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Lecture - 12
Linear Transformation Part — 2

Welcome viewers, today we are going to discuss Linear Transformation. I will start with
the summary what we have done in my last lecture. In my last lecture I have started with
the definition of linear transformation, | have discussed some properties of linear
transformation. Such as, that if T is linear transformation and theta 1 and theta 2 being
the identity elements of the vector space V and W, then T of theta 1 is equal to theta 2.
That is theta 1 will map to theta 2.
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T:V 5> W, T(cx+y)=cT(x)+T(y)
T(0,)=06,

T(a - B) =T(a) - T(B)

1.(T) is a subspace of W

Ker(T) is a subspace of V.
dim (V) = dim (Ker (T) ) + dim (1, (T) )
Tisonetoone <> Ker(T)={0}.

Then, T of alpha minus beta is equal to T of alpha minus T of beta, image of T is a
subspace of W, image T being the range set for the transformation T. And kernel T
subspace of V. We are further discuss that dimension of V is equal to dimension of
kernel T plus dimension of image T. We have also discuss the T is one to one, then
kernel T is theta itself.
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This lecture includes, singular and non-linear transformations, composite linear
transformation, invertible transformation, matrix representation of transformation, some

examples and some results.
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Definition:

A linear transformation T : V > W is said
to be singular, if the range of some
nonzero vector under Tis 0

If there exist some v ¢ Vsuchthat T (v) =
O,vz 0.

The transformation is said to be
nonsingular if and only if 0 ¢ V maps into 0

ker (T) = {6}
Since Tisonetoone < Ker(T)={0}.

T is Non singular <> T is one to one

To start with | will define what do you mean by a singular, in linear transformation for
this. Let us say T is a linear transformation from the vector space V into W. Then, this is

singular if the range of some nonzero vector under this transformation is theta. That



means, there exist some vector V belonging to V. Such that T v is equal to theta, then v

is not O.

And transformation is set to be non singular, if and only if there exist theta belonging to
V which maps into theta belonging to W. That means kernel T is equal to theta. Now, we
have earlier proved that T is one to one implies kernel T is equal to theta. And that
means, the T is nonsingular when T is one to one. So, many times we take this as a
definition for nonsingular transformation. That if T is nonsingular, then T is one to one

linear transformation.
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let T: U > Vis a one — one linear
transformation and u,, u,, ... , u, ¢ U are
linearly independent vectors then T(u,),
T(w), ... ,T(u) are also linearly

independent vectors.

Nonsingular transformation preserves

linear independence

A linear transformation is nonsingular but
not onto

A linear transformation is onto but not
nonsingular

Now, the T is a linear transformation from U to V it is a one-one linear transformation.
And the vectors u 1, u 2, u n belonging to U are linearly independent vectors. Then, that
images Tu 1, Tu 2, T un are also linearly independent vectors, this is a result which we
have proved in my earlier lectures. Now, we will make use of this and then we can say
that nonsingular transformation preserves linear independence. A linear transformation is
nonsingular, but not onto one may notice that a linear transformation is onto, but not

nonsingular. So, these two things are different.
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COMPOSITE LINEAR TRANSFORMATION

Let U, V, W are the vector spaces

T:U 5>Vand S:V > W be two linear
transformations

The composite transformation denoted by

SoT: U > Wis defined by
(SoThu =S (T(u)) foralluec U

Considerv=T(u) forue U,veV,
S(v)=w forwc V.

S (SoTu=w A

Then, we come to composite linear transformation for this we need three vector spaces U
V and W. So, let U, V, W are the vector spaces and we have two transformations T from
Uto V and S from V into W. Then, the composite transformation which we denoted by S
composite T, which is from U to W is defined as S o T or we call it S composite T u is
equal to S of T u for all u belonging to U. That means, if | have a vector u and U, then T
u will be in V. So, if V belonging to v such that it is equal to T u, then S of v is equal to

w for some w belonging to V and then we say, S composite T of u is equal to w.
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I illustrate this with the help of this diagram, in which I am showing three vector spaces
U, V and W. And two linear transformations T from u to v and s from v to w, which
means a member u in U will go to v in V under the transformation T. And the same v
under is transformation s will go to w. And that means, this is a transformation which

will take u to w and this transformation is called the composite transformation S T.
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Theorem :
HFT:U >VandS:V > W be two linear
transformations then SoT is also a linear
transformation
Proof : Consider au, +u, ¢ U

(SoT) (au,+ u,) = a(SoT) (u,) + (SoT) (u,)

=S (T (au, + u)))
=S(aT(u)+T(u) Tis linear

=aS (T(u,)) + S (T(uw,)) S in linear
= a(SoT) (u,) + (SoT) (u))
SoT is a linear transformation

On the basis of this, | will establish certain results in the form of theorem. So, if we have
a linear transformation T from the vector space U into V. And another transformation S
from V into W, then S o T is also linear transformation. That means, if T s and T are

linear transformation, then composite of these two will also be a linear transformation.

To prove this, we will consider alpha u 1 plus u 2 belonging to U. And we will prove that
SoTofalphaulplusu2isequal toalphatimesSo TofulplusSoTofu2. We start
with the left hand side S composite T means, S of T alpha u 1 plus u 2. So, if first operate
this transformation T on this element, and since T happens to be a linear transformation.
So, T of alpha u 1 plus u 2 in the next step will become alpha T u 1 plus T of u 2 these
are basic definition of the linear transformation. And then this will become alpha S of T

u lplus S of Tu2because, S is also a linear transformation.

So, applying this linear transformation twice, once for T next time for S we will get left

hand side equal to right hand side. And that proves the result that S o T is a linear



transformation. So, given two linear transformation their composite is also a linear

transformation.
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Example:
LetS : RZ2 »R2
S(x,y)=(x+y,x-2y)
T:R2 > R?
T (x, y) = (x, y-x)
compute (ToS) (1,1) and (SoT) (1,1)
Solution:

(ToS)1, )=T(S(1,1) =T(1+1, 1-2)
=T(2,-1)=(2,1-2)=(2,-3)

(SoT)1,1)=S(T(1,11) =S(1,0)
=(1+0,1-2)=(1, 1)

Now, let us see what do we mean by a composite transformation with the help of an
example. So, we have a linear transformation S from R 2 to R 2 here, S x y is defined as
x plus y and x minus 2 y. So, an element x y in R 2 will map to x plus y comma x minus
2 y under the transformation S. And another linear transformation T defined by a T of x

y equal to x comma y minus X.

So, the question is to compute T composite S for the elementl comma 1 and S composite
T for the elementl comma 1. So, let us see what happens | start with T o S of 1 comma
1, this means we first operate S. So, S linear transformation on the element 1 comma 1.
So, S operated on to the vector 1 comma 1 gives me 1 plus 1, see the definition x plus y
here x and y are 1, so itis 1 plus 1 comma x minus 2 y. So, it is 1 minus 2.

And that makes T of 2 minus 1, so this left hand side is equal to T of 2 minus 1. Then, |
apply the definition for the second transformation T that is this definition. And this
means X is equal to 2, so this is x and the second component will become y minus x y is

equal to minus 1 and x is 2. So, it becomes minus 1 minus 2 and finally, it is 2 minus 3.

So, T o Sof 1 comma 1 is 2 comma minus 3 by S composite T on 1 comma 1 is equal to

S Ton1lcommalminus 1. I am first using this definition x comma y minus X. So, itis 1



comma 1 minus 1, so this reduces to S 1 comma 0. And now | apply this definition, so it
is equal to 1 plus 0 x plus y comma 1 minus 2 this is equal to 1 comma minus 1. So, that
is how we compute composite transformation. So, given two transformations one can

use, one can obtain composite transformation.
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INVERSE OF A TRANSFORMATION

A linear transformation T : U » V is called
invertiable if there exists a unique linear
transformation S:V > U such that
SoT=l,andToS =1,

When |, is the identity transformation on U
and |, is the identity transformation on V.

(SoT)u=S(T(u)) =u uel
and (ToS)v=T(S(v))=v ve V

Remark: S reverses the ef’?ect of T and vice
versa.

Now, we come to inverse of a transformation, a linear transformation T from the vector
space U into V is called invertible. If there exist a uniquely linear transformation S form
V into U. Such that, S composite T is identity of the vector space u and T composite S is
the identity of the vector space v. Now, both these things should be satisfied.

If you can find such a transformation that these two composite transformation satisfy
this. Then, we can say that the transformation is invertible. Here, |1 v is a identity
transformation on U and this I v is the identity transformation on V. This was the first
can be written as S composite T on u is equal to S T u is equal to u. So, u belonging to U

and T composite S operated on v is equal to T S v is equal to v, so v belonging to V.

So, this is equivalent to this and the second one is equivalent to this. Now, one can see
that S reverse is the effect of T and vice the versa. One can notice that u under this
transformation goes T u, but S will take it back u itself. So, S reverse is the effect of T
here also v becomes S v under the transformation S and T will take it back again to v. So,

we can say that S reverse is the effect of T and vice versa.
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S is the inverse of T and denote it by T
ie.S=T1.
Tis theinverseof Si.e. T=8".

Clearlyif T(u) =v then T (v)=u
Also if S(v)=u then S (u)=v

Let T : U - V be a linear transformation,
dim(U) = dim(V) Then the following are
equivalent

T is invertible

Tis non-singular

lis onto

Further, if S is the inverse of T we denoted by T inverse and we say S is equal to T
inverse. We say T is the inverse of S or we write T is equal to S inverse. Clearly, if T u is
equal to v, then T inverse v is equal to u. As we said that, T inverse will all nullify the
effect of this transformation, it will take it back. So, we apply T on u will become v, but
T inverse will take it back v to u. Also if S v is equal to u then S inverse u is equal to v.
Now, we have an important result it says that T is a linear transformation from the vector
space U into V. And dimension U is equal to dimension V, then the following are

equivalent that is T is invertible, T is nonsingular and T is onto.
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This I illustrate with the help of this diagram. Here, | have a two vector spaces U and V,
T is a transformation which takes x 2 T x. Now, T inverse is a transformation, which will
take y 2 x. Now, since T is a transformation we said T has to be nonsingular. That
means, only one element if there are two different elements here, then they will map to
one element here. And then this mapping has to be onto, because we have to the same
element by a back x. So, that is how we have the result we say that invertible,

nonsingular and onto they are equivalent.
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Theorem :

Let T : U > V be a linear one — one
transformation Then T' : V > U is also a
linear one — one Transformation.

Proof :

Giventhat T : U > V one one linear
transformation > T is non singular.

T will have an inversesay T':V > U
To prove T is linear:

Letv,, v, €V, then
T'(v,)=u, or v,=T(u),
T'(v))=u, or v,=T(u)
=

Now, we will prove this theorem, that if T is a linear transformation which is one-one.
Then, T inverse from V into U is also a linear one-one transformation. To prove this, we
first take a linear transformation T from U to V, which is given to be one-one linear
transformation, we have earlier proved that such a linear one-one transformation will be

nonsingular.

So, with this we further assume the existence of T inverse from V to U, then if this
happens to be a linear transformation. Then, we should prove that it is this T inverse is
additive and homogeneous. So, first we consider two vectors vl and v 2 inV, then T
inverse v 1isequal touland T inverse v 2 is equal to u 2, this is our assumption. Then,
first means v 1 is equal to T of u 1 and second means v 2 is equal to T of u 2, this is

because of the definition of T inverse.
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Svyty, =T(w) +T(w,)=T(u, +u,).
T (v, +Vv,))=u, +u,

Also av, =aT(u,) =T (au,)

T'av,) =au, =aT'u,

Thus T is also a linear transformation

To prove T is one — one:
V2V, T (v) 2 T (v,)

u, =T (v,), u, =T (v,)

= v,w=T(u), v,=T(u)
However Tis one —one .. u,=u,
Hence T is one — one

N

Then v 1 plus v 2isequal to T of u 1 plus u 2. If you are convinced, then we can apply
the linear property of linear transformation and what we can have that T is equal to u 1
plus u 2. And this simply means v 1 plus v 2 is equal to T of u 1 plus u 2 and by the
definition of inverse T inverse of v 1 plus v 2 is equal to u 1 plus u 2. And that is what

we need to prove that this is additive.

The second is alpha v 1 is equal to alpha T u 1, which is equal to T times alphau 1 T
being a linear transformation. So, from alpha v 1 is equal to T of alpha u 1 we can write
down T inverse alpha v 1 is equal to alpha u 1 or it is equal to alpha times T inverse u 1.
So, homogenous properties also satisfy. And hence, one can say that T inverse is also a

linear transformation.

So, if T is linear then T inverse is also linear provided it is one. To prove that T inverse is
one-one, we consider two different elements in v, say v 1 and v 2 which are not same.
Then, we have to prove that T inverse v 1 their images are also be different in u. So, we
start with v 1 not equal to v 2, then we will prove that T inverse v 1 is not equal to T

inverse v 2.

Now, u 1 is equal to T inverse v 1 and u is equal to T inverse v 2 with this v 1 is equal to
Tulandv2isequal toTu2. Since, T is one-one, so v 1, v 2 will be different, but you

want u 2 different. So, T is one-one, so u 1 is equal to u 2 and hence T inverse is one-



one. So, if we have one-one linear transformation T, then T inverse is also a one-one

linear transformation.
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Example: Show that the following linear
transformation T : R?® > R is one - one
and onto

T(e,)=e,+e,

T(e)=e, +e,+te,

T(ey)=e, +e,
Find T for the transformation

Solution : For T to be one - one ker(T) = {0}.
Let (a, b, c) € ker (T),
(a, b, c) = ae, + be,+ ce,
T (ae, + be,+ce, )=0

or aT(e,) +bT(e,) +cT(e;)=0

or ale, + e,) + ble, +e, +e,) +cle, +e,)=0

N

Now, in this example we will show that, the given linear transformation is one-one and
onto. And if it is one-one and onto, then we will find it is inverse also. To start with T to
be one-one it is penalty should be theta. That is how we proved? The T is one-one
transformation. So, let us consider an element a, b, ¢ belonging to kernel T, we will
prove that a, b, ¢ actually has to be O if it has to belong to kernel T and only then T

inverse may exist.

So, let us have a, b, ¢ belonging to kernel T. And since a, b, ¢ belongs to kernel T, so it
can be written as a e 1 plus b e 2 plus ¢ e 3. That is any vector in R 3 can be represented
as a linear combination of the base vectors e 1, e 2, e 3. Then, we apply linear
transformation on this. So, T of a, b, cisequalto 1 Tofae 1 plusb e 2 plus c e 3 and

this is equal to theta.

That is what we have assumed? That is what we have started with, so we have T of this
is equal to theta. So, let us apply on this vector; that means, we can write down a times T
e 1 plus b times T e 2 plus ¢ times ¢ 3 is equal to theta, because T is a linear
transformation. Next, we can apply this definition, which is given to us T of e 1

according to definition Tofe lise 2 pluse 3. So, itisatimes e 2 plus e 3 plus b times T



of e 2 whichis e 1 plus e 2 plus e 3 that is what has been given to us plus c times e 1 plus
e 2whichis T 3.
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or a(e, + e,) + b(e, +e, +e,) +c(e, +e,)=0

or (b¥c)e,+(a+bic)e,+(a+b)e,=0
or b+c=0,

a+b+c=0,

a+b=0
or c=0=a=b=0

R
T is one — one mapping

So, you simplify this and collecting different terms we will have b plus c e 1 plus a plus
b plus c into e 2 plus a plus b into e 3 is equal to theta. So, we have collected different
terms e 1 is coming from b as well as from c, e 2 is from a, b and c¢ similarly e 3 is a plus
b. So, we will have this expression and this is a vector expression. So, each of this
component should be 0, so b plus c is equal to 0 a plus b plus c is to be 0 and a plus b

equal to 0.

Now, we have three equations and three unknowns a, b and ¢ from this a is equal to
minus b and from this b is equal to minus c. If you substitute this in this equation will
have a, b and c equal to 0. That means, we have started with a non zero vector a, b, c, but
ultimately that vector comes out to be 0. That means, we will have only one vector in

kernel T that is the identity vector and; that means, T is a one-one mapping.
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Since T: R® » R3.
Dim (V) = 3, dim (ker (T)) =0
ordim (I_(T))=3
L(McR?
Since |, (T) and R? are subspace of dim 3
therefore | (T) = R3.

or the transformation is onto.

Hence inverse Transformation exists.

i.e. for given u ¢ R3, there exist u ¢R3 such
that TYv)=u
k

Now, the mapping T is this linear transformation T is R 3 to R 3. The dimension of V is
3 dimension of kernel T is 0 why because, it is one-one transformation. So, nullity is 0,
so from nullity and right nullity theorem will have dimension of image T is equal to 3.
Now, image T is a subset of R 3 and that means, image T is nothing but R 3. Therefore
image T is the same as R 3. And that means, the transformation which is given to us is
not only a one-one it is onto. And accordingly, the inverse transformation exist that is
forgiven u belonging to R 3, there exist V belonging to R 3 such that T inverse v is equal

to u.
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Consider v = (c,, c,, ¢;) € R3,
LV =c.e, + Ce, + C,e,.
“T1(v)=¢c, T (e)) +c, T (&) + ;T (ey)

If we can find T (e,), T(e,), T'(e,), the
transformation T-' : R3>R3 is known.

T(e,)=e, +e,

Tle,))=e,+e,+e,

Tley) =e, +e,
e, =T(e,) + T(e,)
e,=T(e,) + T'(e) + T(e;) T(e,) =e,-e,,
e;=T(e,) + T(e,) T (e))=e,- e%t




Now, for this I consider the vector v as ¢ 1, ¢ 2, ¢ 3 belonging to R 3, which is a linear
combination of the base vectorse 1, e 2, e 3. So, we writedownvasclelplusc2e?2
plus ¢ 3 e 3. So, applying T inverse we will have T inverse v isequal to c 1 or T inverse e
1 plusc2of Tinverse e 2 plus ¢ 3 of T inverse e 3, this we are getting, because T inverse
is also a linear transformation, so applying T inverse on this means applying T inverse on
these separately, so we have this expression. Now, we can find T inverse e 1 T inverse e
2 T inverse e 3, then the transformation will be known. So, if v is given to us, then from
this we can find out the transformation if T inverse e 1 and T inverse e 2 and T inverse e

3 are known.

Now, what is giventousis Te lisequaltoe 2 pluse 3 T ofe 2 isequaltoe 1 pluse 2
pluse 3 T of e 3isequal to e 1 plus e 2. We are trying to find out T inverse e 1, T inverse
e 2 and T inverse e 3 and if you can find that we can find out the inverse transformation.
So, that is what we are going to do here, so we write down from this we can write down

e lisequal to T inverse e 2 plus T inverse e 3.

So, | have applied T inverse here and using the property that T inverse is a linear
transformation | can write down e 1 is equal to T inverse e 2 plus T inverse e 3 from this
second expression | am writing e 2 is equal to T inverse e 1 plus T inverse e 2 plus T
inverse e 3 and from the third e is equal to T inverse e 1 plus T inverse e 2. So, now we
can solve these two equations from this we can write down T inverse e 1 is equal to e 2
minus e 1 and from the third T inverse e 3 is equal to e 2 minus e 3, here | am using the

linear property of T inverse.
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T(e,) =e,-e,,

T'(e)=e,—e,+e,-e,+e,
e, —ete,
~T1(v)=c, T (e,) +c,T (e;) + c,T (e,)

T'(v)=c,(e,-e) *c, (e, -, +e)
tcyle,—e)

Tcy epnc) =(c—c) e, + (e, —c, +¢j) e,
+ (¢, - c;)e,

So, once we get T inverse e 1 is equal to e 2 minus e 1 and T inverse e 3 and € 2 minus e
3, then we can substitute in the second equation to get T inverse e 2. So, from this T
inverse e 2 ise 2 minus e 2 plus e 1 minus e 2 plus e 3 and that simplifies to e 1 minus e
2 plus e 3. So, we get T inverse e 1 we know what is T inverse e 2 and we know what is
T inverse e 3 and that means, we can find out what is the image for the vector vitis c 1,
c2,c3.

So, we can write down T inverse v as linear combination ¢ 1 T inverse e 1 plusc 2 T
inverse e 2 plus ¢ 3 T inverse e 3 and that means, T inverse v is determined. And
substituting these values T inverse vis equaltoc 1 e 2 minuse 1 plusc 2 e 1 minus e 2
plus e 3 plus ¢ 3 e 2 minus e 3. Simplifying it, T inverse of ¢ 1, ¢ 2, ¢ 3 it is a vector v is
equaltoc2minusclelplusclminusc2plusc3e?2plusc2minusc3e3.So, given
avector c 1, ¢ 2, ¢ 3 we can find out its inverse transformation T as this.
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Example: Prove that the linear
transformation T : R® » R3 defined below
does not have an inverse

T(ey)=e, +e,
T(e,) =e; —2e,,

Tley)=e,—e,+e,

k

So, this transformation which was given to us is invertible and we can find the
transformation also. Now, in the next example we will take a linear transformation
defined as Tofe lisequaltoe 1 pluse2 Tofe2ase3 minus2e2Tofe3asel
minus e 2 plus e 3. And then we will see that, this is not this does not have an inverse.
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Solution : Tis NOT one - one:
For this complute ker(T)

Let(a,b,c) c ker(T) i,e. T(a,b,c)=0
or T (ae, + be, + ce,) =0

aT(e,) + bT(e,) +cT(e,) =0

(a*c)e,+(a-2b-c)e,+(b+c)e;=0
a+c =0, a-2b-c=0, b+c=0
a=-c,b=-
>c=k, a=-k, b=-k
a—2§—c=-k 2(<)-k=0

To prove this, we will see that it is not a one-one transformation and for this purpose. We
will compute first the kernel of T, we will see that the kernel of T has some member a, b,

¢ which is not 0, but still T, b, c is theta. So, let us assume that a, b, ¢ is a non zero vector



belonging to kernel T and T a, b, c is theta or T we write down the vector a, b, c is a
linear combination of base vectorse 1,e2,e 3. So, Tofae 1 plusbe 2 pluscofe3is

equal to theta.

And we know that T is a linear transformation. So, we can write it as a times T of e 1
plus b times T of e 2 plus ¢ time T of e 3 equal to theta. And then we will make use of
definition Te 1, T e 2, T e 3 has been given to us, we write down a times e 1 plus e 2 that
is the value for T e 1 plus b times e 3 minus to e 2 expression for T e 2 plus c times T e 3.
That is e 1 minus e 2 plus e 3 and this is equal to 0.

Then, we collect different terms e 1 first, so it is from here it is a no contribution from
this and here we have c. So, we will have a plus c times e 1 plus the next is e 2, so a is
coming from the first term a minus 2 b minus c times e 2 plus b plus ¢ no contribution
from this. So, we will have this expression equal to 0. And that means, a plus c is equal
to 0 plus a minus 2 b minus ¢ equal to 0 and b plus ¢ equal to 0. So, the three components

are going to be 0, so the we have three questions in three unknowns a b c.

So, from first equation we can say a is equal to minus ¢ from the third equation we say b
is equal to minus c. And when we substitute these values in the second equation, we can
say c is equal to k and a is equal to minus k and b is equal to minus k. So, this value is
coming from this equation. That is what we are getting from the second equation a minus
2 b minus c is equal to minus k minus 2 times minus ¢ minus k is equal to 0 and that

gives me the value of c.
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.. The vectors of form (-k, -k, k) ¢ ker(T).
or ker(T) = {0}

~. T is not one — one.
~. T does not exist.

And accordingly the vector form minus k minus k, k belongs to kernel T k can be any
scalar and it may be 0 also, but it may be non zero. That means, there exist a non zero
vector in kernel T. So, kernel T is not nearly 0 it has some more vectors and that means,
it is not a one-one transformation. And of course, according T inverse does not exist in

such a case.
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If V is a vector space of dimension n and
T:V > Vis a linear operator, then the
following statement are equivalent:

T is one — one
T is onto.

ker{T} = {0}.
nullity (T)=0

Iy (M =V

T is nonsingular.

k

So, we have proved that T inverse does not exist in such a case. And then in this result

we are summarizing what we have done, so far. We have a vector space V of dimension



n and we have an operator T from V to V, we call it a linear operator. Then, the
following statements are equivalent T is one-one, T is onto kernel T is equal to theta and
only in identity vector, nullity T is equal to O in this case, image T is equal to V and T is

nonsingular. So, this is what we have done for the linear transformation.
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MATRIX REPRESENTATION OF A LINEAR
TRANSFORMATION

Consider a linear transformation T:V > W
Let B, ={v,, v, v,} is an ordered
basis for n dimensional vector space V

Then any vector v in V can be uniquely
expressed as

w=T(v) =T(cv, +cv, +
= c'gT (vy) + c,T(v,) +

In the next part of my lecture, | will be discussing matrix representation of a linear
transformation. Now, let us consider T is a linear transformation from the vector space V
into W, let B 1 is a order basis for V vector space V consisting of v 1, v 2, vnisann
dimensional vector space. Then, any vector v in V can uniquely be expressed as v is
equaltoc 1 v 1plusc2v2pluscnvn, this is true, because this is a basis for the vector

space V.

So, any vector in V can be expressed in terms of it is base vectors. So, ¢ 1, ¢ 2, ¢ n will
then be called as a coordinates of v with respect to this is B 1. Now, let us say w is equal
to T of v that is, this is equal to T timesc1v 1 plusc2v 2 pluscnvn. So, T being the
linear transformation one can write down this as ¢ 1 times T of v 1 plus ¢ 2 times T of v
2 plus v 1 times T of v n. So, this transformation T of v is expressed in terms of images
of the base vectors v 1 v 2 and v n. So, this vector w is represented as a linear

combinationof Tv1, Tv2and T ofvn.
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To specify T, it is enough to specify the
vectors T(v,), T(v,), ..., T(v,)

LetB, ={w,, w,, ..., w_} is an ordered

basis for W

Tiv)=a,w, +a,w, +.. +a w,,
j=1,2,...n

The transformation is completely determined by
the values of a,i=1, 2oy 2 ... 0

v
If for given v, the coefficients a. are arranged in
the j* column of the m x n matrix A, then this
matrix determines the transformation T.

That means, to specify T it is enough to specify the vectors Tv 1, Tv 2 and T v n. But,
what is Tv 1, T v 2, T v n these are vectors in W. And let us say W has a basis B 2
consisting of w 1, w 2, w m is an ordered basis for w, this happens to be an m
dimensional vector space. So, we will have only m vectors. Then, any vector v j, vjisa

vector in the basis B 1.

So, Tofvjisequaltoaljwlplusa2jw2 plusamjwm, what | am going to do here
is | am trying to express T v j in terms of the base vectors w 1, w 2, w m these are the
scalars, so T v j is equal to this for all j is equal to 1 to n. Now, the transformation is
completely determined with the vectors a i j, if | know these coefficientsaltoa2jamj]
for all j is then | know the transformation. So, that is how we write down T v j, so if
forgiven v j the coefficient a i j are arranged in the j'th column of the m by n matrix a.
Then, this matrix determines a transformation T, it has j'th v j is a j'th vector. So, what

we do is we try to arrange these coefficients in the j'th column for T v j.
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Given the basis and the matrix A, the
transformation is completely known.

The matrix (A) ., , represents the transformation
from n dimensional vector space V to m
dimensional vector space W.

The matrix of transformation is always with

respect to ordered bases.

There can be multiple matrices representing given
transformation.

This is because the entries in the #natrix depend
on the bases that are chosen.

And that is we have the matrix A. So, given the basis and the matrix A, the
transformation is completely known. The matrix A will be an m by n matrix why
because, we are having n vector. So, we are going to have n columns and in each column

there will be m vector, so we will be having A m into n m rows n columns.

So, this represents the transformation from an n dimensional vector space v to n
dimensional vector space W. The matrix of transformation is always with respect to
order basis. This is the point which you have to remember and we change basis the
matrix of transformation will be different. And that is why, they can be multiple matrices
representing the given transformation depending upon the basis you consider. This is
because, entries in the matrix depend on the basis they are being chosen. So, for different
basis we may have different representation for the matrix A the transformation remains

the same.
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Theorem:
Let T:V > W be a linear transformation of
an n dimensional vector space V into an
m dimensional vector space W.
LetB,={v,, Vv, v} be basis for V and
w,_} be basis for W.

Letv = {c,, C,, ..., C }T be the coordinates
of a vector x in V w.r.t basis B,
Letw={d,, d,, ..., d }" be the coordinates
of y in W w.r.t basis B,
[T(x)]=yiffAv=w

Now, we have a theorem if we have a linear transformation T from a n dimensional
vector space V into an m dimensional vector space W and B 1 is a basis for B and B 2 is
a basis for W and B is equal to ¢ 1, ¢ 2, ¢ n transpose is a column vector with the
coordinate vector x in v with respect to this is B 1. And w is equal to equal tod 1,d 2, d
n transpose with the coordinates of y in w with respect to basis B 2, then T of x is equal
to y means A v is equal to W. So, with the transformation T we can associate a matrix a
such that A v is equal to w. So, for a given transformation T x is equal to y, we can

associate a linear transformation A, such that Av is equal to w.
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TV—-WorT:R"— R™
(w) mx1 - (A) mxn (v)n x1

If Ais mxn matrix, then A defines a linear
transformation from R" into R™ by sending
the column vector v in R” to the column
vector w in R™

The matrix A defines the linear
transformation T

k




Now, if we have T linear transformation from V to W or we can say T is a
transformation from R n to R m. Then, w which is a column vector m by 1 is equal to the
matrix A and m by n matrix multiplied by the column vector n by 1, so this is what we
have. So, if A is an m by n matrix, then A defines a linear transformation from R n into R
m by sending the column vector v in R n to the column vector w in R m. So, the matrix
A defines the linear transformation T. So, with every linear transformation there is an

associated matrix A.
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Matrix of an identity transformationT:V —V
x = T(x)

A{cﬁ Coy veey cn}T ={c1, Coy uny Cn}T

1i=] Identity Matrix

YT0i#]

Matrix of an Zero transformationT:V —V

Zero Matrix

Now, matrix of an identity transformation, so if we have a transformation T from V to V.
Then, the identity transformation means every x in V will map to T of x or T of x will be
x itself. So, if | have a vector ¢ 1, ¢ 2, ¢ n that is that will mapto Ac 1, ¢ 2, ¢ n. Then,
this relationship is possible provided a i j is equal to 1, whenever i is equal to j and 0
when i not equal to j.

So, if we can have such a i j’s then this is possible and this will be such a this will be
such a matrix for the given linear transformation T. And if we now require the definition
for the identity matrix this is nothing but, the definition of identity matrix a i j is equal to
1, then i is equal to j. That means, in columns we have in the diagonals we have 1 and
rest of the elements are 0. So, such a matrix is an identity matrix or we can say this
identity matrix is a associated with the identity transformation T. Similarly, the 0

transformation from V to V the associated matrix is the O matrix.
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Example: Let T : RZ > R? defined by
ZX1 e 3X2
=| x,

ordered basis for R? B, ={v,,v,}

ordered basis for R3 B,=

L3
Find the matrix

transformation.

Now, in the next example a transformation has been given to us from R 2 to R 3, we
have to find out the associated matrix for this the basis for R 2 is given as B 1 consisting
of two vectors v 1, v 2 as 1 minus 1 and 2 0. While the ordered basis for R 3 is provided
as110101and011, these basis have to be specified. Because, the matrix depend on
the basic if we change the matrix, if we change the basis the matrix will be different, we

have to find the matrix representing the transformation.
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in terms of the basis B,as

.

-a1 1 +a,{0 +a,|1




So, for the solution we start with the definition T x 1 x 2 is given to us as 2 x 1 minus 3 x
2, second component is X 1 and third component is x 2 plus 5 x 1. So, we first see how
these images, how these basis elements map to the image set. So, T 1 minus 1 is equal to
514. Letusseehowx lislandx2isequal tominus1,so2x1minus3x2is5x1is

1 and x 2 plus 5 x 1 that comes out to be 4.

The second element second vector 2 0 will mapto4to 10 in R 3 likex 1is1x 2 is 0, so
when we substitute it here it will be 4 2 and 10. Now, we try to represent the vectors 5 1
4, 4 to 10 in terms of the basis B 2, so 5 1 4 is represented as a linear combination of
basis 110,10 1and 01 1. So, we have to determine a 1, a 2, a 3, so that this matrix

equation is satisfied.
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a+a,=5
a,+a, =1
a,+a,=4

Similarly, (4 1 1 0
2 |=b,|1|+b,|0|+b,|1

10 0 1 1

a, =1, a,=4, a,=0

b,+b,=4
b, +b, =2
b, + b, =10

b,= -2, b,=6, by;=4

-2

1
A=|4
= (o

6
4

For this purpose | will saya 1 plusa2isequalto5alplusa3isequaltola?2plusa3
is equal to 4. And then we solve these three equations in three unknownsa 1, a 2, a 3 we
will get a 1 is equal to 1 a 2 is equal to 4 and a 3 is equal to 0. That means, we have
obtained the image of the first vector in terms of the base elements. So, this is for the
second 4 2 10 we will expressitasb1110plusb2101plusb3011.

So, it is a linear combination of these vectors and again we have three equations 4 is
equal to b 1 plus b 2 2 equal to b 1 plus b 3 and 10 equal to b 2 plus b 3. These three
equations are solved simultaneously and the solution comes out to be b 1 is equal to

minus 2, b 2 is equal to 6, b 3 is equal to 4. So, we can say the matrix A is 1 4 0 and



minus 2 6 and 4, how we get this matrix, this first is this is the representation the first

vector T e 1 and this is the representation of the second vector 4 2 10.

So, second matrix and second vector that we say it is an ordered basis. That is why we
first write down the first vector, and then we write down the second vector. So,
corresponding to 4 2 10 we have this column and corresponding to the earlier vector we
have this column 1 4 0. So, this is the matrix associated with the given linear

transformation. That is how we obtain the matrix for the given linear transformation.
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Every m x n matrix A can be identified with
a linear transformation T: R" » R™,

The range of an m x n matrix is the space of
its column vectors in R™.

The rank of A is the maximum number of
linearly independent column vectors of A .

The kernal of A is the set of all vectors x in
R"such that AX=0

Now, we say that every m by n matrix A can be identified with the linear transformation
T from R n to R m and the range of an m by n matrix is the space of it is column vectors
in R m, we are having in the matrix A we are will be having vectors in R m. So, the
range space of that will be the range of the matrix. The rank of A is a maximum number
of linearly independent column vectors of A, that is how we defined rank of the matrix
A.

A will have number of column vectors. So, then independent column vectors will
constitute the base vectors for the matrix a for the space. And that is why we say that
rank of A is a maximum number of linearly independent column vectors of A. Then, the
kernel of A is a set of all vectors x in R n such that A X is equal to 0. All these

definitions are actually taken from the definition of linear transformations, only thing



once we have identified the linear transformation and matrix representation one can very

easily write down these things.
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The nullity of A is the dimension of its
kernel.

A linear transformation fromR" > R" is
one - one if and only if it is onto.

n x n matrix A will be one — one linear
transformation if its range is the whole

space.
In other words the linear transformation is
one - one if its rank is n.

This means that the maximum number of
linearly independent vectors is n.

And accordingly, then nullity of A is the dimension of it is kernel. A linear
transformation from Rnto Rn 1is 1to 1 if and only if it is onto this is the result, which
we have obtained earlier, only thing is we have written for the matrix n by n matrix A
will be one-one linear transformation if it is range is the whole space. In other words, the
linear transformation is one-one if it is rank is n and this means that the maximum

number of linearly independent vectors is n.
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Theorem:
A square matrix is nonsingular if and only

if its column vectors are linearly

independent.

Example:

Consider linear transformations T : R? »R?
and S : RZ» R? are defined as

T(u,u,) =(uy-u,, u,+u,)

S (u,, u,) = (2u, +3u,, u, +u,, u, - u,)
Obtain the composite transformation S 02’

And accordingly a square matrix is nonsingular if and only if it is column vectors are
linearly independent. This is the result which we have started a square matrix is a linear
transformation is a nonsingular if it is a linear transformation we have defined has to be
nonsingular if kernel T is equal to theta. And then with the help of the results, which we
have establish just now one can very easily say that a square matrix is nonsingular if and

only if it is column vectors are linearly independent.

We will consider a linear transformation T from R 2 to R 2. And other transformation S
fromR 2to R 2, R 2to R 3 which I defined as T u 1 u 2 will map to u 1 minus u 2
commaulplusu2andSulcommau 2 totwice ulplusthriccu2ulplusu2andul

minus u 2, now we have to obtain the composite transformation S composite T.
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Solution:

Considering the standard basis for R?, then
T(e,)=T(1,0)=(1, 1)

T(e,)) =T(0,1)=(-1,1)

Therefore v = Tu can be expresses as

v= 14 u=Au ,Uc R?, veR?
11)

We start with the standard basis for R 2then Tofe lisequalto Tof 1 0is1 1, Tofe 2
equal to T of 0 comma 1 is equal to minus 1 and 1 according the definition being given
to us. Therefore, v is equal to T u can be expressed as this matrix 1 1, this first column
and the second image of second vector is minus 1 1, this is | express as this column. So,

this is the matrix representation for the given transformation.
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Similarly

wel (S),vel, (T)
-. SoT: R?-»> R3is given by
(SoT) u=S(T(u)), u € R2
2 3
w=(1 1
1 41

1
,1 1 »

Similarly, for the second we say w is equal to 2 1 1 3 1 minus 1 is the second matrix

associated with the transformation. Now, let us say w belongs to image set of S and v



belongs to image set of T, then S o T is a transformation from R 2 to R 3 and it is given

as S composite T uis S of T u u belonging to R 2.

And since this is being given to us this w is equal to B v being given to us. So, | simply
substitute the matrices. So, wis equal to 2113 1 minus 1 and thisvis 1 minus111u
or if you multiply these two matrices, what we can get w as product of 2 matrices 512 0

0 minus 2.

(Refer Slide Time: 49:31)

Remark: It may be observed that the matrix
representation of the composite
transformation S oT is the product matrix
BA.

Theorem:

Let V be an n dimensional vector space

having basis as Sand T: V » Vs an
invertible linear operator. Let A be a matrix
representation with respect to basis S.
Then A7 is the associated matrix
representation of the transformation T
with respect to S.

k

So, that is how we can say that the matrix representation of the composite transformation
S o T is the product matrix B A. Now, let VV be an n dimensional vector space having
basis as S and T is an invertible linear operator. Then, A be the matrix representation
with respect to basis of S. Then, A inverse is the associated matrix representation of the

transformation T inverse with respect to S.

So, a vector space being given to us a transformation is given to us associated with this
transformation we have a matrix A given to us. Then A inverse is the associated matrix

representation of the transformation T inverse with respect to the basis S.
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Proof :

Since T is invertible TOT' =|

Let the matrix associated with
transformation T' is B. The matrix
associated with the identity transformation
is identity matrix | .

The matrix associated with ToT-! is AB.
Therefore AB = ||
or B=A"

So, this is what we have to prove. So, to proof this we consider that T is invertible and
since it is invertible. So, we can say T composite T inverse is equal to I. So, there exist T
inverse for the given transformation T such that T composite T inverse is equal to I. Let
the matrix associated with the transformation T inverse is B, the matrix associated with

the identity transformation is we know is an identity matrix.

So, the matrix associated with T composite inverse is A B. Therefore, A B is identity
matrix and from here we conclude that B is equal to A inverse by this | mean to say that
if a given transformation to us as T it is associated matrix is A if the transformation is
invertible. Then, we can very easily find out the matrix associated with the inverse

transformation that is A inverse.

So, the two things are related, now with this we come to an end of this lecture. This
lecture is related with the linear transformation, we have continued with our earlier
lecture. So, in this set of two lectures we have covered concept related to linear
transformation | have started with the definition, some basic results are given. And
finally, I have to represent a linear transformation as a matrix. And then we relate certain

more results and the next time we will discuss rank and other related concepts.

Thank you.



