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Lecture - 12
One Dimensional Wave Equation

Dear viewers, in my lecture today, we shall discuss the One Dimensional Wave Equation
and it is solution by the product method and D’Alembert’s method. We shall take a
uniform elastic string tightly stretch between two fix points and consider it is transfers
vibrations unrespectable assumptions. We shall see that it gives us the equation as delta s
square u over delta t square equal to ¢ square times delta square u over delta x square,
where u x t denotes the displacement of the string at a distance x and at time t. This
equation as we know from classification partial differential equations is a hyperbolic
partial differential equation. So, we shall discuss its solution by taking the product

method and then by the classification by the D’ Alembert’s method.
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One Dimensional Wave Equation.
(Vibrating String)

Consider an elastic string stretched to a length
| with fixed end-points. The string is distorted
and released at a certain instant, t = 0, We find
the deflection u(x, t) at any point x and at any
time t> 0. »

Let us consider an elastic string stretch to a length | with fixed end points, the string is
distorted and released at a certain instant we state that instant as t equal to 0 and then we
will discuss the deflection, which we denote by u x t at any point x and at a time t greater
than 0O of the instant.
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Assumptions:
(i) The string is homogeneous;

(1) The string is perfectly elastic and does not
offer any resistance to bending;

(iii) The weight of the string in stretched

stage is negligible;

(iv) The motion of the string is a small
transverse vibration;

(v) The higher powers of u and u, are
negligible.

The assumptions are the string is homogeneous it is perfectly elastic and does not offer
any resistance to bending. The weight of the string in the stretched stage is negligible the
motion of the string is a small transverse vibration the higher powers of u and delta u
over delta x which we have denoted by u x are negligible that is the higher powers of u

and its slope delta u over delta x are negligible.
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Consider the motion of an element PQ of length
\S.

Forces acting on PQ:

Tensions T, and T, along the tangents at P and
Q.

Let us consider the motion of an element PQ of length delta s the forces that are obtain

on this element or the tensions at the points P and Q, which at along the tangents T 1 is



the tension at the point P and T 2 is the tension at the point Q. Since, the string is

perfectly elastic it does not offer any resistance to bending.

Now, when we resolve these forces T 1 and T 2 horizontally and vertically, then the
horizontal force horizontal component of the force T 1 will be T 1 cos of alpha
horizontal component of the force T 2 will be T 2 cos of beta. So, we shall have T 1 cos
of alpha equal to T 2 cos of beta, because there is no horizontal a long horizontal
direction, then they are equal and then in the vertical direction there is a movement only

in the transverse direction of the elastic string.

So, T 1 cos of alpha mew s t be equal to T 2 cos of beta and in the vertical direction, that
is along the by axis. We have m delta s is the mass of the element PQ m delta s into delta
square u over delta t square equal to this is a and here, we will have vertical component
of T 2 will be t 2 sin of beta where the vertical component of T 1 will be T 1 sin of alpha,

so T2 sin of beta minus T 1 sin of alpha.
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Let u(x, t) be the vertical displacement at time t
and point x.

Resolving the tensions horizontally and
vertically, we have

2

T,sinB-T.sina=mAs <
)

T,cosB-T cosa =0,

since there is no horizontal acceleration.

So, we shall have the equations of motion as if u xt denotes the vertical displacement at
time t and at a distance point X, then after resolving the tensions horizontally and
vertically we have T 2 sin beta minus T 1 sin of alpha equal to m delta s into delta square
u over delta t square and T 2 cos beta equal to T 1 cos of alpha because there is no

horizontal acceleration.
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The second equation shows that for every
element of the string
T,cosp =T cosa =constant = T, say.

From the above equations of motion, we get

mAs d'u LsinB Tsina

T o Tcosp Tcosa

=tanp-tana.

We know that tan a and tap B are the slopes
of the curve at x and x+Ax i.e.

Now, the second equation T 2 cos beta minus T 1 cos of alpha equal to 0 show that for
every element of these string T 2 cos beta is equal to T 1 cos of alpha and so we can take
it as a constant say T. Now, from the above equations of motion we have then m delta T
mm delta s over T, let us divide the equation first equation by T, then m delta s by T into
delta square u by delta t square equal to T 2 sin beta over T that is T we can take us T 2

cos beta.

So, T 2 sin beta over T 2 cos beta minus T 1 sin alpha over T here we take the value of T
as T 1 cos of alpha. So, we have T 1 sin alpha over T 1 cos of alpha and then the right
hand side becomes right hand side of this equation becomes tan beta minus tan of alpha
and from the figure it is clear that tan alpha and tan beta are the slopes of the curve at the

point x and at the point x plus delta x.
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ana=(2) . wnp= ()

By our assumption As= Ax, to a first
approximation. Hence

mAs 0 ,u

AT tanf -tana
(

md'u_ 1 (i?u) _(«\1)
X ol .

T o A x| \ox ox

And therefore, tan alpha is equal to the partial derivative of u with respect to x at x and
tan beta will be the partial derivative of u with respect to x at x plus delta x that is this
slopes at x and at x plus delta x and by our assumption delta s is equal to delta x to a first
order approximation. Hence m delta s over delta m delta s over T delta square u over
delta t square is equal to tan beta minus tan of alpha, which implies that m delta square u
over delta t square m over T delta square u over delta t square is equal to tan beta minus
tan alpha that is delta u over delta x at x plus tan alpha minus delta u over delta x at x
divided by delta x.

Now, as delta x goes to 0 the right hand side of this equation the right hand side of this
equation that is 1 over delta x delta u over delta x at x plus delta x minus delta u over
delta x at x will tend to delta x square u over delta x square and m over T are we will
take it to the right side, so it will become T over m, T over m is the physical constant T
over m is positive. So, we will write we can write it as ¢ square and that will lead as to
the partial differential equation delta square u over delta t square equal to ¢ square delta u

square u over delta x square.



(Refer Slide Time: 07:48)

Since,

i 3] (3. (3] -3

o AX |\ Ox ox
We obtain the following linear partial

differential equation

o’u _ 2 ?’u e |
amc s, (ef==X),
ot Jdx m
known as one-dimensional wave equation. Since
T/m is positive, we write it as c?.
.

So, since this expression as delta x goes to 0 tends to delta square u over delta x square,
we obtain the following linear partial differential equation delta square u over delta t
square equal to ¢ square delta square u over delta x square, which is known as given
dimensional wave equation further, because ¢ T over m the physical constant T over m is
positive, we may take it this as the square of c. So, we have the differential equation as u

t t equal to ¢ square into u xx.
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Boundary Conditions:

(i) w(0, t) =0, for all t;
(ii) u(l, t) = 0, for all t.

Initial Conditions:

If the initial shape of the string is that of a
curve u = f(x) and it is released from rest, then

(i) u(x, 0) = f{x);
(i) cuwiot =0 whent=0,




Now, the boundary conditions in every for the in this case are u 0 t equal to 0, because at
the ends they are the ends of the string are fixed. So, there is no displacement at the ends
of the boundary string that is at x equal to O for all the time t there is no displacement.
So, u 0 tis equal to O for their at the other end that is at x is equal to I for all the time t

there is no displacement, so u | t is this is equal to 0.

The initial conditions are the if the initial shape of the string is that of a curve u equal to f
x and it is released from rest, then we have u x 0 equal to f x and delta u over delta t
equal to 0 when t equal to 0 here. We are assuming that the initial shape of the string is
given by a curve say u equal to f x and it is released from rest of there is the velocity

delta u over delta tis O at t equal to 0 and at t equal to O u x t is equal to f x
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Alternatively, one may take the initial
conditions as

(1) u(x, 0) = 0;
(i) cu/at = g(x) when t =0,
In the most general case, one may consider

(1) u(x, 0) = f(x);

(i) du/at =9(x) whent= 0,

Now, another set of initial conditions may be taken as u x 0 is equal to 0 and delta u over
delta t equal to g x, when t is equal to O that is initially there is no displacement in the
string at time t equal to 0, u x 0 is u x tis 0, but the initial velocity of the string is given
by a function of x, so that is g x. So, when at t equal to 0 the initial velocity is given by
this g x in the most general con case one may take the initial conditions as the initial
shape of the string is given by a curve that is the function f x that is, so u x 0 is equal to f
x and the initial velocity at the time t equal to O is also given by a function of x that is g

X.
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Solution by Separation of Variables
(Product Method).

To solve Ju _ .2 du
7 g 2
ot ax
subject to the conditions
(Huwo,. t)=ull,t)=0forallt;
(i) u(x, 0) = f(x), ow ot = g(x) when t = 0;

assume that u.(x. t) = F(x) T(t).

Then @U_gT and ‘gl-f =F"T,
Pl ax*

Now, let us solve this differential equation using the separation of variables method,
which is also known as product method. So, we shall be solving this wave equation one
dimensional wave equation subject to the conditions the u 0 t equal to u | t equal to O,
which are the two boundary conditions and the initial conditions we shall take as the
most general case that is at the time t equal to 0 u is g is given by f x and at time t equal

to 0 the velocity is given by g Xx.

So, let us assume that the function u, then one function u can be written as the product of
two functions one is a function of x another one is a function of t and. So, u is assume to
be a f of a particular form it is a product of two functions one is a function of x and
another one is a function of t that is why we call it a productive method or separation of

variables method.

So, assume that u x u is equal to F into T, then if you differentiate u partially with respect
to t twice you will get F into T double dot. So, we had their dots represent the derivatives
with respect to T and if you differentiated partially with respect to x twice, then you get
delta square u over delta x square as F double dash x into T. So, F double dash here
represents the represent the second derivative of F with respect to x. So, primes denote

the derivatives with respect to x where the dots denotes derivative with respect to T.
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And, now let us put the values of these u xx and u t t in the given one dimensional wave
equation we will have FT double dot equal to ¢ square F double dash into T. We can
separate the functions of x and T, so we shall have T double dot over ¢ square into T
equal to F double dash over F. Now, if you look at this equation T double dash T double
dot over c square T equal to F double dash over F, then T double dot over ¢ square T is a
function of T alone, while F double dash over F is a function of x alone and they are

equal such an equation is possible only when both are equal to a constant.

So, T double dot over ¢ square T equal to F double dash over F mewst be equal to a
constant, which we can take as say K. Then, we will have this will lead us to two
ordinary differential equations of second order F double dot F double dash if minus K of

equal to 0 and T double dot minus c square into KT equal to 0.
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Now

u(0,t) = F(0)T(t) =0

and
u(lL,Lt)=F()T(t)=0
forall .

If T(t) = 0, we get u = 0 (inadmissible) so we take
T#0.

Then we have
F(0)=0 and F(I)=0.

Now, we are having the boundary condition that u 0 t is equal to 0 and we have assume
that u x t equal to F x into T t. So, let us put x equal to O there, then what will have is
what will happen we will get u 0 t equal to F 0 into T t, which is equal to 0. And, also we
have ul tequal to 0,soul tisequal to F linto T t equal to O for all the time T, now if T t
is equal to 0, then u x t equal to F x into T t will give you u as identically 0 that is at for
all the time t and the for all x u is 0. So, this is an inadmissible case and so we will take u

t to be not equal to 0, and then one will have f 0 equal to 0 and F | equal to 0.
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F"-KF=0 = F(x)=ax+b.

Using F(0)=0 and F(l) =0, we obtaina=b=0.
Hence F=0 and therefore u = 0.

If K >0,

. — a .o Kx K x
F*-KF =0 F(x)=ae™"" +be™™".

Again, F(0)=F(I)=0 >Fs0->u=0.




Now, let us discuss the various cases, which occur due to the constant K the constant K
may be 0 it may be positive it may be negative. So, we first discuss the case when K is 0,
if Kis O f double dash minus KF equal to 0 will implies at F double dash is 0 . So, that
will give us after integration twice with respect to x it will lead as to F x equal to ax plus
b.

Now, we already have from the boundary conditions that F 0 is 0 and F | equal to 0. So,
if we make use of these two conditions, then we shall have a and b both 0, and since a
and b both are 0, F x will be 0 for all values of x that is F is identically 0 and therefore,

again u will be u being product of F and T will be identically 0.

So, this again inadmissible case now if k is taken to be positive then f double dash minus
KF equal to O will be giving us this homogeneous second order ordinary second order
differential equation. So, we can write it is auxiliary equation as m square minus K equal
to 0, which will give us two values of m as m equal to plus minus root K they are both

real and distinct.

And therefore, the complementary function will be equal to some constant that is a 1
times e to the power root k into x plus b 1 times e to the power minus root k into x here
the particular integral is 0, because the right hand side is 0. So, the general solution may
be written as the complementary function plus particular integral that is F x equaltoa 1l e

to the power root K into x plus b 1 e to the power minus root K into x.

Now, again in order to determine a 1 and b 1 let us make use of F 0 equal to 0 and F |
equal to 0. So, F I F 0 equal to F I equal to O, then implies that F x is O for all values of x
that is F is identically 0, which will imply that u is identically 0, so K greater than 0 is

also not suitable.
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Finally if K = - 2 a negative constant, then

F(x) = A cos px + B sin px.
Hence
FlO)=A=0 and F(l)=Bsinpl=0.

L

HB=0 weagaingetF =0. When B #0, we
have sin pl = 0, giving

nx

|’ n=021, £2 23....

pl=nx or p=

Let us now, consider K to be negative and since K is negative constant we can take it as
negative of mu square. Then, the differential equation the second order differential
equation for F leads us those to this solution F x equal to A cos mu x plus B sin mu x.
Now, making use of F 0 equal to O it follows that A is equal to 0 and when you take Fl
equal to 0 we get B sin mu | equal to 0. Now, if you take here B equal to 0, then A and B
both 0, will give you F x equal to 0 for all values of x, which will give you u equal to 0
for all x and t, so B cannot be taken as 0, so the other possibility is that sin mu | is equal
to 0.

And, sin mu | equal to 0 then gives us mu | equal to n pi or mu equal to n pi by I, where n
can take all integral values 0 plus minus 1 plus minus 2 plus minus 3 and so on. If, you
take n equal to O here, then mu is equal to 0 and mu equal to 0 will give you K equal to 0
and we have seen that when K is equal to 0, we get the displacement function u as

identically 0.

So, that case was not in a was not admissible and therefore, n is equal to 0 is ruled out
here when, you take negative values of n, n equal to minus 1 minus 2 minus 3 and so on
that is, then we know that sin of minus theta is minus sin theta. So, what we will get they
will get these solutions are negative they will get a same set of solutions except that will

have a negative sign associated with it. So, we get nothing new, so that is why the



negative values of n can also be discarded, so we | will say that mu is equal to n pi by |

where n is a positive integer that is n is taking values 1, 2, 3, and so on.
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Forp=0->n=0 =K =0 (already resolved).
Also, it is sufficient to consider n positive
because sin (-0) = - sin 0.

Choosing B = 1 we obtain

Fn(x)=sin“7". n=123,..

With K = 42

T-c’KT=0 = T+A2T=0,

where A, = ‘E‘l"‘ :

So, now, will it is sufficient to consider n as positive integer, because sin minus theta is
equal to minus sin theta. So, now, we can also take for simple convenience we can also
take b equal to 1 and then we shall get these solutions as sin n pi x over | where n takes
values 1 2 3 and so on. So, each value of n is giving as a solution of the second order
ordinary differential equation for F and so we denote them by F n x, so fn x is equal to

sin n pi x over | when n takes values 1 2 3 and so on.

Where now, with k equal to minus mu square let us see, but do we get from the second
differential equation that is the second order differential equation for T. So, T double dot
minus ¢ square KT equal to 0, becomes T double dot plus lambda is n square T equal to
0. Where lambda n is equal to ¢ n pi over | after putting K equal to minus mu square and
we have T double dot mi plus ¢ square mu square into T equal to 0 and that will give us

and mu is we have seen and pi over I, so we will get lambda n equal to ¢ n pi over |.
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The general solution of f+Ai T=01s
Tt)=B, cos At +C_ sinAL

Thus the solution of the given wave equation is

u,(x,t)=(B, cos At +C_sinA_t)sin "’;" i

n=123....

Since the wave equation is linear and homogene-
ous we can superpose the above solutions and
obtain the infinite series

u(x,)=3"(B, cos A,t+C, sinA,)sin M (1)

n=1

So, this will give us this as the solution T double dot plus lambda n square T equal to 0
will give us the solution general solution as T n t equal to B n cos lambda n t plus C n sin
lambda n t for each value of n this differential equation will give as a solution. So, we
can call this a solution for the nth equation as the equation fornisTnt,so TntisBn
cos lambda n t plus C n sin lambda n t thus the solution of the given wave equation is un
X t equal to the thisis T nt B n cos lambda n t plus C n sin lambda n t and this is F n x
sin n pi x over | we had assume that u x t equal to F into t, so from that we are getting
this and n is taking values 1 2 3 and so on.

Now, since the wave equation is the linear or a partial differential equation of second
order and it is homogeneous. So, we can superpose the above solutions a obtain the
infinite series u x t equal to sigma n equal to 1 to infinity B n cos lambda n t plus C n sin

lambda n t into sin n pi x over I let us call it as equation number 1.



(Refer Slide Time: 21:56)

u(x, 0) = f{x) >

u(x,0)=> B, sin “%’-‘ = f{(x).
ne

This series is the half range expansion of f(x)
and the coefficients B, are given by

_21 s X
B, =4 l'f(x)sm X dx. 2)

Differentiating

u(x,t)= l(B" cos A t+C_sinA_t)sin n%;’
et

Now, we have assume that the initial shape of these string elastic string is given by the
corrupt u equal to f x. So, u x 0 equal to f x implies if you put t equal to 0 in the equation
number 1 what you get is u x 0 equal to sigma n equal to 1 to infinity B n sin n pi x over |
which is equal to f x. Now, this series is the half range expansion of the function f x this
we know from the forever study of the Fourier series. So, this is the half range expansion
of f x and if you recall the in the case of the half range expansion the coefficients B n is
are given by 2 over | integral O to | f x sin n pi x over | d x this equation we call as

equation 2.
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with respect to t and using u(x,0) = a(x),
we get

Y C.A, sin "’I‘" = g(x)
giving us the Fourier sine series of g(x).

: !g(x)sin “’ltx dx

Hence C.A = 2




Now, if you differentiate this equation 1 that is the equation for u x t with respect to t
partially, then what you get this is the equation 1 we differentiate we are going to
differentiate it partially with respect to t in order to use the second condition delta u over
delta t at t equal to 0. So, with respect to t when you differentiate it what you get and u
will that delta u over delta t at t equal to O is g X that is the initial velocity of the string is
given by the function g x we will have sigma n equal to 1 to infinities C n lambda n sin n

pi x over | equal to g x again giving us the Fourier sin series of the function g x.

And therefore, these C n lambda n will be equal to 2 over | integral 0 to | g x sin n pi X
over | d x. Now, let us put the value of lambda n here as C n pi over | then we will get C
nas 2 over C n pi integral 0 to | g x sin n pi x over I d x, where n takes values 1 2 3 and.

so on thus call it as equation number 3.
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Hence u(x, t) given by (1) is a solution of the
wave equation, where B, and C_ are given
by (2) and (3), provided the series in (1)
converges and the series obtained by
differentiating (1) twice w.r.t. x and t

7

converge to 7Y and 'nl,' and these are

) ax’ ¢
continuous.
It can be shown that if "(x) and g"(x) exist
in 0<x<l and their one sided derivatives at
x =0 and x = | are zero then the series in (1)
converges to u(x, t) which is continuous in
both x and t."

Hence u x t given by the equation 1 is a solution of the wave equation, where B n and C
n is are given by equations 2 and 3, provided the series in one converges and the series
obtained by differentiating one twice with respect to x and t converge to the sums delta
square u over delta x square and delta square u over delta t square and these sums are

continuous.

Now, it can be shown that if f double dash x and g double dash x exist in the interval 0 to

I and their one sided derivatives at x equal to O that is f prime 0 plus and g prime 0 plus f



prime | minus and g prime | minus are 0, then the series in one converges to u x t, which
is continuous in both x and t.
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The solution u (x, t) (n= 1,23,...) are called the

eigen functions and A =cnx/l are called the

eigen values of the vibrating string and each

u, represents a harmonic motion of frequency
A J2x=cn/2l cycles per unit time and is called

the nth normal mode of the string.

The solution un x t and taking values 1, 2, 3, and so on are called the Eigen functions and
lambda n is equal to ¢ n pi over | are called the Eigen values of the vibrating string each
un represents a harmonic motion of frequency lambda n over 2 pi lambda n is ¢ n pi over

I. So, lambda n over 2 pi is equal to ¢ n over 2 | cycles per unit time and is called the nth
normal mode of the string.
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Example. Initial displacement and velocity of a
homogeneous elastic string tightly stretched
between the points x = 0 and x = | are given by

u(x,0)=0, u(x,0)=b sin’( BX ).
Determine the motion of the string.

Solution. The motion is governed by the one
dimensional wave equation

32 32
( u=c7r u

ot (‘X?

And the displacement at any time t is given by

»




Now, let us take an example based on the one dimensional wave equation, so initial
displacement and velocity of a homogeneous elastic string tightly stretch between the
points x equal to 0 and x equal to are | are given by u x 0 equal to O u dot x 0 equal to b

sin cube pi x over 1.

So, we are given that the initial shape of the homogeneous velocity string is given by u x
0 equal to O that is we are given f x equal to 0 and we are given the initial velocity of the
elastic string are the function of x given by b sin cube by x over | and by our notation the
initial velocity is g X. So, g X is equal to b sin cube pi x over | here, we are to determine
the motion of the given velocity the string, now we know that the motion is governed by
the one dimensional wave equation delta square u over delta t square equal to ¢ square

delta square u over delta x square.
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u(x,t)=> (B, cos A t+C_sinA t)sin "’l"‘.

n

Since u(x,0)= f(x) = 0, we get B_=0. Now we
determine C_ as follows:

Since sin’ (™ )= isin( "" )= 1 sin( 3"“ ),

|
We have

And, the displacement at any time t is given by u x t equal to sigma n equal to 1 to
infinity B n cos lambda n t plus C n sin lambda n t into sin n pi x over I. Now, we are
given that u x 0 is equal to f x equal to 0, so when you put t equal to 0 here, what you get
sigma n u x 0 as sigma n equal to 1 to infinity B n sin n pi x over |, because when you put
t equal to O this will vanish. So, and sigma n equal to 1 to infinity B n sin n pi x over | is
equal to 0 implies that B n is equal to O for all values of n, now we have to determine the

values of C n.



So, for that let us write sin cube pi x over | as 3 over 4 sin pi x over | minus 1 over 4 sin 3
pi x over |, because we know that sin 3 theta is 3 sin theta minus 4 sin cube theta. So,
from that sin cube pi x over | may be written in this form, now this form will be very
convenient to us in the evaluation of C n, so we know that C n is given by 2 over C n pi
integral 0 to | g x sin n pi x over | d x let us put the value of g x we are given that g x is

equal to b sin cube pi x over .

So, C nis equal to 2 over C n pi integral 0 to | b sin cube pi x over | into sin n pi x over |
d X. Now, here when you put the value of sin cube pi x over | as 3 by 4 sin pi x over |
minus 1 by 4 sin 3 pi x over | then using the orthogonality of the sin functions sin n pi x
over | over the interval O to I, will be able to determine the value of the constant constant

C nis very easily.
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in "’i"‘ dx

in si
|

cnn |

2b ; 1o: 30X ;.. NNX
- s n dx.
-! 4

~»C,=0forall nexceptn=1, 3

C,= 2P [ sin® ™ dx
cny |

As we shall see now, so ¢ nis equal to 2 b over ¢ n pi integral O to | 3 over 4 sin pi x over
I sin n pi x over | d X, we have broken the right hand side into two parts corresponding to
the two terms in the expression for sin cube pi x over I. So, we have the right hand side
as this and minus 2 b over ¢ n pi integral 0 to I, 1 by 4 sin 3 pi x over | into sin n pi x over
l.

Now, let us use the orthogonality of sin n pi x over | functions over the interval 0 to I,
then 3 over 4 is a constant. So, integral 0 to | sin pi x over | into sin n pi x over | d x will

always be 0 for all values of n except n equal to 1 and here, integral 0 to | sin 3 pi x over



I into sin n pi x over | d x will be 0 for all values of n except n is equal to 3. So, if n is
taking a value other than 1 or 3, then this integral will be 0 this integral will also be 0, so

¢ n will be equal to 0.

And therefore, C n is 0 for all values of n except when n is taking values one or 3, so let
us determine the value of C n for n equal to 1 and the value of C n for n equal to 3. So,
first we take n equal to 1 to determine C 1 when we take n equal to 1 in the in here, then
what will happen this will integral will vanish integral 0 to | sin cube 3 pi by pi x by |
into sin pi x by I d x, so ¢ 1 will be equal to then 3 2 b over C n pi into 3 by 4 will give us
3 b over 2 c pi integral 0 to | sin square pi x by | d x, which can be written as 3 b 3 b over
4 ¢ pi integral 0 to | 1 minus cos 2 pi x over | d x and when you evaluate the value of this

integral and simplify it you get 3 b | over 4 c pi as the value of.
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Similarly, we may compute the value of C 3, which is given by minus b over 6 c pi
integral O to | sin square 3 pi x over | into d x, it is equal to minus b over 12 ¢ pi integral
0 to I 1 minus cos 6 pi x over | d X, when you evaluate the value of this integral and

simplify the value of C 3 comes out to be minus b | over 12 c pi.

And, hence the displacement function u x t is given by 3 b | over 4 c pi sin c pi over |
into sin pi x over | this is the term corresponding to ¢ corresponding to ¢ 1 and this the

term corresponding to C 3. So, we have minus b | over 12 ¢ pi sin 3 pi ¢ t over | into sin 3



pi X over I, now which can further be written as b | over 12 c pi into 9 sin c pi t over |

into sin pi x over | minus sin 3 pi ¢ t over | into sin 3 pi x over .

(Refer Slide Time: 32:06)

Example. A tightly stretched flexible string
has its ends fixed at x =0 and x = |. At time

t = 0, the string is given a shape defined by
fix) = px(l-x), where p is a constant, and then
released. Find the displacement of any point
x of the string at any time t > 0.

Solution.
Initial conditions: u = px‘l-x) and Jduldt =0,

The solution is given by

u(x,t)=> (B, cos ""ld +C_sin "’;Ct)sin "’;".

=Y

Let us look at another example of a tightly stretched flexible string, which has it is ends
fixed at x equal to 0 and x equal to I. And, at time t equal to O the string is given a shape
defined by the function f x equal to mu into x into | minus X, where mu is a constant and
then released find the displacement of any point x of the string and at any time t greater
than 0.

So, the initial conditions here are mu x 0 is equal to mu x into | minus x and the initial
velocity that is delta u over delta t at t equal to O is given to be 0. The solution is then
given by u x t equal to sigma n equal to 1 to infinity B n cos n pi c t over I plus C nsinn
pi ¢ t over | into sin n pi x over I. Now, here we are given the function g x as 0, so that
will give as C n equal to O for all values of n and we are given the function f x as mu x
into | minus x. So, we will determine the value of B n using the function f x as mu x into

I minus x.
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Hence the velocity is given by

‘t'_;‘ =)’ m'(c (C. cos ""ld -B_ sin "’:Ct )sin "’;".

dugt=0att=0.-C_=0.
Using u = px(l-x) at t = 0, we get

X

px(l-x)=> B, sin '

» )

> B = ﬂ'px(l- x)sin """‘ dx
o

So, if you differentiate that expression for u x t delta u over delta t sigma n equal to 1 to
infinity n pi c over | into C n cos n pi ¢ t over | minus B n sin n pi ¢ t over | sin n pi X
over I. So, we are given that delta u over delta t is equal to O at t equal to O, if you put t
equal to 0 here, this terms vanish and what we have is delta u over delta t at t equal to 0

sigma n equal to 1 to infinity n pi ¢ over | into C n sin n pi x over .

So, since delta u over delta t is O at t equal to O it follows that C n is are 0, for all values
of n 1 2 3 and so on. And, using u equal to mu x into | minus x at t equal to 0 we get
from the equation for u x t it follows that mu into x into | minus x is equal to sigma n
equal to 1 to infinity B n sin n pi x over | and which gives as B n as 2 over | integral 0 to
I mu x into | minus X into sin n pi x over | d x using the half range expansion of the

function mu x into | minus x.
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So, that last integral then gives us one integration by parts 2 mu by | into Ix minus x
square into minus | over n pi cos n pi x over | minus | minus 2 x into minus | square over
n square pi square into sin n pi x over | plus minus 2 into | cube over n cube pi cube cos n

pi x over | the limits of integration are 0 and .

So, here when you put the limit is | and 0, but you get on simplification you get B n as 2
mu over | into this becomes 0, when you put x equal to | and you put this 0. So, for both
the upper and lower limit is this expression this expression gives as 0, we have 0 plus 0.
And, when you put x equal to | here, in the third term on the right side, but you get is
minus 2 | cube over n cube pi cube into cos n pi and then you get when you put the lower

limit you get plus 2 | cube over n cube pi cube into 1.
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2

8pl
(1-cosnx) = n’x’

(0 when n is even.

_ apr when n is odd

3 3
nnx

Hence the required displacement is

u=8u:’\ 1 ’sin(zm'1)"cos(2m’1)!‘c‘.
e (2m-1) | |

So, we have the right hand side like this which is equal to 4 mu | square over n cube pi
cube into 1 minus cos n pi. Now, let us look at the case when n is an odd positive integer
cos n pi will be equal to minus 1. So, 1 minus cos n pi will be equal to 2 and therefore,
we get the value of B n as 8 mu | square over n cube pi cube if n is an odd integer, but if
you take n to be an even integer, then cos n pi is equal to 1 so will get B n as 0, so the

value of B n is 0 when is given when n is an even positive integer.

Hence, we get the required displacement function u x t as 8 mu | square over pi cube,
now in the we have seen that B n is 0 when n is even and it is 8 mu | square over n cube
pi cube, when n is odd. So, when n is an odd integer let us take n to be equal to 2 mu 2 m
minus 1, so when where m takes values 1 2 3 and so on, so then u will be equal to 8 mu |
square over pi cube sigma m takes values from 1 to infinity n is replaced by 2 m minus 1.
So, we will get 1 over this n is 2 m minus 1, so 1 over 2 m minus 1 whole cube into sin n
pi X over | becomes sin 2 m minus 1 into pi x over | and cos n pi ct over | becomes cos 2

m minus 1 pi c t over .
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Example. A tightly stretched violin string of
length | and fixed at both ends is plucked at
x = /3 and assumes initially the shape of a
triangle of height a. Find the displacement u
at any distance x and any time t after the
string is released from rest.

Solution.

The one dimensional wave equation is

'y - o2 v
ot ox’

»

Now, let us discuss one more example before, we discuss the dl numbers a solution for
the one dimensional wave equation. Here we are considering a tightly stretched violin
string of length I, which is fixed at both its ends and is plucked at x equal to | by 3 it
assumes initially the shape of a triangle of height a, at x equal to | by 3 we have to find
the displacement function u at any distance x and at a time t after the string is released

from rest.

So, we are given that the initial velocity of the string is 0 delta u over delta t at t equal to
0 and we are given that u x 0 is given by the triangle of height a at x equal to | by 3. So,
let us let us again discuss the solution of the one dimensional wave equation, which is
governing the emotion of the stretched violin string the equation is delta square u over

delta t square equal to ¢ square delta square u over delta x square.
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Equation of
the line OC:

3a

u=
|

X.
and
equation of
line CA:

u=32(1.X).

Boundary conditions:
w(0,t) = 0 = ull,t).

So, this is the shape of the triangle at x equal to | by 3, we have assumed that this thing is
plugged and it is it assumes height A. So, now, let us find the equation of the line
segment OC equation of the line segment OC will be u equal to 3 a by | into x at x equal
to 0, we know that u is equal to 0 and at x equal to | by 3 they are given that the height of
the triangle is A.

So, u is equal to a at x equal to | by 3 and therefore, the equation of OC is u equal to 3 a
by | into x; similarly, the equation of the line segment ca will be u equal to 3a by 2 into 1
minus X by I, when x is equal to | we know that u is equal to O there is no displacement at
the end x equal to | that is A and at x equal to | by 3 u is equal to a. So, when you put x is
equal to | by 3 here, we get 1 minus 1 by 3 that is 2 by 3 multiplied with 3 a by 2 gives
you u as a. So, the u equal to 3 a by 2 into 1 minus x by | is the equation of the line
segment CA the boundary conditions are as usual u 0 t equal to 0 and u | t equal to 0.



(Refer Slide Time: 40:35)

Initial condition:

{

A -0 att=0.
X 0

3T"x. 0D<x<l3

da 4. X SRy
5 |1 'l, W3<x<l

and u(x,0) =

We have

u(x,t)=> (B, cos ""'C' +C_ sin ""ld)sin "’l"‘.

Nl

Now, the initial condition that is given to assist that this thing is released from rest, so
delta u over delta t is O at t equal to 0 and it is initially in the shape of the triangle, we
have found the equation of the equations of the triangle, the two sides of it that is OC and
CA this is OC. So, the u x 0 equal to 3 a by | into x when 0 is less than or equal to x and
X is less than | by 3 and it is 3 a by 2 into 1 minus X by | when, then | by 3 is less than or
equal to x and x is less than or equal to I. Now, we have the solution of the one
dimensional wave equation as u x t equal to sigma n equal to 1 to infinity Bncosnpict

over | plus C n sin n pi c t over | into sin n pi x over I.
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We know that

Since ‘;‘: =0 att=0, we have g(x)= 0 which

{

Implies that C_ = 0 for all n.

Further B = ?jf(x)sin “’;x dx.
0

(2 |
Jax o, Nux 3a(4_X|ginNnx
! X sin™ dx+‘£2(1-‘)sm 1 dx




Since delta u over delta t is 0 at t equal to 0 C n and ¢ n is given by two over ¢ n pi
integral 0 to | g x sin n pi x over | d x it follows that ¢ n is equal to O for all values of n.
Because, the very initial velocity at t equal to 0 we have represented by g x and we are
given the initial velocity as 0, so g x is 0 and so C n is O for all values of n the value of B
n is given by 2 over | integral 0 to | f x sin n pi x over | d x we have the expression for f x
over the interval O to | f x is 3 a x by | over the interval | by 3to | fxis3aby2into 1
minus X by I. So, we have breaken this integral into two parts 0 to | by 3 and | by 3 to |
and substituted the values of f x over these intervals.
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(2 | |
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Now, the right hand side of B n then gives us 3 a by | square integral 0 to | by 3 2 x sin n
pi x over I d x plus I by 3 to I, | minus x into sin n pi x over | d X. When we integrate it by
parts the first integral what we get is minus 2 | over n pi x cos n pi x over | plus 2 |
square over n square pi square sin n pi x over | these are the integrates of integration 0
and | by 3. And then we have after integrating the second integral by parts, we have
minus n square over n pi cos n pi x over | minus | over n pi minus x cos n pi x over | plus

I over n pi sin n pi x over | | by 3 and | are the limits of integration.
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On simplification we get

= 9a ;i Nn
B, nyn,sm 3

Hence the solution is

u(x,t) = Sg Y 1— sin%ﬁ sin "%" cos Mct
X o N 5 I

When you simplify this, you get the value of B n as 9 a over n square pi square sin n pi
by 3. And hence, the solution of the given a problem is u x t equal to 9 a by pi square
sigma n equal to 1 to infinity 1 by n square sin n pi by 3 into sin n pi x by | into cos n pi ¢
tover .l
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d Alembert’s Solution of the Wave
Equation.

The wave equation

=14 ~2
Ju . 2 U N |
12"": gl ’ ‘C— '
ot ox m

can be solved by a change of the independent

variables x and L

Now, we are going to discuss the d'Alembert's solution of the wave equation, so as let us
we call the wave equation it is delta square u over delta t square equal to delta square u

over delta x square, where we have by ¢ square we have where ¢ square is equal to t by



m. Now, we are going to show that it can be solved by a change of the independent

variables and the independent variables as we know are x and t here.

(Refer Slide Time: 44:15)

Define new independent variables v and z
such that

vEx+ctz=x~cl
L v, =1, z_=1.
Hence ul =uvvl +ulzl =uv *ul;

ull =‘,uw +2u" *uu;

Similarly u, =c’(u,, -2u,, +u_ ).

So, let us define a new set of independent variables v and z such that v is equal to x plus
ct and z is equal to x minus ct. Now, from these relations we it follows that when you
differentiate we partially with respect to X, you get delta v over delta x as 1 and delta v
over delta x we have denoted by v x. So, v X is equal to 1 similarly delta z over delta z

delta x that is z x is equal to 1.

Now, using the chain rule of partial differentiation we can, then write u x that is delta u
over delta x, since u is a function of x and t and x and t are functions of vand z u is a
function of v and z. So, delta u over delta x by chain rule will be delta u over delta v into
delta v by delta x plus delta u by delta z into delta z by delta x, now making use of v x is
equal to 1 and z x is equal to 1 it follows that the partial derivative of u with respect to x

that is u x is equal to delta u over delta v that is u v plus delta u over delta z that is u z.

Now, when we apply this operator delta by delta x and u again and u x we get u xx is
equal to u vv plus 2 u v z plus u z z. And similarly, we can show that u t t comes out to
be equal to ¢ square times u vv minus 2 u v z plus u z z, because for this u t t we will
meet the values of vtand z t and v t is that is delta v over delta t comes out to be ¢ delta

z over delta ¢ t comes out to be minus c. So, we can follow the same procedure as we



have done for finding u xx if you follow the same procedure for u t t it comes out to be
this.
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Substituting the values of u, and u, in the
given wave equation, we obtain

u, =0.

Integrating this equation with respect to z, we
get

N -
ov h(V).

where h{v) is an arbitrary function of v.
Integrating again, we have

u= J'h(v)dv +@(z2),

where @(z) is an arbitrary function of z.

And, substituting these values of u xx and u t t in the given wave equation that is u t t
equal to c square u xx it tells out that u v z is equal to O that is delta square u over delta v
delta z is equal to 0, when we integrate this equation with respect to z what we will have

delta u over delta v is equal to h v where h v is an arbitrary function of v alone.

Now, when we integrate this equation again with respect to v, we will have u that is u
equal to integral h v d v plus a function of z, which we have denoted by phi z phi z is an

arbitrary function of z, so here constant of integration is the function of z.
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We may write
u=w(v)+9(z)

u = yix +ct) + @(x -ct).

This solution is known as d Alembert’s
solution of the wave equation after the French
mathematician Jean-le-Rond d Alembert’s
(1717-1783).

And, thus u may be written as psi v plus phi z psi is integral of h v d v here, or we may
write u as psi of x plus ct, because we have written v for x plus ct and we have written z
for x minus ct, so u is equal to psi of x plus ct and phi of x minus ct. Now, this is this
solution of the wave equation is known as the d'alembert's solution of the wave equation

after the French mathematician Jean-le-Rond d'Alembert's.
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Determination of WV and ¢:
Suppose u(x, 0) = f{x) and u(x,0)=0.

Differentiating u = y(x +ct) + @(x - ct) with
respect to t, we get

-

X cy'(x +ct)-co'(x -ct).

Thus  4(x,0) = cy'(x)-c@'(x) =0
and u(x,0) = y(x)+@(x) = f(x).

Now, let us find the values of the arbitrary function psi and phi, let us assume that u x 0

is equal to f x and delta u over delta t at t equal to 0 is 0. So, initially the string is released



from rest and it is a it is shaped is initially given by the function f X, let us differentiate u
equal to psi x plus ct plus phi x minus ct with respect to t we will get delta u over delta t
equal to c into psi dash x plus ct minus c into phi dash x minus ct, where the prime c are
denote the derivative with respect to x plus ct and the derivative with respect to x minus

ct.

Thus u dot x 0 equal to, so when you put here, t equal to 0 what you get delta u over
delta t at t equal to O gives u dot x 0 u dot x O, will be equal to ¢ times psi dash x minus ¢
times phi dash x and we are given that u dot x 0 is equal to 0 this condition. So, u dot x 0
equal to 0 gives you c times psi dash x minus ¢ times phi dash x equal to 0, and when
you put here t equal to 0 in this what you get u x 0 equal to psi x plus phi x and we are
given u x 0 equal to f x, so psi x plus phi x is equal to f x. Now, from these two equations

we are now going to determine the known functions arbitrary functions phi x and psi x.
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cy'(x)-c@'(x)=0 = @=y+k.
Substituting this in w(x)+ @(x) = f(x), we get

2y+k=f or y=(f-k)2.
Hence the solution becomes

u=wy(x+ct)+y(x-ct)+k

=;f(uct)-;m;f(x-ct)-;hk

= ;[f(x +ct) +f(x -ct)|.

So, ¢ times psi dash x minus c times phi dash x equal to 0 gives you phi equal to psi plus
k. This give we can divide by ¢ and then you have phi x phi dash x equal to psi dash x
integrate with respect to x we will have phi x equal to psi x plus k this k is an arbitrary
constant. Now, let us substitute this value of phi in the other equation psi x plus phi x
equal to f x what we will 2 psi plus k equal to f or we may say that psi is equal to f minus
k by 2.



And hence, the solution becomes u equal to psi x plus ct plus phi x minus ct becomes psi
x minus ct plus k from this equation and let us put the value of psi here now. So, psi x
plus ct gives you f x plus ct minus k by two that is half of f x plus ct minus half k and psi
x minus ct when you find from here, what you get is half of f x minus ct minus half of k

and then plus k here, so this gives you half of f x plus ct plus f x minus ct.
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If the initial velocity g(x) is not identically
zero, we obtain the solution as

.t

u(x,t) = ;[f(x +ct)+f{x -ct)| 21c I g(s)ds.

L

Now, if we assume that the initial velocity g x is not identically 0, then we shall obtain
the solution of the wave equation as u x t equal to half of f x plus ct plus f x minus ct plus
1 by 2 c integral over x minus ct to x plus ct g s d s this can be easily shown.
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Example. Find the deflection of a vibrating string
of length I=1 with fixed ends starting with initial
velocity zero and initial deflection f(x) = k(x-x3).

Solution. By d'Alembert’s method, the solution

IS
u(x,t) = ;lf(x +ct) +f(x -ct)].

=;k x+ct-(x+ct)’ +x-ct-(x-ct)’

=kx|1-x" -3¢t |.
L

Now, let us take an example on the d'Alembert's method, let us find the deflection of a
vibrating string of length I equal to 1 with fixed ends starting with initial velocity 0 and
initial deflection f x equal to k times x minus x cube. Now, by at d'alembert's method, we
know that the solution is given by u x t equal to half of f x plus ct plus f x minus ct, so let
us put the value of f here f is equal to k times x minus x cube. So, we will get u x t as half
of k into x plus ct minus x plus ct whole cube plus x minus ct minus x minus ct whole
cube, and if you simplify this expression you get the value of u x t as k into x into 1

minus X square minus 3 ¢ square t square.
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Hence
u(x,t) =kx 1-x* -3c¢’t’
» u(x, 0)=k(x-x*) = f(x)
and

u(x,0)=| -6c’kxt | =0.

So, the initial conditions are satisfied. The
boundary conditions also hold.

»




So, u x t comes out to be k x into 1 minus x square minus 3 ¢ square t square, which
implies that when you put t equal to 0 here you get u x 0 as k times x minus x cube and
which is nothing but the function f x. So, this solution of the wave equation satisfies the a
initial condition u x 0 equal to f x and if you differentiated with respect to t and then put t
equal to 0 what you get u dot x 0 as minus 6 ¢ square k x t at t equal to 0, which gives as

the value 0, so it satisfies the other initial condition also.

And, so the boundary conditions also hold for the solution u x t equal to k x into 1 minus
X square minus 3 ¢ square t square and so it gives us the a solution of the given problem.
Now, in our lecture in our next lecture, we shall discuss one dimensional heat equation,
which is delta u over delta t equal to ¢ square delta square u over delta x square that
equation we shall again solve by using the separation of variables method that is the
product method, which we have discussed here, will there also we shall see that we | will
have to use the half range expansion of the Fourier series for finding the constants b n is

and c n is that be this all will done in our next lecture on one dimensional heat equation.

Thank you.



