1, y 2, y n are the
functions and this ¢ 1, ¢ 2, ¢ n are constant this is called a linear combination. Now, if
this linear combination is identically equal to O for some constants ¢ 1, ¢ 2, ¢ n where all
this c 1, ¢ 2, c n are non 0 that is for some non 0 constants, then we call thaty 1,y 2, yn

are linearly dependent.

So, what we have learnt that from linear combination if it is identically O for some non 0
constant, then the functions y 1, y 2, y n would be linearly dependent. Now, in this
question what is been asked, that is show that they are linearly dependent on any interval.
Let us choose here ¢ 1 as, 3 ¢ 2 as minus 1 and c3 as 0, so now, | have chosen two
constants which are non 0 and 1 0 constants, since they are three functions | have chosen

this three constants.



Now, let us see what would be ¢ 1y 1 plus ¢ 2 y 2 plus c3 y3 this would be actually 3
times x minus 3 times x which is equal to 0 for all x, whatever be the interval | that says
is that linear combination is O with non zero constants, the non zero constants we had 3
and minus 1. Thus what we had conclude, thaty 1, y 2, y 3 are linearly dependent, now
let us revisit the definition of independence also as we said is that is n general solution,

we require n linearly independent solution, so what we would call linear independence.
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Linearly Independent Function

The n functions y,, y,, Y, are hinearly
independent if there does not exist any non
zero constants such that the linear
combination c‘y'-q’c,y,*_‘_-fc-ynzo

Or
cy,tey b 4y, =0

If and only if

So, for the n function second we will use with the linear combination the n functions y 1,
y 2, y n are linearly independent if there does not exist any non zero constant such that
the linear combination c 1y 1 plusc 2 y 2 plus ¢ n y nis 0. That says is that, this linear
combination would be 0 if only if this ¢ 1, ¢ 2, ¢ n are all 0 that is in other words we say,
the linear combination is O if and only ifall c 1, c 2, c nare 0, then we call thaty 1,y 2, y

n are linearly independent.

We had also learned this linear dependence and independence if you do remember, in
second order equation using something called the wronski determinant or wronskian that
is again we can see the wronskian in the form of n functions or n solution. So, let us do

the definition of dependence and independence in the form of wronskian.
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WORNSKIAN

The Wronskian for n functions y,, vy,
Y4 Y2 -+« Ya
Yi Y2 - - Ya

WiY,,¥, )=

SalR S

Wily,.....y¥,) 70  Linearly independent

Wiy,,.....y,)=0 Linearly dependent

What will be the wronskian of n functions that we define as for n functionsy 1,y 2,y n
the wronskian Wy 1, y 2, y n is being defined as the determinant where the first row is
containing all the functions y 1, y 2 and y n. The second row will contain the derivative
of y 1 dash that is y 2 dash and y n dash and so on, the n'th row will contain the n minus
first derivative of the function y 1, y 2, y n. So, the wronskian for the n function would

be a determinant of order n containing these functions and their derivatives.

We would say that when the functions will be linearly dependent and independent, if this
wronskian that is this determinant is not O for any x, we call thaty 1, y 2, y n are linearly
independent, if this determinant is 0 for some x, we call that functions are linearly

dependent.
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Example

Y. =X, ¥,=3x, y,=x?

x 3x x°
- W=1 3 2x|] =2(3x-3x)=0, ¥Vx
0

0 2

. ¥y ¥, and y, are linearly dependent

So, now, let us just use this definition in our own example we had the example that we
had the functions x 3 x and x square. What is the wronskian of these functions of course,
that should be first row will contain the functions x 3 x x square, second row the first
derivative it is derivative is 1, it is derivative is 3 and it is derivative is 2 X. Now, the
second derivative of the function or the again the derivative of the last row, so the

derivative of 1is03is0and 2 x is 2.

Now, if I find out the value of this determinant | would just like to expand it with respect
to the third row. So, with respect to this two we would be getting is the determinant of
order second x and 3 x and 1 and 3, so what we will get 3 x minus 3 X that is 2 times 3 X
minus 3 x which is 0 for all x that again gives me that is my wronskian has come out to
be 0 for all x, soy 1,y 2, y 3; they are linearly dependent now let us do one more
example to learn the about the solution.
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Example
Find the solution of y¥) . 5y™ + 4y = 0

Solution

y=e™ sy'=ae™,  y'=ile",

D)= lleu “_ Aceu

y y
Substitution: 3 ‘e*™*.52%e™ +4e™*=0
> (A'-5a7+4)e™ =0 > A1'507+4=0 - e™ ,0, Vx
Characteristic Equation Factorization
A ?ata=0 A9 9)=0
> (A21)(A74)=0 > (A-INAHINA-2)A+2)=0

Find the solution of y 4 minus 5 y dash plus 4 y is equal to 0, y 4 means the 4'th
derivative of the function y. Now, we see this is a linear differential equation, where the
coefficients are 4, 5 and 1 that is they are constants, now we just try with the similar
conditions, which we have done in the first order and second order when we had the

constant coefficients, we tried with the solutions of the kind e to the power lambda x.

So, here again we will move to the form of solution that is let say e to the power lambda
X is a solution. If this is a solution, then this function and it is derivatives y dash y double
dash and so on they must satisfy this equation. So, let us try what will be y dash lambda
times e to the power lambda X, y double dash lambda square times e to the power lambda
X, the third derivative lambda cube times e to the power lambda x and the 4'th derivative

would be lambda to the power 4 e to the power lambda x.

Now, | substitute if this is a solution | would substitute this and we will try to satisfy the
equation. So, if I am substituting in this equation | would get lambda to the power 4 e to
the power lambda x minus 5 lambda square e to the power lambda x plus 4 e to the
power lambda x is equal to 0. Now, rewriting it we get lambda to the power 4 minus 5
lambda square plus 4 into e to the power lambda x is equal to 0.

Now, if e to the power this y has a solution this must be true, this will be true only if
either e to the power lambda x is 0 or this coefficient that lambda at power 4 minus 5

lambda square plus 4 is 0. Now, this e to the power lambda x this cannot be 0 because,



we are taking this as a solution, so it should not be trivial solution that it should not be 0
for all x, that says is that my lambda to the power 4 minus 5 lambda square plus 4 should
be 0, this if you do see is that is this similar to that what we are getting is characteristic

equation in second order.

So, this also we call the characteristic equation, now this is a 4'th order one let us
factorize this equation. What this factorization would give me lambda to the power 4
minus 4 lambda square minus lambda square plus 4, now you see if | take common from
here lambda square and here from minus 1. We would get lambda square into lambda
square minus 4 minus lambda square minus 4 is equal to 0, which gives me lambda
square minus 1 into lambda square minus 4 is equal to 0 that says is further factorization
lambda minus 1 into lambda plus 1 lambda minus 2 into lambda plus 2 is equal to 0, so
we have got the roots of this equation as 1 minus 1 2 and minus 2.
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Roots: A=1,1,2 -2

£ o_ ‘.“’ £ o.

R “)l &q'

-2x

Basis: y,=e',y,=e" y =e’* y, =e

General splution
y=ce*+c, e +c,e” +c 0™

So, the roots are 1 minus 1 2 and minus 2 now what we have seen, we have got the 4'th
order equation the characteristic equation was of the order 4. So, we got the degree 4, so
we have got the 4 roots, now all these roots are now we are seeing is they are distinct
((Refer Time: 31:41)). So, let us say that is we will get the 4 solution, say the solutions
we would say corresponding to the 1 e to the power x corresponding to the minus 1 e to
the power minus x corresponding to 2 e to the power 2 x and corresponding to the minus

2 e to the power minus 2 Xx.



Now, this solutions will form a basis only if they are linearly independent, so for
checking linear independence let us use the wronskian. So, wronskian we are having it is
the four solutions, so we will have the determinant of order four, where the first row of
course, as usual we would have all the solutions e to the power x e to the power minus X

e to the power 2 x e to the power minus 2 Xx.

Second row the derivatives, so e to the power x minus e to the power minus x here 2
times e to the power 2 x this one would be minus 2 times e to the power minus 2 X, third
row again the second derivative or the derivative of the previous row. So, like this one
and the last row would be the derivative of the previous row, so again we are having e to
the power x minus e to the power minus x 8 times e to the power 2 x and minus 8 times e

to the power minus 2 x.

Now, to solve this determinant we can take common from the first column e to the power
X, in the second column we will get e to the power minus X, the third column we would
get e to the power 2 x and the 4'th column we would get e to the power minus 2 X. So,
this multiplication of all these we would get as 1 and what will be remaining here is the
first column 1, second column 1 minus 1 1 minus 1, the third column we will get 1, 2, 4,

8 and in the 4'th column we will get 1 minus 2 4 minus 8.

Now, if we just solve this determinant we will get the value of this as 144 which is not 0,
that says is that all my these solutions, which we had form out they are linearly
independent. So, what will be the basis for the system that is basis or the fundamental
system for of this solutions that would be y 1 is e to the power X, y 2 as e to the power
minus X, y 3 as e to the power 2 x and y 4 as e to the power minus 2 x. So, the general
solution for the given differential equation would be ¢ 1 e to the power x plus c 2 e to the
power minus X plus c 3 e to the power 2 x plus c 4 e to the power minus 2 x, so we have

got the general solution for this differential equations.
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Initial Value Problem

The differential equation:

y"ep, (x)y" V4. p(x)y+p,(x)y=0

and n initial conditions:

y(‘o) = ko- y .(xo) = k‘l' y(“."(xo) - kn-i

Now, we will move to the next term initial value problem, what is the initial value
problem, the initial value problem will contain the differential equation that is n'th order
differential equation, homogeneous one and n initial conditions. Since, this is n'th order
differential equation, we will have now n initial condition, we had seen the first order
equation we had got only single initial condition, in the second order equation we have

got two initial conditions.

Now, we will have n initial conditions what are those n initial conditions, they would be
y at some point x naught is k naught y dash at some point x naught is k 1 and so on the n
minus 1 derivative at x naught is k n minus 1. So, this would be called initial value
problem they would give neither actually the particular values for the constant ¢ 1, ¢ 2, ¢

n that is arbitrary constant in the general solution.
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Existence And Uniqueness Theorem
For Initial Value Problem

If pyix), pPy(x), ....., P,.4(x) are continuous
functions on some open interval | and x, «
I, then the initial value problem

y""#p. ,(x)y“’ "4 *ps(x)y'*po(x)y=o

and y(x,) = kg, ¥'(Xg) = Ky +.vey Y xg) = k.,

has a unique solution y(x) on L

Now, existence and uniqueness theorem for initial value problem, what we say is that if p
naught x, p 1 x and p n minus 1 x are continuous functions on some open interval | and x
naught belongs to I, then the initial value problem, which is containing this n'th order
equation y n pn minus 1 x y n minus 1 plus p 1 x y dash plus p naught x y is equal to 0.
And n initial conditions y at X naught is equal to k naught y dash at x naught is equal to k
1 and y n minus 1 x at x naught is k n minus 1, this will have a unique solution on the
interval | that is i would get a single values the unique values for ¢ 1, ¢ 2, ¢ n in the
general solution.
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Existence of A General Solution
Theorem:

Let the coefficients p,(x), p,(x), y PpylX) in
y“'4p, (x)y'" "+ #p(x)y'+p,(x)y =0

are continuous on some interval |, then
every solution y = y (x) of this equation is of
theform  y(x)=cy +c,y,+..4c.y,

Yy, are basis of solutions and c,,
€y sosess /C,, are arbitrary constants.

General solution includes all solutions.




Existence of general solution, results says if the coefficients p naught x, p 1 x and p n
minus 1 x in this linear differential equation, which is homogeneous y n p n minus 1 x y
n minus 1, and so on, they are continuous on some interval I. Then every solution y x of
this equation will be of the formc1ly 1 plusc2y 2 pluscnyn, wherethisyl,y2,yn

are the basis of the solutions and c 1, ¢ 2, ¢ n are arbitrary constants.

That is this n'th order equation will contain or will have n linearly independent solutions
and the general solution would be a linear combination of those linearly independent
solutions. Moreover, all this solution of this equation would be included in the general
solution, that is there would be no singular solution for this differential equation of linear

differential equation of order n, which is homogeneous.

(Refer Slide Time: 37:10)

Higher Order Homogenous Linear
Equation With Constant Coefficients

nth order homogeneous linear equation:

y'+a, y" " *//"-y =0

Constants

y=e o y'=2e™, y=2"e",

So, let us come first with the higher order homogeneous linear equation with constant
coefficients, what n'th order homogeneous linear equation, which is of the form y n plus
anminus 1 y n minus 1 plus, so on a 1y dash plus a naught y is equal to 0, where this
coefficients a n minus 1, a n minus 2 a 1 a naught they are all constants. So, now, they
are not the function of x, they are just the constants, then we call this n'th order

homogeneous linear equation with constant coefficients.

Now, we do have done the solution of this kind of equations in the first order and second
order, there we had used the function of the form e to the power lambda x as the

solutions. So, here also we will find out the method to solve this equation, we will use



again this kind function as a solution, that says is that we are having y dash as lambda to
the times e to the power lambda x y double dash as lambda ((Refer Time: 38:16)) and so
on. The n'th derivative would be lambda to the power n times e to the power lambda X, if
this function is a solution of this one, then we would get that this function and these

derivatives must satisfy this equation.
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Substitution:
A"eva A" eV +
> (An’.n 'ln : >

Characternistic Equation:

A"va, A"+ .. +aiva, =0

n Roots

So, if | substitute this here in this equation we would get lambda n e to the power lambda
x plus a n minus 1 times lambda to the power n minus 1 into e to the power lambda x and
S0 on a naught e to the power lambda x is equal to 0. Rewriting this | would get 1
equation as lambda n to the power n plus a n minus 1 times lambda to the power n minus

1 and so on plus a 1 lambda plus a naught into e to the power lambda x is equal to 0.

Since, we have started that e to the power lambda X is a solution, so it cannot be 0, so if e
to the power lambda x is a solution that must satisfy this equation and this equation will
be satisfied if either this part is 0 or this part is 0, this part cannot be 0. So, we will get
that this part is 0, which we are calling the characteristic equation, so the characteristic
equation we are getting lambda to the power n plus a n minus 1 lambda to the power n

minus 1 and so on plus a 1 lambda plus a naught is equal to 0.

Now, we see this is equation of degree n till now we have done the second order
equation where we have got the characteristic equation as having quadratic equation. Just

now we had finished one example, where we had used a 4'th order equation and the



characteristic equation we have got of degree 4 and that equation was having 4 roots. So,
this equation we will have n roots that says is now, if you do remember in the second
order equation we have got the three cases that is their real roots, double roots and then

complex roots, now since they are n roots.
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So, we will have many more cases what will be those kind of roots, let us see they would
be either real roots or the complex roots. Then the real roots also could be either simple
roots, that is they are not repeated one or the multiple roots that is they are repeated one.
Similarly, in the complex roots also we can the simple roots that would be the a
conjugate pair or that conjugate pair is been repeated many times that is the multiple

roots.
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Four Cases:

1. Simple Real roots
2. Simple complex roots

3. Multiple Real roots
4. Multiple complex roots

That is in all we have got four cases, simple real roots, simple complex roots, multiple
real roots and multiple complex roots. Let us see one by one all these four cases and

what will be n linearly independent solutions in all these four cases.
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Case 1: Simple Real Roots
Characteristic equation
A"va, A" '+ .. *aiva,= 0
byy by, ..., real and distinct

n solutions:

2 x
¥+= e, Y,= @Y W o™

linearly independent

General Solution:

y(x) = ce™* + c,e’*+

So, the case 1 simple real roots that says, if the characteristic equation lambda n plus a n
minus 1 lambda to the power n minus 1 and so on plus a 1 lambda plus a naught is equal

to 0. This is having n roots lambda 1, lambda 2, lambda n, they are all real and distinct,



then we would say n linearly independent solution should be e to the power lambda 1 x e

to the power lambda 2 x and so on e to the power lambda n x.

These solutions would be linearly independent, if they are linearly independent then we
will get the general solution as ¢ 1 e to the power lambda 1 x plus ¢ 2 e to the power
lambda 2 x plus ¢ n e to the power lambda n x. Now, we said is if they are linearly

independent, now let us just check whether they are linearly independent or not.
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Linear Independence

WY AAwWE LAY

We will again use the wronskian, so wronskian for this would be n'th order determinant
where the first row will contain all the solutions e to the power lambda 1 x e to the power
lambda 2 x and so on e to the power lambda n x, second row will have the first derivative
and so on, the n'th row will have n minus 1th derivative of these functions. So now, if |
again go to solve this determinant we will find it out that from the first column | can take

common e to the power lambda 1 x second column e to the power lambda 2 x, and so on.
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The last column e to the power lambda n x that E to the power lambda 1 plus lambda 2
plus lambda n plus lambda n X, and the determinant we will get 1 1 1 the first row second
row lambda 1 lambda 2 lambda n, the third row lambda 1 square lambda 2 square
lambda n square and so on the last row we would have lambda 1 to the power n minus 1

lambda 2 to the power n minus 1 and so on lambda n to the power n minus 1.

This is a special kind of determinant, this is not 0 we can check it by adjust that is by
doing all those row operations and column, operations for finding it out after the value of
this determinant it turns out to be all this term e to the power lambda 1 plus lambda 2 and
so on. Here, minus 1 to the power n into n minus 1 by 2 into v, here v is actually the

product of lambda i minus lambda j for all i less than j.

Now, since we are having this all my roots lambda 1 lambda 2 lambda n are distinct that
is lambda i minus lambda j will not be O for all i less than j, when i is not equal to j they
will not be 0 that says is this product of non 0 real numbers, this will never be 0 and that
gives that this determinant will not be 0. So, wronskian is not 0 that says my solutions e

to the power lambda 1 x e to the power lambda 2 x they are linearly independent.
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Case 2: Simple Complex Roots
Characteristic equation
AR"” 'A” 1 ’

conjugate pair
A=avip, A=a-ip,
Corresponding linearly independent solution

y,=e"cosPx, y,=e"™ sinfx

Now, let us come to the second case that is simple complex root, we do know that is
whenever the complex roots are occurring they would occur in the pairs. So, if my
characteristic equation does has a complex root, they will always occur in conjugate pair
that is if the one root is of the form alpha plus i beta | must have the second root of the

form alpha minus i beta, now suppose this is simple that it is occurring only once.

So, corresponding to this lambda 1 and lambda 2 these two roots we will have two
linearly independent solutions as e to the power alpha x cos beta x and e to the power
alpha x sin beta x, they are linearly independent of each other. Moreover, if | am having
all other roots, they are simple real roots or they are different simple complex roots, they

will also be linearly independent to them, these things we will learn in the examples.
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Case 3: Multiple Real Roots

Characteristic equation

Let i* be a roots with multiplicity k

k Linearly independent solutions:

Now, come to the case 3 that is multiple real roots, what it says if my characteristic
equation lambda to the power n plus a n minus 1 lambda to the power n minus 1 and so
on plus a 1 lambda plus a naught is equal to 0. This has real roots all the roots are real,
but all the roots are not distinct, say some root lambda star is repeated k times that is | do
have some things lambda minus lambda star to the power k that we are calling

multiplicity k.

Then, one solution would be of course, e to the power lambda star, but what will be
about the other solution. So, we will require actually k linearly independent solution,
those k linearly independent solution with respect to this lambda star would be actually
this, you see first solution of course, as e to the power lambda star x. Then the second
solution we will have x times e to the power lambda star x and so on, the k'th solution we

will have x to the power k minus 1 e to the power lambda star x.

How we had obtained if you do remember we have done, the double real root in the case
of second order equation. And there the second solution we had obtained by the method
of variation of parameter are that by substituting the solution, so with the same method
we are finding out these k linearly independent solution with respect to this root lambda

star, which is been repeated k times.
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Case 4: Multiple Complex Roots

Characteristic equation
A"va, A"+ .*aiva, =0

Let, 2 =a+ip, A =a-ip

multiplicity k
2k Linearly independent solutions:

y,= e™ cos fix, y,= xe™ cos fix,......, ¥y = x" "¢ cos px,

Yir™ €7 SinpX, y,,,= xe™ sinfx,...., y, = x*'¢™* sinpx

Now, let us come to this when this we do have case 4 multiple complex roots, multiple
complex roots; that means, it is not only the single root the complete pair would have
been repeated. So, if this characteristic equation does has a complex conjugate pair that
is alpha plus i beta and alpha minus i beta and this is been repeated k times that is this
complete pair is having multiplicity k, that says now we require 2 k linearly independent

solutions.

So, what will be those 2 k linearly independent solution, let us see that is how we are
obtaining this 2 k linearly independent solution one we will obtain with respective, if you
do remember if they would have been simple one, we would have e to the power alpha x
into cos beta and e to the power alpha x sin beta. So, we will have first e to the power
alpha x cos beta that is the one solution, the other solution with the multiplicity k that is k
we would have x times e to the power alpha x cos beta x and so on x to the power k

minus 1 e to the power alpha x cosin beta x.

Similarly, the k plus first solution we will go with this e to the power alpha x sin beta x
and again we will have the k solution, that is k plus 2 as x times e to the power alpha x
sin beta x and so on 2 k'th solution would be x to the power k minus 1 e to the power
alpha x sin beta x. So, we are having the roots that solutions one corresponding to the e

to the power alpha x cos beta x they we would multiply a x x square and so on k minus 1.



And in the second solutions we do have is that is e to the power alpha x sin beta x then

multiply x x square and so on, till x to the power k minus 1.
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n Linearly independent solutions:

Yos Y20 sosecees Y

General Solution:

yix) = c,y,+ c,y,+

That is what we had learnt in each case we will get n linearly independent solution,
whatever be the situation and those solutions let say they are y 1, y 2, y n. So, the general
solution will always be of the formc 1y 1 plusc 2y 2 plus ¢c ny n, now let us do some

example to understand these things.
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Examples

Example 1: Solve y* - 16y =0
Solution

Characteristic Equation: 4'-16=0

Factorization: (A-2)(A+2)(1*+4)=0
Roots: A=.2 2 -2i 2i

4 Linearly Independent Solutions:

Y= e'h. y;= e?" ¥i= cos2x, Yi= sin2x

General Solution:
y(x)=ce ™ +c,e™ +c,cos2x+c, sin2x




Let us do the first example, solve y 4 minus 16 y is equal to 0 what is the solution, so this
is a linear differential equation of order 4 and it is homogeneous. So, first we would find
out the characteristic equation, the characteristic equation if you do see we have got is
lambda to the power n plus a n minus 1 lambda to the power n minus 1 and so on. So,

here what we will get lambda to the power 4 minus 16 is equal to 0.

Now, factorize this one what we will get lambda minus 2 lambda plus 2 into lambda
square plus 4 is equal to 0. Thus what we will get the roots we will get the roots as 2
minus 2 and minus 2 i and plus 2 i, so what we are getting actually we are getting 4
roots, where the 2 roots are real and they are distinct the 2 roots or the complex
conjugate. And in the complex roots we are having is that the term alpha plus i beta and

alpha minus i beta | am having is that alpha part is 0 and we are having the beta as 2.

So, what will be corresponding 4 linearly independent solution with respect to this real
roots we would have because, they are distinct e to the power minus 2 x with 2 we would
have e to the power 2 x. Now, with this complex conjugate ones, we would have cos 2 x

and sin 2 x, now all these 4 roots are this 4 solutions are linearly independent.

As | said is that is we have find out these two linearly independent, these two linearly
independent we had already claimed it. Now, we want to check that is all these 4 are
linearly independent, let us again move to the method of wronskian that is first find out
the wronskian of this one. So, the general solution would be of course, if they are linearly
independent, this would be of the form ¢ 1 e to the power minus 2 x plus ¢ 2 e to the

power 2 X plus ¢ 3 cos 2 x plus ¢ 4 sin 2 X, let us check about the linear independence.
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WORNSKIAN

- cos2x sin2x

W= [2e™ 2" -2sin2x 2cos2x
de”" 4e" -dcos2x -4sin2x
* 8e™ B8sin2x -8cos2

= 1024 cos2x sin2x

z

What will be the wronskian because, it is a 4 solutions, so it will be of order 4
determinant where the first row would have all the solutions e to the power minus 2 x e
to the power 2 x cos 2 x and sin 2 x. Second row we will have the derivatives, so as usual
the derivatives, then the 3'rd row derivative of the second row and the 4'th row the

derivative of the 3'rd row, so we have got this determinant.

Now, again we will take e to the power minus 2 x common from the first column e to the
power 2 x from the second column and from here we will get cos 2 x and sin 2 x. So,
what we are getting is that is it would be actually 1024 times cos 2 x sin 2 X, this will be
not exactly cos 2 x sin 2 x this would be a function of this one, so this will not be 0 for

any X.
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Example: 2
Solve the initial value problem
Yy —y" -y +y=0, ¥(0)=2y(0)=1, y"(0)=0

Solution

Characteristic Equation: A'-27-av=0

Factorization: A%-27-4+1 =2%(A-1)-(4-1)

=HA7-Y21) =Ha-1(a#)
Roots: A=-111 3 Independent Solutions:

y=e* y,=e", y,;=xe*

General Solution: yix)= ce™ +c,e” +c xe*

That, says is that we are getting the 4 linearly independent solutions, so come to the
second example. Solve the initial value problem y triple dash minus y double dash minus
y dash plus y is equal to 0 with initial conditions y at 0 is 2 y dash at 0 is 1 and y double
dash at 0 is 0. Now, so the equation is homogeneous linear differential equation of order

3 with 3 initial conditions.

So, for solving it we first get the characteristic equation as usual lambda cube minus
lambda square minus lambda plus 1 is equal to 0. We see that with the factorization that
it is nothing but, lambda square if we write a common from here and here from minus 1 |
would get lambda minus 1 and lambda minus 1, that is we would get lambda square
minus 1 into lambda minus 1 which is same as lambda minus 1 into lambda plus 1 and

lambda 1, so lambda minus 1 whole square into lambda plus 1.

If I equate it to O I will get the three roots where the root 1 is repeated 2 times because, |
am having lambda minus 1 whole square and lambda plus 1 give me the root minus 1.
So, | get the roots minus 1 1 and 1, so | have one root which is repeated 2 times, what
will be the three linearly independent solution, the solution corresponding to the first root

would have e to the power minus x, with the second root | would had e to the power x.

Now, the third root is repeated 1, so we will go with the method that is we multiply x
with this one and the third solution would be x times e to the power X, these three are

linearly independent solutions. So, the general solution will be of the form ¢ 1 e to the



power minus X plus ¢ 2 e to the power x plus ¢ 3 x times e to the power x, again we can

check that these three are linearly independent with the help of wronskian.
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WORNSKIAN

Wronskian here would be e to the power minus x e to the power x x times e to the power
X. So, if we take the derivatives on the second derivatives, now if | take the common e to
the power minus X e to the power x and e to the power x | would left with e to the power
X. And the determinant as of the form 1 1 x minus 1 1 x plus 1 and 1 1 x plus 2, if we
solve it we do get it is equal to 4 times e to the power X, which is not 0 that says is that
these three solutions are linearly independent. Now, we have to solve the initial value

problem that is we have to find out the particular solution.
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Particular Solution:
Initial Conditions: Y(0)=2,¥(0)=1, y"(0)=0

General Solution: y{x)=ce™+c,e* +c xe*

y'ix)= <™ +c, 0" +c xe* +c 0"

y(x)= ce™ +c,e” +o xe" +c 0" +o 0"

y(0)=c,+c,=2, y'(0)= < ,+c,+c,=1,
y"(0)= c,+c,+2¢, =0 > €,=0,¢,=2,¢,=-1
Solution of IVP:  y(x)=2e"-xe* = (2-x)e*

The given initial conditions are y at 0 is 2 y dash at 0 is 1 and y double dash at 0 is 0, our
general solution was ¢ 1 e to the power minus x plus ¢ 2 e to the power X plus ¢ 3 x times
e to the power x, what will be y dash that would be minus ¢ 1 e to the power minus x
plus ¢ 2 e to the power x plus ¢ 3 x e to the power x plus ¢ 3 e to the power x. And
double dash that is second derivative would be ¢ 1 e to the power minus x plus ¢ 2 e to
the power x plus ¢ 3 x times e to the power x plus 2 twice ¢ 3 e to the power x thatis 1 ¢

3 e to the power x as here and here.

Now, put the initial condition that is put y x at O here, so y at 0 I will get ¢ 1 plus ¢ 2
which is given is equal to 2 from the second one, if | am putting x is equal to 0, this will
give me minus ¢ 1 plus ¢ 2 plus ¢ 3 this is equal to 1 this is given. And the third condition
gives me ¢ 1 plus ¢ 2 plus 2 ¢ 3 is equal to 0 from here, so | am getting three equations in
three unknowns and we can solve it, we can get the unique solution that solution we are

gettingasOclas0c2as?2andc3asminus 1.

So, what will be the solution of our initial value problem that will be 2 times e to the
power X minus X times e to the power x thatisc 1is0c 2 is 2 and ¢ 1 is minus 3. So
finally, what we are getting is 2 minus x times e to the power x, we can check that this is
solution for the given differential equation, moreover this solution is satisfying all these

initial conditions, so this is the solution of initial value problem.



So, today we had learnt about higher order homogeneous linear equations with constant
coefficients, we had learn how to solve them, we had learn certain definitions in the
terms of higher order one. And we had learnt homogeneous one that is higher or n'th
order linear differential equations with constant coefficients with right hand side is 0.

Thank you.



