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Lecture-1
Solution of Ode of First Order and First Degree

Dear viewers, | am Dr. P. N. Agrawal professor in Department of Mathematics, IIT,
Roorkee. In my lecture, I am going to discuss the various methods of obtaining a general

solution of ordinary differential equation of first order and first degree.
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Solution of ODE of First Order and
First Degree

An ODE of first order and first degree can be
solved by standard methods if it belongs to
one of the following categores or can be
reduced to any one of them:

(i) Equations in which variables are separable,
(n) Homogeneous equations,

(iii) Exact equations,

(iv) Lincar equations.

In ordinary differential equation of first order and first degree can be solved by standard
methods, if it belongs to one of the following categories or can be reduced to any one of
them. First equations in which variables are separable, second in homogeneous
equations, third exact equations, fourth is linear equations. All other differential
equations are first order and first degree, which do not belong to any one of those
categories can be solved using numerical methods, which give us an approximate
solution of the given differential equation. We shall talk about approximate methods,
which gives us solutions of those differential equations later on. First we shall discuss
those differential equations where, which can be solved analytically, so we begin with

equations in which variables are separable.
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EQUATIONS REDUCIBLE TO
SEPARABLE FORM

Equations reducible to separable form.
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Consider a first order ordinary differential
equation
M(x,y)dx + N(x.y)dy = 0

If it can be expressed as

gly)dy = fix) dx,
where f (x) and g (y) are continuous
functions. Then the variables are said to be

separable
integrating both sides, we get

| gty)dy =] fix)dx + ¢,

Let us begin with a ordinary differential equation of first order in first degree, it can be
expressed as M d x plus M d y equal to 0 where M and N are functions of x and y. Now,
if we are able to express it in the form g y d y equal to f x d X, where g y is the function
of y only and f x is the function of x only and f x and g y are continuous functions. Then
we say that the given differential equation belongs to the category of those differential

equations where variables are separable.



General solution of such a differential equation can be obtained very easily, we just have
to integrate both sides of the given differential equation and we have integral g y d y

equal to integral f x d x plus c.
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where c is an arbitrary constant of
integration. Continuity of f and g ensures
their integrability. Thus, we obtain the

general solution of the given ODE. This
method is known as the method of
separation of variables.

Where c is an arbitrary constant of integration, since f and g are continuous functions
they are integrable. So, the integral of f and integral of g axis can be obtained the general
solution of the given ordinary differential equation, this method is known as the method

of separation of variables.
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EXAMPLE

Find the general solution of

dy =¥ 4 x2e1

dx




Let us consider an example of a first order ordinary differential equation of a degree,
which belongs to this category of variable separable form. Let us take d y by d x equal to

e to the power x minus y plus x square into e to the power minus y.
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SOLUTION
The given equation can be written as
evdy = (e* + x?)dx

on integrating both sides we obtain

Jevdy = J(e* + x?)dx + ¢

x)
or e'=e" 0?*c.

where c is an arbitrary constant.

Now, this differential equation can be written as e to the power y d y equal to e to the
power X plus x square into d x, when do you multiply the given differential equation by e
to the power y and then by d x be arrive at this equation. And we can know that on the
left side we have a function of y only, while on the right side we have a function of x
only. And therefore, when we integrate both sides of this differential equation, we have
integral e to the power y d y equal to integral of e to the power X plus x square into d X
plus; or we will have e to the power y equal to e to the power x plus x cube over 3 plus c,

where c is an arbitrary constant.
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EXAMPLE:
% -2a)
Sol -X— =2|y'+—
R
SOLUTION:
The given equation can be written as

dy-
y(1-2y) - (x+2)—==0

Lo
x+2 y(1-2y)
Integrating both sides, we have

Let us take up another problem, which is y minus x into d y by d x equal to 2 times y
square plus d y by d x, now this equation can be rewritten as y into 1 minus 2 y minus x
plus 2 into d y by d x equal to 0. Or we may write it as d X over x plus 2 minus d y over y
into 1 minus 2 y equal to 0, now you can see that the variables x and y have again being
separated. First term is a function of x only, while the second term is a function of y only
and with this equation again belongs to the case of differential equations where the
variables are separable. We integrate both sides and get integral d x over x plus 2 minus
integral of 1 over y plus 2 over 1 minus 2 y d y equal to c. Here we have the broken we
term 1 over y into 1 minus 2 y into partial fractions, the partial fractions are 1 over y plus

2 over 1 minus 2.
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> log(x+2) - logy + log(1 - 2y) = logc’,
where loge' =c
> (x+2)(1-2y) = ¢y

is the general solution of the given

equation.

Now, after integration we get log of x plus 2 minus log y plus log 1 minus 2 y equal to
log ¢ dash, where we define log ¢ dash equal to c. This will give us x plus 2 into 1 minus

2 y equal to ¢ dash y, which is then the general solution of the given differential

equation.
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EXAMPLE 2

Solve the initial value problem

Yuaxty+1F, y0)=1

Now, let us consider the initial value problem d y over d x equal to 4 x plus y plus 1
whole square where y 0 equal to 1. And initial value problem is 1, where the value of the

given depended variable y is given at an initial value of x, that is x equals to 0.
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SOLUTION

The given differential equation can be
reduced to the ‘variable separable’ form by
putting 4x + y +1 = t which yields

dy _dt

dx dx

So, the given equation becomes

-‘1'--4=t2 or d‘, =dx
dx 4+t

In the case of this differential equation, we substitute 4 x plus y plus 1 equal to t, in order
to bring it to the variable separable form, because then d y by d x will be equal to d t by d
x minus 4. And so we will be getting the given equation in the form d t by d x minus 4
equal to t square or d t by 4 plus t square equal to d x. You can see now the variables x
and t have been separated on the left hand side we have a function of t only, and on the

right hand side we have a function of x.
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Integrating both sides, we get

1t:ln"1 =x+cC
2 2
or

1 1

-tan"[-—-lx# +1 ]=x+c
> 2( y+1)

The initial condition

y(0)=1 >c=§
Hence the solution is

4x¢y+1=2|ad21#E).




So, after integrating those sides we get half of tan inverse t by 2 equal to x plus ¢, which
is equal to half tan inverse half 4 x plus y plus 1 equal to x plus c. Now, when we make
use of the initial condition y 0 equal to 1, we get c equal to phi by 8 and thus the solution
is 4 x plus y plus 1 equal to 2 tan 2 x plus phi by 4.
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HOMOGENEOUS EQUATIONS

A first order ODE of the form

) o

where f is any given function of y/x is
called a homogeneous equation.

In order to solve the equation (1),

lety = vx.

Let us now take up another case of differential equations, ordinary differential equations
of first order first degree, that is homogeneous equations. If a first order ordinary
differential equation of first degree is of the form d y by d x equal to f of y over x, where
f is any given function of y over x. We shall call such a differential equation as a
homogeneous equation, in order to solve such a differential equation we put y equal to v

into X.
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on substituting in (1), we have

v+x%-ﬂv)

dv _dx

or -
fiv)-v x

Integrating both sides and replacing v by
y/x, we obtain the general solution of (1).

Then d y by d x will be equal to v plus x d v by d x and when we substitute it in the
equation 1, we shall have v plus x d v by d x equal to f v or we can separate the variables
x and v and get d v over f v minus v equal to d x over x. Now, we can integrate both
sides of this differential equations and then replace v by y over x to obtain the general

solution of the given differential equation.
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EXAMPLE
solve (142e™)dx +2e™(1-X)dy =0
y

SOLUT‘ON —d—y. = (1*20")
ax  ew(1.X)
Lety = vx then %
dy et and

e 2 Y D Y e

dv _ (1+2e')
SO V¢¥X—=-—0n——

2e'"™(1- 1)
v

Let us take an example of a differential equation belonging to this type, let us consider 1

plus 2 times e to the power x over y d x plus 2 time e to the power x over y into 1 minus



x over y d y equal to 0. You can see here, that this differential equation may be written as
d y by d x equal to minus 1 plus 2 times e to the power x over y divided by 2 times e to
the power x over y into 1 minus x over y. The right hand side of this equation is the
function of y over x, so let us put y equal to v x, then we shall have v plus x d v by d x
equal to minus 1 plus 2 times e to the power 1 over v divided by 2 times e to the power 1

over v into 1 minus 1 over v.
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dv_ (1+2e')
X-— S -V
dx

1
2e'™(1--)
v

_1-2e'™ - 2ve'™ +2¢'
- 2e'™(1- 1)
2e™(1-)dv Y

I___L.n-jﬂdvc
2ve™ +1 x

2(e™ -le“")dv
or _M:;sz +cC

We can simplify this equation and get x into d v by d x equal to minus 1 plus 2 times e to
the power 1 over v over 2 times e to the power 1 over v minus into 1 minus 1 over v
minus v; which will give us after simplification minus 1 minus 2 e to the power 1 over v
minus 2 times v into e the power 1 over v plus 2 times e to the power 1 over v divided by

2 times e to the power 1 over v into 1 minus 1 over v.

Now, we can bring the variables v on 1 both side and the variable x on the other side and
then integrate both sides. So, we shall have integral of 2 e to the power 1 over v into 1
minus 1 over v d v divided by 2 v into e to the power 1 over v plus 1 equal to minus
integral of d x over x plus c; now the denominator 2 v e to the power 1 over v plus 1

when we put equal to t.
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Let 2ve™+1=t, then

2(e™ -le"')dv =dt&
v

so I$=4oox*c

> logt=dogx +c

> log(2ve'™ + 1) = dogx + ¢
or x(2ve'™ + 1) = e° =¢' = a new arbitrary

constant
or (x+2ye™)=c'
is the general solution of the given ODE.

We note that we get the derivative as 2 times e to the power 1 over v minus 1 over v into
e to the power 1 over v into d v equal to d t and so the equation becomes integral d t by t
equal to minus log x plus c. The integration gives us log t equal to minus log x plus c or
we may say log of 2 v into e to the power 1 over v plus 1 equal to minus log x plus c,
which will further give x into 2 v e to the power 1 over v plus 1 equal to e to the power c.
E to the power ¢ can be written as a new arbitrary constant ¢ dash and we shall then have
x plus 2 y e to the power x over y equal to ¢ dash when we put the value of v equal to y
over X. So, this is the general solution of the given ordinary differential equation.
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EXAMPLE:
Solve xdy - ydx = ,/(x”+y” )dx

SOLUTION:
The given equation may be expressed as

dx x x

ﬂ.mm.zw?[,.v’) @

x

Since the right hand side of the above
equation is a function of y/x, the given
differential equations is a homogeneous
equation.




Now, let us consider the case of the differential equation x d y minus y d x equal to under
root x square plus y square d x, this equation may be written as d y by d x equal to y over
x plus under root 1 plus y square over x square. So, again we see that this differential
equation is by d y by d x equal to a function of y over x and hence, this differential

equation is a homogeneous differential equation.

(Refer Slide Time: 12:12)

Putting y = ux in (2) we have
du

Visu?

d
urxe = ut/1+u? or
dx

> log (u+v"1+u2) = logx + logc
oru+ Ji+w’=cx

2
or Y, I1+L=cx

X ¥t

> y+ Jxi+y? =ex?,

which is the required solution.

Now, so we will put y equal to u x here and that will give us u plus x d u by d x equal to
u plus under root 1 plus u square, we can separate the variables u and x and get d u by
under root 1 plus u square equal to d x by x. When we integrate both sides, we get log of
u plus under root 1 plus u square equal to log x plus the constant of integration will be
taking here as log c, so this will give us u plus under root 1 plus u square equal to c x.
Let us put the value of u and we get y over x plus under root 1 plus y square over x
square equal to ¢ x, which then gives us the required solution as y plus under root x

square plus y square equal to ¢ X square.
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NON- HOMOGENEOUS
EQUATIONS REDUCIBLE TO
HOMOGENEOUS FORM

The differential equations of the form

dy _ axsbysc

e N (O
dx a'x+b'y+c

can be solved as follows:

Now, we consider the case of non homogeneous equations, which are reducible to
homogeneous form, the differential equations of the form d y by d x equal toa x plusb y

plus c over a dash x plus b dash y plus ¢ dash can be solved as follows.
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CASE |
a b

= iRy

a b
putting x = X+h and y = Y+k, ( h , k being
constants)
we have
dY _ aX+bY +(ah+bk +c)
dX a’X+bY+(@h+bk+c)

Choose h& ksuchthatah+bk+c=04&
ah+bk+c'=0

First we take up the case where a over a dash is not equal to b over b dash, so then we
will put x equal to capital X plus h and y equal to capital Y plus k where h and k are
some constants. And this substitution will give us d Y by d X equal to a X plus b Y plus
a h plus b k plus ¢ over a dash x plus b dash y plus a dash h plus b dash k plus ¢ dash.



Now, we will choose the constants h and k in such a way that a h plus b k plus ¢ equal to
0 and a dash h plus b dash k plus ¢ dash equal to O if we do this, then the differential

equation will reduce to homogeneous form.
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_be'-b'c ' ca'-c'a

h= : :
ab’-ba’ ab’-ba’

The equation (3) becomes

dY _aX+bY

dX a'X+bY

which is homogeneous in X and Y and
hence can be solved by putting Y = vX

The values of h and k can be obtained from the two linear equations involving h and k as
b ¢ dash minus b dash ¢ over a b dash minus b a dash and k equal to ¢ a dash minus ¢
dash a over a b dash minus b a dash. Now, since we have assumed that a over a dash is
not equal to b over b dash a b dash minus b a dash is not equal to 0 and therefore, h and k
adjust. The equation 3 now becomes d Y by d X equal to a X plus b Y over a dash X plus
b dash Y, which is a homogeneous equation in the variables capital X and capital Y and

can then we solved by putting capital Y equal to v into capital X.
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EXAMPLE
Solve (2x +y - 3)dy - (x + 2y - 3)dx = 0.
SOLUTION

Let x = X+h, y = Y+k then

dY _X+2Y+(h+2k-3)
dX 2X+Y+(2h+k-3)

Let us take an example of a differential equation of this category, suppose we consider
the differential equation as 2 x plus y minus 3 into d y minus x plus 2 y minus 3 d x
equal to 0. We can write the given differential equation as d y by d x equal to x plus 2 y
minus 3 over 2 x plus y minus 3. And let us note that here a over a dash is half, while b
over b dash is 2, so a over a dash is not equal to b over b dash. And therefore, we can put
a small x equal to capital X plus h and small y equal to capital Y plus k to reduce it to
homogeneous form. These substitutions will give us d Y by d X equal to X plus 2 Y plus
h plus 2 k minus 3 divided by 2 X plus Y plus 2 h plus k minus 3.
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Choose h& ksuchthath+2k-3=0& 2h +
k-3=0 whichimplies thath=1& k=1.
.
dy _X+2Y
dX 2X+Y

And so,

dv 1+2v
v+X—= or
dX 2+v

gv_=1¢2v.v=1¢2v-2v-v’
dX 2+v 24y

X




Now, you will have to find h and k in such a way that, h plus 2 k minus 3 is equal to 0
and 2 h plus k minus 3 equal to 0, on solving these two linear equations in h and k we
obtain h equal to 1 and k equal to 1. And so the equation now reduces to d Y by d X
equal to X plus 2 Y over 2 X plus Y, now let us put Y equal to v X; and then we shall

have v plus X d v over d X equal to 1 plus 2 v over 2 plus v.
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I|

2(1- v) 2(1 +v)

or, >Iog(1-v)+Zlog(1+v) =logX +c

3 Yo il Y
or, -— 1-=)+4 1+ )= +c
1,osa( x’ zoo( x) logX

Now, we can separate the variables X and v and then integrate we shall have integral 2
plus v d v over 1 minus v square equal to integral of d X over X plus c, which will be
equal to log X plus c. In the left hand side, we break it into partial fractions, the partial
fractions are 3 by 2 into 1 over 1 minus v plus 1 over 2 into 1 over 1 plus v, so after
integration the left hand side will become minus 3 by 2 log 1 minus v plus half log 1 plus
v. And we get the general solution of the given differential equation after substituting the
value of v, that is minus 3 by 2 log 1 minus Y over X plus half log 1 plus Y over X equal

to log X plus c.
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or, -2tog(1-2 -9+ Diogi1+ XY =logix- 1) +¢
2 x-1 2 x-1

is the general solution of the given ODE.

Where capital Y is equal to y minus 1 and capital X is x minus 1, so let us put their

values and get the general solution of the given differential equation.
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Case ll
When b
L b.

then ab® - ba' = 0 so the above method
cannot be applied. Let

(4)

Now, let us consider the case of those differential equations, where a over a dash
becomes equal to b over b dash, now in this case you can see that a b dash minus b a
dash is equal to 0, so the previous case cannot be applied. Let us take a over a dash equal
to b over b dash equal to 1 by t, then we will be getting d y by d x equal to a x plus b y

plus c over t times a x plus b y plus ¢ dash.
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Let ax + by = u then

which implies that

and hence (4) becomes
1(du ) utc
— ——g =
b\ dx tu+c’

which can be solved by the method of
separation of variables.

Let us put a x plus b y equal to u, then we will have after differentiation with respect to x
aplusbdybydxequal todu byd x, which will give us the value of d y by d x as 1
over b into d u by d x minus a and so the equation 4 will become 1 over b into d u by d x
minus a equal to u plus c over t u plus ¢ dash. And then we can separate the variables u
and x and u is the method of separation of variables to solve this differential equation, we
can put the value of u as a x plus b y to obtain the general solution of the given

differential equation.

(Refer Slide Time: 18:57)

EXAMPLE:
Solve (2x +y +1)dx +(4x+2y-1)dy=0
SOLUTION:
We may write the given equation as
dy = 2x+y+1

dx  2(2x+y)1




Let us take an example of a differential equation of this type, consider 2 x plus y plus 1
into d x plus 4 x plus 2 y minus 1 into d y equal to 0. You can see here that a over a dash
is equal to b over b dash equal to half and so this differential equation belongs to the case
of a over a dash equal to b over b dash. We can write the given differential equation as d
y by d x equal to minus 2 x plus y plus 1 over 2 times 2 x plus y minus 1. So, let us put 2
x plus y equal to t, which will give us d t by d x minus 2 equal to minus t plus 1 over 2 t

minus 1 or we may say d t by d x equals 3 times t minus 1 over 2 t minus 1.
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Integrating both sides we obtain
2 1
-t + —log(t-1) = x+c
3 309( )

or %(wa) *%Iog(wa-ﬁ = X+C

or x+2y + log(2x+y-1) =c',

where ¢’ = is a new constant of
integration.

We can separate the variables t and x, this will give us 2 t minus 1 over 3 times t minus 1
d t equal to d x after breaking the left hand side into partial fractions, we shall have 2
over 3 plus 1 over 3 into t minus 1 d t equal to d x. And when we integrate both sides of
this equation, we shall have 2 over 3 into t plus 1 by 3 log t minus 1 equal to x plus c;
and substituting the value of t, we shall have 2 over 3 into 2 x plus y plus 1 over 3 log 2 x
plus y minus 1 equal to x plus c. Or we will have x plus 2 y plus log 2 x plus y minus 1

equal to ¢ dash, where ¢ dash is a new arbitrary constant and is equal to 3 c.
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EXACT DIFFERENTIAL EQUATIONS

A first order differential equation
M(x,y)dx + N(x,y)dy = 0 is called exact if
the left hand side of the equation is the
total or exact differential of some function
of x and y say u(x,y) i.e.

du ~ Mx,y)dx + N(x,y)dy =0

Then, the general solution is u(x,y) =c.

Now, let us consider the case of exact differential equations, a first order differential
equation M d x plus N d y equal to 0 is said to be exact if the left hand side of the
differential equation that is M d x plus N d y is the total or exact differential of some
function of x and y. Say u (X, y), that is to say that d u is equal to M d x plus N d y equal
to 0 and if this is the case, then we can write the general solution of the given differential

equation as u (X, y) equal to c after integration.
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THEOREM

if M(x,y)Jand N(x,y) have continuous first
partial derivatives in a region R of the xy
plane whose boundary is a simple closed
curve then the necessary and sufficient

condition for the differential equation Mdx
+Ndy = 0 to be exact is




Now, we have an important theorem here, which gives us necessary and sufficient
condition for the differential equation M d x plus N d y equal to O to be exact. The
theorem is the following, if M (X, y) and N (X, y) have continuous first partial derivatives
in a region R of the x y plane, whose boundary is a simple closed curve. Then the
necessary and sufficient condition for the differential equation M d x plus N d y equal to

0 to be exact is delta M over delta y is equal to delta N over delta x.

Now, a simple closed curve is a closed curve, which does not intersect itself for example,
you can take a circle or you can take an ellipse or you can take a square or you may take
a rectangle, but if you take the number aid it is the closed curve, but since it intersects

itself it cannot be called as a simple closed curve, so let us prove this result.
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Proof; Condition is necessary:

Let Mdx + Ndy = 0 be an exact differential
equation. Then Mdx + Ndy = du for some
function u of x and y.

But

au a
du = —dx + —dy,
ox i

oy

au au
M=— & N=— whichi i
S0 e oywhichmplles

First we show that the condition is necessary that is we shall assume that, M d x plus n d
y equal to 0 is an exact differential equation and then we shall show that the first order
partial derivatives of M and N that is delta M over delta y and delta N over delta x are
equal to each other. So, let us assume that M d x plus N d y is an exact differential

equation, then we may write M d x plus N d y equal to d u for some function u of x and

Y.

Since u is a function of x and y, we shall have the differential d u is equal to delta u by
delta x into d x plus delta u by delta y into d y on comparing it with M d x plus N d y.
We shall then have M equal to delta u by delta x and N equal to delta u over delta vy,



which will gives us delta M over delta y equal to delta square u over delta y delta x and
delta N over delta x equal to delta square u over delta x delta y. Now, since we have
assumed that the first order partial derivatives of M and N are continuous the second
order partial derivatives of u delta square u over delta y delta x and delta square u over

delta x delta y are continuous and are therefore equal.
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By our hypothesis
2’u

which is the necessary condition for
exactness.

So, this will give us delta M over delta y equal to delta N over delta x, which is the

necessary condition for exactness.
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Condition is sufficient :
et M N

oy ox

Furtherlet [Mdx = u where y is assumed
constant while performing the integration.

ou
Then, M= ~ which implies that




Now, let us show that the condition is sufficient, so let us assume that delta M over delta
Y is equal to delta N over delta X, further we assume that integral of M with respect to x
is say u. Where while integrating we assume y as a constant, this will give us M equal to
delta u over delta x on differentiating partially with respect to M x on both sides, so this
will imply that delta M over delta y is equal to delta square u over delta y delta x. Or
delta N over delta x equal to delta square u over delta x delta y, since delta M over delta

y and delta N over delta x are equal and the first order partial derivatives are continuous.
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d(ou)_oN

= -2

So, udx+m=gm*{g*ﬂy)}w

= du + fly)dy = dfu + [fly)dy].

Thus Mdx + Ndy is the exact differential of
some function mff(y)dy 2

Hence Mdx + Ndy = 0 is an exact differential
equation.

Then we shall have delta over delta x of delta u over delta y equal to delta N over delta x
implying that, N is equal to delta u over delta y plus f y, on integrating with respect to x
keeping y as a constant. So, here the constant of integration in general will be a function
of y, which we have denoted by f y and this will give us M d x plus N d y equal to delta u
over delta x into d x plus delta u over delta y plus f y multiplied by d y.

Now, delta u over delta x d x plus delta u over delta y d y can be written as u and we
have d u plus f y d y as the right hand side, which is equal to differential of u plus
integral fy d y. And thus we have shown that M d x plus N d y is the exact differential of
some function u plus integral fy d y and hence, M d x plus N d y is an exact differential

equation, so this is the proof of the theorem.
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Thus, if the equation Mdx + Ndy = 0
satisfies

then to solve such an equation we note that
Mdx + Ndy = 0 becomes d[u+/fly)dy] = 0

which implies u+ff(y)dy = ¢ i.e. the general
solution is

Ildx + I(tzfms of N not containing x)dy = c.

Thus if the equation M d x plus N d y equal to O satisfies delta M over delta y equal to
delta N over delta x, then the equation is exact and in order to solve such an equation.
Let us note that M d x plus N d y equal to 0 becomes the differential of u plus integral f y
d y equal to 0, which implies that u plus integral fy d y equal to c. That is the general
solution of the exact equation M d x plus N d y equal to 0 is nothing but, integral M d x
which is u plus integral f y, fy is the terms of N which do not contain x into d y equal to
c. So, while finding the solution of the given differential equation M d x plus N d y equal
to 0, we shall simply have to find the integral of M with respect to x and the integral of
those terms of n which do not contain x. And then take the sum of the two and put it

equal to ¢ which is an arbitrary constant.
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EXAMPLE

Solve

(2xy + y — tany)dx +
(x? - xtan’y + sec’y)dy =0.

Now, let us take an example of an equation of this type, 2 x y plus y minus tan y into d x

plus X square minus X tan square y plus sec square y into d y equal to 0.
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SOLUTION
=2x +1-sec’y = 2x - tan’y

¢ 2
—_=2x - tan’y.
ax 4

: oM N
Since $=;,meoivenequationisexact.

Thus, the general solution is

J(2xy +y - tany)dx + [(sec?y)dy =c
> x% + xy - xtany + tany =c

So, here M is equal to 2 x y plus y minus tan y and N is equal to x square minus X tan
square y plus sec square y, when we find the partial order derivatives of M and N with
respect to y and x, we shall have delta M over delta y equal to 2 x minus tan square y and
delta N over delta x equal to 2 x minus tan square y, so they are both equal and therefore,

the given equation is an exact differential equation. And hence, the general solution of



the differential equation will be integral of M, that is integral of 2 X y plus y minus tan y
d x plus integral of those terms of N, which do not contain x that is integral of sec square
y d y equal to c. In the first integral we integrate with respect to x keeping y as a
constant, which will give us x square y plus X y minus x tan y and then the second
integral, integral sec square y d y gives us tan y. So, we get the general solution as x

square y plus x y minus x tan y plus tan y equal to c.
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EXAMPLE:
Solve (y’e™ +4x’)dx + (2xye™ - 3y’)dy = 0.
SOLUTION:

Here ™

= 2yerv‘+ m)elf

& - Zye"” + ny’e",

Hence

Thus, the given equation is exact and so its
solution is

Let us take one more example of N exact differential equation y square into e to the
power X y square plus 4 x cube into d x plus 2 x y into e to the power x y square minus 3
y square into d y equal to 0. So, here you can see that delta M over delta y is equal to 2 y
into e to the power x y square plus 2 x y cube into e to the power x y square, we have

differentiated M partially with respect to y keeping x as the constant.

And when we differentiate N with respect to x keeping y as a constant that is we find
delta n over delta x, we get 2 y e to the power x y square plus 2 X y cube e to the x y
square. So, delta over delta y and delta N over delta x are both equal and therefore, the

given equation is an exact differential equation.
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Mdx +

y constant

I(lenns of N not containing x)dy =c

ie. [ (e +4x’)dx+[(-3y’My=c

'(G\b.'
> e ax'-y’=¢

is the required solution.

Here the solution of the differential equation is integral M d x, where y is constant plus
integral of terms of N not containing x d y equal to ¢, which will give us integral of y
square e to the power x y square plus 4 x cube d x, where we will take y as a constant
during integration process. And then integral of minus 3 y square d y equal to ¢ and we
can see that, the integral is e to the power x y square plus x 4 minus y cube equal to ¢

which is the required solution.
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EQUATIONS REDUCIBLE TO EXACT
EQUATIONS

Sometimes a differential equation which
is not exactt can be made so on

multiplication by a suitable function of x
and y, called an Integrating factor.




Now, we shall consider equations that are reducible to exact form, sometimes differential
equation which is not exact can be made so on multiplication by a suitable function of x

and y, we call this function as an integrating factor.
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() Integrating factor found by
inspection

In several cases, after regrouping the terms
of the differential equation and recognizing
each group as being part of an exact
differential, the integrating factor can be
found. The following integral combinations
may be used for this purpose.

In several cases after regrouping the terms of the differential equation and recognizing
each group as being part of an exact differential, the integrating factor can be found the

following integral combinations may be used for this purpose.
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xdy + ydx = d{xy),
LX)

=)

s )

x? +y2

""Y_x‘:ﬁ - d(log:%)) e




X dyplusyd x is differential of x y, x d y minus y d x over x square is the differential
of y over x and x d y minus y d x over y square is equal to minus d of x overy. X dy
minus y d x over x square plus y square is the differential of tan inverse y over x and x d

y minus y d x over x y is the differential of log y over x, and so on.
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EXAMPLE
Solve ydx + logxdx — xdy = 0.
SOLUTION'
We may write the given ODE as

ydx — xdy + logxdx = 0.

Now, dividing by x? throughout, we have

(Yd!-xdv) logx

—_—

'}dx =0
x X

Now, let us consider the differential equation y d x plus log x d X minus x d y equal to 0,
we may write the given ordinary differential equation as y d x minus x d y plus log x d x
equal to 0. We can regroup the terms y d x and minus x d y together and write y d x
minus X d y plus log x d x equal to 0, now let us divide the differential equation by x
square. If we divide it by x square, we can note that y d x minus x d y over x square is an
exact differential of a function of x y and log x over x square is integrable with respect to
X; so by dividing this differential equation by x square, it becomes an exact differential

equation.
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y+tcx+logx+1=0
k is the general solution.

And we note that, the first term is equal to minus d of y over x plus log x over x square d
x equal to 0, now we can integrate with this both sides and we have minus y over x plus
integral of log X over x square d x. Log x over x square can be integrated by parts, we
will have the solution as minus y over x plus log x into minus 1 over X, here we are

taking log x as the first function and 1 over x square as the second function.

So, we have the first function log x, the integral of the second function 1 over x square as
minus 1 by x, minus integral of the derivative of log x that is 1 over x in to the integral of
1 over x square, which is minus 1 over x. And then we shall after simplification we shall
have the solution as minus y over X minus log x over x minus 1 over x equal to ¢, which
can be written as y plus ¢ x plus log x plus 1 equal to O which gives us the general

solution of the given differential equation.
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EXAMPLE:

Solve (x’y - 2xy’)dx - (x*- 3x’y)dy =0
SOLUTION:
We may write the given equation as

x’(;dx - xdy) + 3x’ydy - 2xy’dx =0

since

i
d = | = T——=,
y y

dividing the above equation throughout by
x?y? we obtain

2 = 2
d(‘]+ 3x‘ydy - 2xy“dx o

y X'y’

Next, let us consider the case of the differential equation x square y minus 2 X y square d
X minus X cube minus 3 x square y d y equal to 0, we regroup the terms here again and
write it as x square in to y d x minus x d y plus 3 x square y d y minus 2 x y square d x
equal to 0. We note that, since d of x over y is equal to y d x minus X d y over y square,
we divide this equation as by x square y square, then the first term will become y d x
minus x d y over y square, which will be differential of x over y. And the second term
and the third terms 3 x square y d y minus 2 x y square d x will be turned into 3 x square
y d y minus 2 X y square d x over X square y square.
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Recognizing that the numerator of the
second term in the left hand side of the
above equation is same as the numerator
of (1y)d(y>/x?), ywe rewrite the above
equation as
24,2 3
d[g) o X0y -yiua) |
y xy

 J y X

o ) )

2 2
= d(g) p XX (3y’dy) -y’ (2xdx) _ o




Now, let us note that the numerator of the second term, in the left hand side of the above
equation is same as the numerator of 1 over y into differential of y cube over x square.
But, we do is we rewrite the given differential, we get the above equation as differential
of x over y plus x square into 3 y square d y minus y cube into 2 X d X over X square y
cube equal to 0. And then we multiply by x square in the numerator and denominator, we
shall have d of x over y plus x square over y cube in to x square in to 3 y square d y
minus y cube in to 2 x d x over x to the power 4 equal to 0, which will give us
differential of x over y plus differential of In over x square equal to 0. And so we can

now obtain the solution of the given differential equation easily.
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As x over y plus log of y cube over x square equal to ¢, which is the required solution.
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. F. FOR A , HOMOGENEOUS
EQUATION: Iif Mdx + Ndy = 0 is a

homogeneous equation of x and y then
1/{Mx + Ny) is an LF. (Mx + Ny = 0).

Now, let us find the integrating factor for a homogeneous equation, let us recall that
homogeneous equation is 1 where d y by d x is equal to a function of y over x, so if M d
x plus N d y equal to 0 is a homogeneous equation of x and y. Then it follows that 1 over
M x plus N vy is an integrating factor, that is we multiply the equation M d x plus N d y
equal to 0 by 1 over M x plus N y provided M x plus N y is not equal to 0, it will become

an exact differential equation.
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Solve

(x%y - 2xy?)dx — (x* - 3x’y)dy = 0
>




And we can easily find it is solution, so let us look at the differential equation x square y
minus 2 X y square d X minus X cube minus 3 x square y d y equal to 0, you can see here
that d y over d x is equal to a function of y over x. And so it is a homogeneous equation,
let us we can solve this differential equation by the method of homogeneous equations

also, where we put y equal to v in to x.

Here we shall find the integrating factor an integrating factor for this differential
equation, that is 1 over M x plus N y. And then we will multiply this differential equation
by 1 over M x plus N y and make it an exact differential equation; and from there we

shall find the general solution of this differential equation.
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SOLUTION
The given equation is a homogeneous
equation. So, the integrating factor
i
(Mx +Ny)
1

25T, ST [y R
x(x“y-2xy")-(x" -3x"y)y

— b
Xy
hence multiplying the given differential
equation throughout by 1/(x?y?)

So, let us see this equation, for this equation the integrating factor 1 over M x plus N y
comes out to be 1 over x square plus y square. So, obviously, M x plus N y is not equal
to 0 and therefore, multiplying the given differential equation throughout by 1 over x

square y square.
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we get
1 2 ‘'x 3
——— - — =0
y X] ? Yldy

which is exact. The general solution is

=-2logx + 3logy =c.
Y &

We shall have 1 over y minus 2 over x d X minus x over y square minus 3 over y d y
equal to 0, now we shall group the terms 1 over y d x with minus x over y square that
will be differential of x over y. And the integral of minus 2 over x will give us minus 2
log x, the integral of 3 over y will give us 3 log y and so we will get the general solution

as x over y minus 2 log x plus 3 log y equal to c.
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EXAMPLE:
Solve x’ydx -(x’ +y’)dy =0.
SOLUTION: X

LR
%ﬂxmy) ey
hence the given equation transforms into

2 ‘J’yl

-%dp} y‘ dy =0,

which is exact. Hence the general solution is

Let us take one more example of homogeneous equation x square y d x minus X cube

plus y cube d y equal to O, so in this case 1 over M x plus N vy is equal to minus y to the



power minus 4. Multiplying the given equation by the integrating factor, it will transform
in to minus x square over y cube d x plus x cube plus y cube over y to the power 4 d y

equal to 0, which is an exact differential equation; and therefore, the general solution is...
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3
+logy = loge or y=ce™ ™),

So, we will integrate M with respect to x assuming y as a constant, that will give us
minus X cube over 3 y cube and then we integrate those terms of n which do not contain
X with respect to y that will give us log y. And we shall have minus x cube over 3y cube
plus log y equal to log c or we shall y equal to c e to e to the power x cube over 3y cube
as the general solution of the given differential equation, where c is an arbitrary constant.
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LF. for an equation of the type
»

fy(xy)ydx + f,(xy)xdy = 0

For an equation of this type,an L F. is
1 Mx - Ny).

Now, we take up the case of those ordinary differential equations, which are of the type f
Ixyintoydxplusf2xyxdyequaltoO,flxyisthe functionof xyf2xyisalsoa
function of x y. So, the differential equation, in the case of such differential equation we
shall see that integrating factor is 1 over M x minus N y that is when we multiply this

equation by 1 over M x minus Ny, it will become an exact differential equation.
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solve

(x?y? +xy +1)ydx + (x?y? — xy +1)xdy =0
N

So, let us consider the case of the differential equation x square y square plus x y plus 1

in to y d x plus x square y square minus x y plus 1 in to x d y equal to 0. X square y



square plus x y plus 1 is a function of x y, which we can denote as f 1 x y into y d x plus
X square y square minus X y plus 1 is another function of x y which we may regard as f 2
x y into x d y equal to 0. So, this is differential equation we can solve using the
integrating factor 1 over M x minus N y.
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SOLUTION
1
~ (Mx-Ny)

1

xy(x“y” +xy+1)-xy(x“y" -xy +1)

=5

Multiplying the given equation by this i.f.

And the integrating factor when we find 1 over M x minus N y comes out to be 1 over 2
X square y square, so let us multiply the given equation by this integrating factor. And we
shall have 1 over 2 y plus 1 over x plus 1 over x square y d x plus 1 over 2 x minus 1
over y plus 1 over x y square d y equal to 0. So, here M is equal to half by plus 1 by x
plus 1 by x square y and N is half x minus 1 over y plus 1 over x y square, now this

differential equation is an exact differential equation.

So, to find the general solution of this, we just integrate M with respect to x taking y as a
constant that will give us half x y plus log x minus 1 over x y. And then we add to it the
integral of those terms of M which do not contain x that is integral of minus 1 over vy,

which is minus log by N put it equal to a constant.
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%(ydxi-xdy)#':d‘—x'k%]ﬂv 12}01&7 =0

g(xy)ﬂloax *long[ S ] =c.
Xy )

So, we shall have the integral as half x y plus log x plus log y minus 1 over x y equal to
¢, which is the general solution of the given differential equation. Here we can also find
it by regrouping the terms and then writing them as exact differentials of some functions
of x and y, so that way also we can do. So, the general solution is half x y plus log x plus

log y plus minus 1 up on x y equal to c.
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EXAMPLE:
solve (xysinxy + cosxy)ydx
+ (xysinxy - cosxy)xdy =0

SOLUTION:
Here, again the equation is of the form

fy(xy)ydx + f,{xy)xdy = 0 and Mx - Ny =
2xycosxy 7 0

hence
Jmx - Ny) = %zxycosxv)

s an integrating factor for the given equation.

And then we take another example of a differential equation of this type x y sin x y plus

cosxyintoyd x plus xysin xyminus cos Xy into x d y equal to 0. So, here again we



have the differential equation as a function of x y in to y d x plus a function of x y in to x
d y equal to 0. And we note that 1 over m x minus n y is equal to 1 over 2 X y cos X Y, SO

it is an integrating factor for the given equation.
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Multiplying the given equation by the LF.,
the equation becomes
N
(tanxy)iydx + xdy) + < - L =0
y

which implies that

log sec(xy) + logx - logy = logc
or xsec(xy)=cy

is the general solution.

Let us multiply the given equation by this integrating factor, the equation becomes tan x
yintoyd x plus x dy plus d x over x minus d y over y equal to 0 and which will give
us, now y d x plus x d y is the exact differential of x y. So, this is tan x left first term can
be written as tan x y in to differential of x y and therefore, the when we integrate it will
get log of sec x y, integral of d x over x will give us log X, integral of d y over y will give
us log y. So, we will get the general solution as log sec x y plus log x minus log y equal
to log ¢, which after simplification we can write as x sec x y equal to c y, this gives us

the general solution of the differential equation.
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]=fm. then exp(/fly)dy)

is an L. F. for Mdx + Ndy = 0.

EXAMPLE

Solve (xy* + y)dx + 2(x?y? + x + y*)dy = 0.

Now, let us consider the case of those differential equations M d x plus N d y equal to 0,
there when we find 1 over M in to delta N over delta x minus delta M over delta y and it
turns out to be a function of y only. Then exponential of integral of f y d y is an
integrating factor for M d x plus N d y equal to O, for example let us consider the
differential equation x y cube plus y d x plus 2 times x square y square plus x plusy 4 d
y equal to 0. So, here M is x y cube plus y and N is 2 times x square y square plus x plus

y 4 equal to 0.
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SOLUTION

X 1[55 - (axy” +2)-(3xy” +1)

M| ax ay yixy’ +1)

= xy’#'l 21
yixy’ +1) y

Lo
IF.=e’ =vy.

Multiplying by y throughout the given ODE,
(xy* +y2)dx +{2x*y3 +2xy+2y5)dy = 0.




And when we find 1 over M in to delta N by delta x minus delta M over delta y, we shall
have 4 x y square plus 2 minus 3 x y square plus 1 over y times x y square plus 1, which
after simplification gives us 1 over y. And therefore, the integrating factor is e to the
power integral of 1 over y d y which is equal to e to the power log y end it power log y is
y. So, we multiply the equation by y throughout and have x y 4 plus y square d x plus 2 X
square y cube plus 2 x y plus 2 y 5 d y equal to 0, now this is an exact differential

equation.
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And so the general solution will be integral of M with respect to x, taking y as a constant
that is x square by 2 into by 4 plus x y square plus integral of those terms of N, which do
not contain X, that is integral of 2 y to the power 5 with respect to y which will give us 2
times Y to the power 6 over 6 equal to c. And hence, we have half x square y 4 plus x y
square plus y to the power 6 over 3 equal to ¢ which is the general solution of the given
differential equation.
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EXAMPLE :
Solve (3x’y‘+ 2xy)dx + (2°y*-x")dy =0
SOLUTION:
Here
hence |p-e
Multiplying the given ODE by 1/y? we get
4
(3x’y’* 2x]dx +[ 2x’y - —,—]dy (]

so the general solutionis X y ¢( )
where c is an arbitrary constant.

Let us take one more example of a differential equation of this type, let us solve 3 x
square y to the power 4 plus 2 x y in to d x plus 2 x cube y cube minus x square d y equal
to 0. Here, we find 1 over M delta N over delta x minus delta M over delta y equal to
minus 2 over y and therefore, integrating factor is e to the power minus integral of 2 over

y d 'y, which is equal to e to the power minus 2 log y.

Or we can say e to the power log y to the power minus 2, which is equal to 1 over y
square, so let us multiply the given differential equation by 1 over y square we shall have
3 x square y square plus 2 x over y d x plus 2 x cube y minus x square over y square d y
equal to 0. We will integrate M with respect to x that will give us x cube y square and
then we will have x square over y, now we will take all the those terms of N which do
not contain x and we can see here that in N both the terms contain x. So, the contribution
from N will be 0 and therefore, we have the general solution of the differential equation

as X cube y square plus x square over y equal to ¢, where c is an arbitrary constant.
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1M ON'
(] "[5 a']='(x). then exp{/f{x)dx)

is an L. F. for Mdx + Ndy = 0.

EXAMPLE

Solve
(3xy — 2ay”)dx + (x? — 2axy)dy = 0.

Now, if it ordinary differential equation is of the type where 1 over N in to delta M over

delta y minus delta N over delta x comes out to be a function of x only, then the

exponential of integral f x d X is an integrating factor, for the differential equation M d x

plus N d y equal to 0. So, let us take an example of a differential equation of this type, let

us consider 3 x y minus 2 a 'y square d x plus x square minus 2 a x y d y equal to 0.
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Here
1(aM oN)_( (3x-4ay)-(2x-2ay)) _
oy -
& i

SOLUTION
1
(x* -2axy) x

1
e

Hence, ¢ =X is an if. for the given ODE.

Multiplying the given ODE by x throughout

(3xy -

2ay?)xdx + (x* - 2ax?y)dy =0

we have Xy - ax?y? = ¢.

So, here we will find 1 over N into delta M over delta y minus delta N over delta x, this

will be equal to 3 x minus 4 a' y minus 2 X minus 2 a y over X square minus 2 a X y which



is equal to 1 over x and hence it is a function of x only. So, e to the power integral 1 over
x d X, which is e to the power log x and e to the power log x is equal to x is an integrating

factor for the given ordinary differential equation.

Hence multiplying the given ordinary differential equation by x throughout, we shall
have 3 x y minus 2 a y square in to x d X plus x cube minus 2 a x square y in to d y equal
to 0, now here M is equal to 3 x square y minus 2 X y square. So, when we integrate it
with respect to x, keeping y as a constant we shall have x cube by minus a x square y
square and in N both the terms contain x, so the contribution from N will be 0. And
therefore, we shall have the solution of the given differential equation as x cube y minus

a x square y square equal to c.
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Iif the equation Mdx+Ndy = 0 is of the type

!‘v;(mydx*ﬂ!dv)’!"v"'(m'vdx*ﬂ'!dv) =0

then an integrating factor is x"y* where

a*h+1=b*k+‘lma'*h.+1=b'*k*‘l.
m n m n'

Now we consider the equation M d x plus N d y equal to 0, which is of the type, x to the
power a in to y to the power b intomy d x plus n x d y plus x to the power a dash into y
to the power b dash into m dash y d x plus n dash x d y equal to 0. An integrating factor
for such a differential equation is x to the power h in to y to the power k, where a plus h
plus 1 is equal to b plus k plus 1 over n and a dash plus h plus 1 over m dash is equal to b

dash plus k plus 1 over n dash.
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EXAMPLE

Solve

(y? + 2x%y)dx + (2x° — xy)dy = 0
>

Let us take up an example of a differential equation of this type, let us consider y square

plus 2 x square y d x plus 2 x cube minus X y d y equal to 0.
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We may write the given ODE as
ylydx — xdy} + x*(2ydx + 2xdy) =0. (5)
Then,a=0,b=1, m=1,n=-1;
a=2b'=0m'=2,n"=2

- LF. = xPy*where

a+h+1 b+k+1 a'+h+1 b'+k+1
= and — = -
m n m n

which yield h+1 = k-2 & h+3 = k+1
orh=-52 k=-1/2.

This differential equation may be written as y in to y d x minus x d y plus x square in to
2ydxplus2xdyequal to 0 and when we compare it with this standard form of a
differential equation of this type. We find that here a is equal to 0, b is equal to 1, m is
equal to 1, n is equal to minus 1, a dash is equal to 2, b dash is 0, m dash is equal to 2 and

n dash equal to 2.



And therefore, integrating factor is x to the power h in to y to the power k, where h and k
satisfy the two equations a plus h plus 1 over m equal to b plus k plus 1 over n, which
gives us h plus 1 equal to minus k minus 2. And a dash plus h plus 1 over m dash equal
to b dash plus k plus 1 over n dash gives us the other equation involving h and k as h plus
3 equal to k plus 1, when we solve these two equations we have the value of h and k as

minus 5 by 2 and minus half.
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Multiplying (5) by x52¢y'2 throughout,
we get L

x%y%dx L x‘%y%w + Zx%y%dx
+ nylyxdy =0

>d[ -—:-x%y% ]+d( 4,%,% ]=0

> -%x%y% +4x%y% =c.

So, let us multiply the equation given equation by x to the power minus 5 by 2 ninto y to
the power minus half throughout. We shall have x to the power minus 5 by 2 y to the
power 3 by 2 d x minus X to the power minus 3 by 2 into y to the power half d y plus 2 x
to the power minus half in to y to the power half d x plus 2 x to the power half y to the
power minus half d y equal to 0, which is an exact differential of minus 2 over 3 x to the
power minus 3 by 2 into y to the power 3 by 2 plus an exact differential of 4 x to the

power half y to the power half equal to 0.

On integration both sides, we have the general solution of the given differential equation
as minus 2 by 3 x to the power minus 3 by 2 in to y to the power 3 by 2 plus 4 x to the
power half y to the power half equal to c. In our lecture today, we have covered the cases
of all those differential equations of first order and first degree, where the variables can
be separated. The homogeneous equations and the exact equations and also those

differential equations which can be reduced to any one of those three forms.



In our next lecture, we shall consider the case of linear ordinary differential equation of
first order and first degree. And also those differential equations of first order first degree

which can be reduced to the linear form, we shall also consider the orthogonal

trajectories.

Thank you.



