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Module - 2
Lecture - 10
Inner Product

A welcome viewer, today’s topic is Inner Product. But, before | start inner product, |
would like to give an example on the theory, which we have developed in the last lecture

regarding change of basis.
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We have developed some results like V Sisequal to P T S, V T. But, we could not take
up examples to illustrate this result. Today, | will start with this example first illustrate
this and then I will go to the inner products. Now, to start with, let us say V is a vector
space of dimension n, S and T, be it is two subspaces. S consisting of v1,v 2, vnisa

basis for Sand Tisw 1, w 2, w n. This is for V.

Now, let us say the vector v can be expressed as V s in terms of the vectors v 1, v 2, v n.
And V T in terms of bases w 1, w 2, w n. Then, relationship between V sand V T, we
this we have derived in my last lecture as V s is equal to P S T a matrix, multiplied by a
column vector V T. This matrix is called transition matrix. And it is called transition

matrix from T to S.



Now, to illustrate this, we have to find outa i j. Whatisaij? Aijis atypical element of
this matrix. Now, to get a i j, we have to solve n systems of order n by n. So, let me

illustrate this with an example.
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Example: Consider S = {(1,2). (0,1)} and
T = {{1,1), (2,3)} be two bases for R?.

(i) Find the coordinates of vector v = (1,3)
and (5,4) with respect to basis T.

(i) Find the transition matrix Pg__ from T
to the S basis

Solution: (i)The coordinates of v w.r.t. T are

obtained from the solution of the system

(1,3)=a(1,1)+b(23) a+2b=1 p=2
a+3b=3 _=.3

(5.4)=a(1,1)+b(23) 2*2=5 b=

(1.3 =(-3.2) (54), =*(7.-1)

So, let us consider S a subspace of R 2 consisting of bases 1 comma 2 and 0 comma 1.
And another bases T 1 comma 1, 2 comma 3, these are two bases for R 2. We have to
find the coordinates of vector V, which is 1 comma 3 and 5, 4 with respect to basis T.
This is first part. In the second part, we have to find the transition matrix P S T from T to
S to the basis S.

Now, in the first part, you have to find the coordinates of V with respect to T. Now, this
can be obtained from the solution of the system, which is obtained as 1 comma 3 is equal
to a 1 comma 1 plus b 2 comma 3. That means, | want to express this vector 1, 3 as a
linear combination of bases vectors 1 comma 1 and 2 comma 3 of the basis T.

Now, to this, to get a and b, | have to solve this system. And the system is a plus 2 b is
equal to 1, which is coming from the left hand side. And a plus 3 b, a plus 3 b is equal to
3 from the right hand side. When, we solve this equation, this you can very easily solve
it, subtract this from this. That will give me b is equal to 2. And substituting b is equal to

2 in one of these equations, we get a is equal to minus 3.



So, 1 comma 3 can be expressed as a linear combination of 2 vectors or we can say the
representation of 1, 3 in the basis T is 2 comma minus 3. Similarly, the vector 5 comma 4
is represented as a linear combination of basis vectors of T, a 1 comma 1 plus b 2 comma
3. And we again solve the system of equations to get b is equal to minus 1 and a is equal
to 7. And that means, 1 comma 3 in T basis representation is minus 3 comma 2, 5 comma

4 is 7 minus 1 in the basis T.
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(1) To compute transition matrix, represent
the vectors of T basis in S basis:

1,1) = a(1, 0,1) =1
(M =a12)+bo1) 3=1

3)=a(1,2) +b(0,1) 2=2
@3=a(12)+bo1) 3=2
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VERIFIED

Now, the second part is, to compute the transition matrix, you have to represent the
vectors of T basis in S basis. That means, first, we consider the vector of S basis 1
comma 1. We write down it as, a 1 comma 2 plus b 0 comma 1. And we solve it as we
have done in early in the earlier part. So, a is equal to 1 and b is equal to minus 1 is the

solution of this.

Then, the second part 2 comma 3, this is the second vector in the basis. So, we express it
again as a linear combination of 1, 2 and 0, 1. And, we form a system of equations as
this. They are solved to get a is equal to 2 and b is equal to minus 1. Solving this, we
write down the transition matrix. The first vector is written as the column of this
transition matrix. This is w 1 and this is the second vector corresponding to 2 comma 3.

So, this is the transition matrix.

Now, let us try to verify the result, which we have developed. That is Vs is equal to P S

T, V T. For this, we say 1 comma 3 S is equal to 1 comma 1. This can be obtained by



solving as we have done here. And then we say 1 comma 1, this is V S is a transition
matrix, which we have obtained here multiplied by V T, V T is the vector 1, 3in T. This
we have all ready obtained as minus 3, 2.

And, if you really perform this multiplication, you can see that, 1 comma 1 multiplied by
minus 3 plus 2 into 2 is 1. And, this 1 is equal to minus 1 into minus 3 minus 2. That
comes out to be 1. So, the result is verified. Now, with this, we have completed the

example and now, we go to the inner product.
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Contents:

*Inner Product

*Inner Product Spaces, Norm, distances

*Orthogonal vectors

*Orthonormal vectors

*Gram - Schimdt Process

So, the contents of this lecture consist of the definition of inner product. The inner
product spaces, norm, distances, orthogonal vectors, orthonormal vectors, Gram Schmidt

process.
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DEFINITION:
Let V be any real vector space. An inner
product on V is a function fromVx V to R.

A real number is assigned to each ordered
pair (u, v) of vectors denoted by <u, v>

It satisfies the following properties:

i) Positive definiteness
<v,v> >0
<y, v>=0iffv is a zero vectorinV

i) Symmetric property
<y, v>=<y, u>forallu,vinV

To define inner product, let us consider V be any real vector space. An inner product on
V is a function from V cross V 2 R. That means, a real number is assigned to each
ordered pair u v of vectors denoted by u comma v. So, this notation, we use for inner
product of u and v, provided it satisfies the following properties. The first property, we
call it as positive definiteness. This means that v comma v, the inner product of v comma
v is greater than equal to 0 and v comma v is 0. If and only, if v is a 0 vector in V. So, v
comma Vv is 0, only when v comma v is 0. When, V is a 0 vector. This is the positive
definiteness. And the second is the symmetric property. This means that inner product of

u and v is the same as inner product of v and u, for all pairs of uand vin V.
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i) <u + v, w> = <y, w> + <y, w> for all u,
v,winV

iv) <cu, v> =¢ <u, v> for all u, v in V and
c being a real scalar.

Following properties can be easily derived.

<u,cv> =c <u, v>
SU,vy+we =<y, vy>+ <y w>

According to the third property, u plus v comma w, the inner product is equal to inner
product of u and w plus inner product of v and w for all u v and w in V. And the last one,
¢ u comma v, inner product of ¢ u and v is equal to c times, inner product of u comma v.
For all uvinV and c being a real scalar. So, if it satisfies these properties, then an inner

product is defined.

On the basis of these four properties, the following properties can easily be derived. That
IS u comma c v is equal to c times, inner product of u comma v, because it is symmetric.
So, ¢ v.comma u is the same as u comma c v. And then c can be taken out. So, u comma
c v is equal to ¢ times u comma v. And the third one the next property, which can be
easily derived is u comma v plus w is equal to u comma v plus u comma w. And again, it
is derived from the symmetric property. And then using the third property, one can easily
arrive at this result.
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Example:
Letu=(u,u,..u)andv=(v,v, ..v)
Then <u, v> =uyv, +u, v, +

an inner product.

Solution:
(1)

Let us taken as an example. So, if we have avectoruinRn,ul,u2,unandvasvl,v
2, v n. Then, if you define u commavasul, v1plusu?2 v2plusun,vn, then it
defines a vector. Then, it defines an inner product. It defines inner product means, we
have to verify, that it satisfies all the four properties, which we have described just now.
So, to start with u comma u, u comma u is u is 1 square plus u 2 square plus u n square,

because we are taking u at both the places.

So, this is the inner product according to this definition. And this is a square of real
numbers, sum of squares of real number, this always be positive. And this is 0, only
when u 1 square plus u 2 square plus u n square is equal to 0. Since, all these numbers
are positive. So, there sum will be 0, only when individual terms are O, u 1, u 2, unis 0.
That means, u comma u is 0, simply means that, u is 0. So, that is the first part. And, if
you u is equal to 0. Then, u 1 square plus u 2 square plus u n square is equal to 0. So, u

comma u is 0 for 0 vectors. That proves the first part.
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() <u,v=uv, +uyv, +_  +uv,
=viu gt vt v u =<y, >

(i) <u+v, w> = (u+v)w, +(u,+v,)w, +
e (U, v )W,
Suw, v ouw,
*vw, tvow, ¢
Uty wr=<y w> +<y w>

(iv) <cu, v> = (cu,)v, + (cu,)v, + ... + (cu v,
=cC (uiv‘l + u7v7 ...+ unvu)
=c <u,v>

R An inner product

The second part is, that u comma v and v comma u are same. So, according to definition
ucommavisul, v1lplusu2,v2plusun,vn. Andsince ulandv 1 are real number.
So, they can be commuted. So, u 1, v1 can be written as v 1, u 1. Similarly, the next term
v 2, u 2 and the last term u n, v n is expressed as v n, u n. And again, the planning, the
definition, we can see that, this is nothing but v comma u. And that means, the

symmetric property is also proved.

Now, the third property u plus v comma w. So, if we consider u plusvasulplusv 1, u
2plusv2,unplusvnandwasw1, w2, wn. Then, by applying the definition of inner
product, it is u 1 plus v 1 multiplied by w 1 plus u 2 plus v 2 multiplied by w 2 and so on.
And the last term will be u n plus v n multiplied by w n. And since, these are nothing but
simply real numbers. So, u 1 plus v 1 multiplied by w 1 is nothing but u 1, w 1 plus v 1,
w 1. And u 2, v 2 multiplied by w 2 is u 2, w 2 and here we are writing v 2, w 2 and so

on.

This is possible, because these numbers are real numbers. And we have collected terms
first for u 1, w 1 and second for v 1, w 1 etcetera. And that means, u plus v.comma w,
this inner product is equal to inner product of u w plus inner product of v w. And that
proves the third property. The fourth property is ¢ u comma v. So, we consider the right
hand side by applying the definitioncu 1, v1pluscu2,v 2 pluscun, vn,ccan be

taken outside.



So, what we have is u 1, vl plus u 2, v 2 plus u n v n. And this is nothing but c times the
inner product of u comma v and that proves the last property. And this means, the

definition which we have given, that is the definition of an inner product.
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Remark: The inner product defined in the
example is called the standard inner product.

Remark: This inner product is the dot
product of vector.

Remark: An inner product is the generalization
of dot product.

N

Now, the inner product defined in this example is called the standard inner product. And
if you realize, then this inner product is the dot product of vectors. So, inner product is a
generalization of dot product for vectors. This is, what we like to conclude and then inner
product is actually generalization of dot product. And we can, in fact, it can be defined in

many different ways.
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Example: Verify that the following
defines an inner product on R>:
<u, v> = u,v, +2u,v, + 3u,v,

Solution:

(1) <u,u>=u?+2u,?+3u,2>0
<uuw=0 5> uy=u,=u,=0 oru=0
fu=0then<u,u>=0

(2) <u, v> = uv, +2u,v, + Ju,v,
=wv,u, +2v,u, +3v,u,
. Su,v> =<y, u>,

3

So, in this example, we say that, this definition u comma v is equal to u 1 plus v 1 plus
twice u 2, v 2 plus thrice u 3; v 3 also defines an inner product. So, the same way, as we
have done for the earlier definition, we apply this. So, we again check the first property u
comma u is equal to, according to the second definition; it isu 1 square u 1 and v 1. They

are equal to u 1 square.

The second term is twice u 2, v 2, u 2 and v 2 are equal. So, it is twice u 2 square the
second term. And third term is 3, u 3, v 3. So, as u 3 and v 3 are equal, here we have u
comma u. So, it is thrice u 3 square and again this is greater than equal to 0. And u
comma u is 0, implies that u 1 is equal to u 2 is equal to u 3 is equal to 0. Because, all
these terms are positive terms, they can be 0. When, individually each of them is 0. And

that means, u comma u is 0 only when u is equal to 0.

And of course, if u is equal to 0, that means u 1, u 2, u 3 are 0. Then, u comma u, u the
inner product u comma u is also 0. So, that proves the first property for this definition.
Now, comes the second property u comma v is equal to u 1, v1 plus twice u 2 ,v 2 plus
3v u 3, v 3, according to the definition. Then, we can again commute individual terms.
They are real numbers. So, we can have v 1, u 1 plus twice v 2, u 2 plus thrice v 3, u 3.
And this simply means; that u comma v inner product is equal to inner product of v

comma u. And that proves the symmetric property.
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(B)<u+v,w>=(u, +v )w, +2(u,+v,)w, +
3(uy + vy) wy
= u,w, + 2u,w, + Ju,w, +
v,w, + 2v.w, + 3v,w,
LSUt VW ES U WP+ <y, wo

(4) <cu, w> = (c u,)w, + 2cu,w, + 3cu,w,
= c(u,w, +2u,w, + 3u,w,)
. <cu, w> = ¢ <u, w>, Venfied.

Remark: More than one inner products can
be defined on f given vector space.

Third is, u plus v comma w is equal to u 1 plus v 1 w 1 plus 2 times u second component
u 2 plus v 2 multiplied by w 2, plus 3 times the third component u 3 plus v 3 into w 3.
Or, we can write itas u 1, w 1 plus twice u 2, w 2 plus thrice u 3, w 3isplusv 1, w 1
plus twice v 2, w 2 plus thrice v 3 w 3. That means, we are reorganizing terms in this
particular manner. And then we can easily see that u plus v comma w is equal to inner

product of u comma w plus inner product of v comma w. That proves the third property.

And the fourth is ¢ u comma w is equal to c u 1, w 1 plus twice ¢ u 2 second term
multiplied by w 2 plus thrice ¢ u 3 multiplied by w 3. And then c can be taken out from
each of these and that proves the final results ¢ u comma w is equal to ¢ times, the inner
product of u comma w. And that establishes, that the definition, which is given to us is a

definition for inner product.

So, we can for R 3, we can have two types of inner product defined. One the way, we
have the standard inner product, which we have defined earlier example, n is equal to 3.
And this is another definition for inner product. So, for a vector space, we can define
inner product in many different ways. So, more than one inner product can be defined on

a given vector space. And this is the remark, which can be obtained from this example.
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DEFINITION: A real vector space V with an
inner product is called an inner product
space. R" with standard inner product is
usually referred to as a Euclidean n -

space.

Suppose V is an inner product space.
The norm or length vector u is denoted by
lull and is defined as

il = V<uu>

.
The distance between vector u and v is
denoted by d (u, v) and is defined as
d(u,v)= lu-v|

Now, we define inner product space. So, we say a real vector space V with an inner
product is called an inner product space. So, to define an inner product space, what we
need is, we have to define an inner product on a real vector space. Normally, R n with
standard inner product is called as Euclidean n space.

Now, few more definitions, suppose V is an inner product space. Then, the norm or
length of vector u is denoted by this symbol. And is define as, we call it as norm of u as
under root of inner product u comma u. This is one definition. And the another definition
is, for the distance between 2 vectors u and v. And it is denoted by d u comma v and is

defined as d u comma v is equal to norm of u minus v.
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Example: Compute lengths and distance
between given vectors u = (1, 1, 1) and
v = (4, 0, 3) with

i) standard inner product on R*®
i) weighted inner product defined as
<u, v> = u,v, +2uv, + 3u,v,

Solution: Standard inner product on R?

Iu"= \‘;1+1+1R= \5
Jul| = V16 +9 =5

Now, let us illustrate this with example. So, compute lengths and distance between given
vectors u 1 comma 1 comma 1 and v as 4, 0 and 3 with the standard inner product on R
3. And weighted inner product, defined as u comma v is equal to u 1, v1 plus twice u 2, v
2 plus thrice u 3, v 3. So, we solve it, we start with standard inner product on R 3. So,

first, you have to find the length.

So, length of the vector u, which is 1 comma 1 comma 1, it is defined as under root of
inner product of u comma u, the standard inner product of u comma u. It is 1 plus 1 plus
1. So, it comes out to be under root 3 by for the other vector 4, 0, 3. It is 16 plus 9; it is

coming out to be 5. So, this is the length of 4 comma 0 comma 3.
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(u,v) = Ju-v]=[3,-1.2] = Vo +1+4 =14

weighted inner product
<u, v> = u,v, +2u,v, + 3u,v,

full= 1. 1. 1| = v1+2+3 =6
IVl =Ia.0.3)] = Va+3x9 = /31

d(u,v) = [[(3,-1,2)f| = Vo +2x1+3x4 =23

The distance u comma v is norm of u minus v. And if will given u and v, it comes out to
be norm of 3 comma 1, 3 comma minus 1 comma 2. And, it is inner product will be 9
plus 1 plus 4. That comes out to be under root 14. So, distance between u and v on the
standard inner product is under root 14. While, if we consider the weighted inner product
defined as this. Then, the norm of u is 1 plus 2 plus 3 and this comes out to be under root
6.

While, for the second vector, it is 4 plus 3 comma 9, this is 3 and u 3 square is 9. So, it is
4 plus 3 into 9 that comes out to be under root 31. So, norm of v on weighted inner
product comes out to be under root 31. At the distance between u and v on this inner
product, weighted inner product is 3 norms of 3 minus 1 comma 2. And, this comes out
to be 3 u comma v is 3 into 3 plus 2 times minus 1 into minus 1. That is 1 plus 3 times u
3, v 3, that is 3 times 2 comma 2. So, it is 4 and this comes out to be under root 23.
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Some Properties:

Suppose u, v, w are vectors in an inner
product space and c is any scalar then the
following properties can be easily
established.

1. <u-v,w> =<y w> - <y w>
2.<u,0>=<0,u>=0
3. leul = el Jul
4. Jul >0
k

Now, we discus some properties of norms and distances. So, suppose u v and w are
vectors in an inner product space and c is any scalar. Then, the following properties can
be easily established. The first property is the inner product of u minus v and w is u
comma w minus v comma w. The second property is previously, we have addition here.
Now, we have subtraction here. The second is u inner product of u comma 0 is the same
as inner product of 0 comma u. And this is always 0. The third is inner norm of c u is
equal to the magnitude of the scalar ¢ multiplied by norm of u. Then, norm of u is always
greater than equal to 0. These are the properties, which can easily be derived.
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5. Jul =0

6. lu+v] < jluf| + vl
7. d(u,v) = d(v, u)

8.d(u,v)<du,w)+d(w,v)

> schewartz inequality.
.




And fifth is norm of u, if u is equal to 0, when u is equal to 0. Next, is norm of u plus v is
less than equal to norm of u plus norm of v. And then we have d u v is equal d v u. That
means, distance between u and v or distance between u and v, v and u. It is the same.
And 8th property is distance between u and v is less than equal to distance between u and

w plus distance between w and v. This is called Schwartz inequality.
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DEFINITION:

Let V be an inner product space. The
vectors u, v in V are orthogonal

if <u,vw=0

The order of vectors is not important.
<y, v>=0o5<y,u>=0 Symmetry

A subset S of V is orthogonal if every pair
of distinct vectors in S is orthogonal.

A vector v in V is a unit vector if || v/ =1*

Now, we discuss orthogonality of vectors. So, let us define it first, let \V be an inner
product space. The vectors u and v in V are orthogonal. If the inner product of u and v is
0, so this is the definition for orthogonality of 2 vectors. Here, the order of vectors is not
important, because if u comma v is equal to 0 than inner product of v.comma u is also 0,

due to symmetry. So, if u is orthogonal to v. Then, v is also orthogonal to u.

Now, a subset S of V is orthogonal, if every pair of distinct vectors in S is orthogonal.
Here, we have defined orthogonality between 2 vectors. Now, we are defining
orthogonality of a set of vectors. So, a subset S of V is orthogonal, if every pair of
distinct vectors in S is orthogonal. And then a vector v in V is a unit vector, if norm of

this vector is one. That is, how we defined unit vector.
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A subset S of V is orthonormal if S is
orthogonal and ||v|]|= 1 for all vectors vin S.

The Let S = {u,, u,....u} is said to be
orthonormal if
Ofori~ j
1fori=j
If u and v are orthogonal then

ﬁam Il"Ll will be orthonormal
Remark: If u and v are orthogonal then cu

and dv will also be orthogonal for scalars c
and d. r

<(&.ui >=s'=

A subset S of V is orthogonal. If S is orthogonal and norm of v is equal to 1, for all
vectors v in S. That means, if these two properties are satisfied for subset S. Then, this is
called orthonormal. The first property is that S is orthogonal set and norm of each vector
in S'is 1. That is, how we define orthonormal set. The set S consisting of u 1, u 2, unis

said to be orthonormal.

Ifui,ujisequal toSijorwecallitdeltaij. Ifitis0, wheniisnotequal tojanditis1
for i is equal to j. So, this definition is actually means this. For example, ifuland u 2, i
is equal to 1 and i j j is equal to 2. So, this is orthonormal. If these 2 vectors are
orthogonal, that means u i, u 1 and u 2. This is equal to 0, when i is not equal to j. This

should be true for all i and j, when they are not equal.

But, if they are equal, the inner product of u i comma u i when i and j are equal. That is
norm and this has to be 1, because it is an orthonormal vector. So, that is how, we define
orthonormal set. And mathematically, we say that, inner product of u i comma u j is
equal to O, for i is not equal to j and one for i is equal to j. So, if this property is satisfied

for all i and j for a set S. Then, we say that set S orthonormal.

If u and v are orthogonal, then u divided by norm of u and v divided by norm of v. These
vectors will be orthonormal, because orthogonality does not mean orthonormality.
Because, normality wants that, there norm should be 1. Hence, this additional property is

required. So, if u and v are orthogonal, then to make it orthonormal, you have to divide



individual vectors by their norms. So, u and norm of u and v and norm of v will be

orthonormal. So, this way we are actually getting the norm of the vectors as 1.

If u and v are orthogonal, then c u and d v will also be orthogonal for scalar ¢ and d. This
can be easily proved, because if u and v is inner product of u and v is 0. Then, inner
product of cu comma v is also 0 and inner product of ¢ u comma d v will also be 0. So,

this is what we have.
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Example: Is it an orthogonal set of vectors
{(1,0,-1), (0,1,0) and (1,0, 1)}

Solution: (1,0,-1), (0,1,0) are orthogonal
(0,1,0) and (1,0, 1) are orthogonal

(1,0, 1) and (1,0, -1) are orthogonal
4

Yes, Orthogonal
{(1.01

Now, as an example, | have given a set of 3 vectors 1, 0 minus 1,0, 1,0 and 1, 0, 1. We
have to find, whether this is an orthogonal set of vectors or not. Now, to check this, we
have to see, whether they are orthogonal or not, whether, this pair is orthogonal or not.
So, let us consider 1, 0 minus 1 and 0, 1 comma 0. Let us form, it is inner product and
one can see that, 1 comma 1 multiplied by 0, 0 multiplied by 1 minus 1 multiplied by 0.

On the standard inner product, this is 0.

If nothing is said, then we consider the standard inner product. So, we are considering
standard inner product and this inner product is 0. Then, consider a second pair 0, 1, 0
and 1, 0, 1. Again, this is this set this pair is orthogonal, because 0 comma 0 multiplied
by 1 plus 1 multiplied by 0 and 0 multiplied by 1 all are 0. So, it is, this is also
orthogonal. And there is third set 1, 0 minus 1 and 1, 0, 1. If this is also this pair is also

set of orthogonal vectors. Then, you can say that this set is a set of orthogonal vector.



So, let us check this 1 comma 1 is 1. This is 0 1 comma minus 1 is minus 1. So, the sum
is 0. So, this also is an orthogonal pair and that means, the set S consist of orthogonal set
of vector. Now, let us see, what are these vectors the first vector 0, 1, 0, 0, 1, O is a vector
on y axis. Then, another vector 1, 0 minus 1, 1, 0 minus 1 is this vector, which is on y x

plane. And this is on x z plane, x and z plane.

The third vector is 1, 0, 1 this is also on x z plane. And so these 2 vectors, they are lying
on x z plane. And this is third vector is y vector. So, X z plane is y axis is perpendicular
to X z plane. So, these 3 vectors are orthogonal, then these 2 vectors whether they are

perpendicular or not. So, let us check, whether they are perpendicular or not.

So, we have to compute the inner product. Itis 1, 0, 1, 1, 0, 1 is this 45 degree line with
this. And this is again on the negative side. So, this is also 45. So, that means, this angle
between these 2 vectors is 90 degree. So, that is, how these 3 vectors are orthogonal, this
is a geometrical interpretation. But, these 3 vectors are orthogonal. But, they are not
orthonormal. Although the norm of this vector is one, but the norm of this vector is not 1.
Similarly, the norm of this vector is not 1. So, this set is not a set of orthonormal vectors.

They are simply orthogonal vectors.
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The set S of vectors is called orthonormal
basis for the vector space provided

» it forms a basis for the vector space V
* the set S is orthonormal

Example: Show that the standard basis
{e,, e,, e,} of R? is an orthonormal basis.

Solution: The standard basis for R? is {e,,
e,, e,}, where
e, ={1,00}, e,={1,0,1}), e,= (0'0'1)\

The set S of vectors is called orthonormal basis for the vector space, provided it satisfies
two properties. One is, it forms a basis for the vector space V and the second is the set S

orthonormal. Now, see, we are defining a vector space. We are defining a basis for a



vector space. But, now we are interested in orthonormal basis for the vector space. So, to
have an orthonormal basis for a vector space, first thing is that, it should form a basis for
the vector space. And then it should have an additional property that the set is

orthonormal.

Now, this is example, we have to show that the standard basise 1,e2 and e 3 of R 3 is
an orthonormal basis. You have all ready seen that e 1, e 2, e 3 forms a basis for the
vector space. Now, we have to show that these 3 vectors in the basis. They are actually
orthonormal. So,e 1is1,0comma0,e2is1,0,1ande3is0,0, 1.
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It forms an orthonormal basis if

<e,¢>=3,

<e, e>=<e, e>=1.0+01+00=0

<e,, e>=<e,e>=10+00+10=0
<e,, e>=<e,e>=00+10+01=0

Also <e,,e>=11=1
<e, e>=11=1
<e, e>=11=1

&

So, if you consider the product e i comma e j, this is equal to delta i j. You can check it
foreach paire 2,e 1 ore 1, e 2 is equal to 1 comma multiplied by 0 plus 0 multiplied by
one plus 0 multiplied by 0. That is 0. Similarly, e 3 comma e 1 or is the same as inner
product of e 1 and e 3. This is also 0 and e 3 inner product of e 3 and e 2 is the same as

inner product of e 2 and e 3. This also comes out to be 1.

And further norm of e 1 is inner product e 1 comma e 1 is 1 comma 1, 1 multiplied by
one that comes out to be 1. Similarly, a norm of e 2 is also one norm of e 3 is equal to 1.
So, we have shown that, e 1, e 2, e 3 forms a basis. They are orthogonal pairs they form
orthogonal pars. And then each vector is of magnitude or is of norm one. So, this basis is

orthonormal basis.
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Theorem: (Pythagorrean) suppose u and v
are orthogonal vectors in an inner product

nu¢v“?=<u+v_u§v>
=<y+v.ur+<y+y vy>

lu+v]2=<u, u>+ <v, u> + <u, v> + <v, v>
=jull2+ <v, w> + <u, v> ||v|2

Since u and v are orthogonal,
<Sv,u> =<y, v>=0.

jutvit=juit+jvi®  Proved

Now, we have some more results on inner products. First result is, that norm of u plus v
square is equal to norm of u square plus norm of v square. Now, to prove this, we
consider u plus v square is u plus v comma u plus v. So, we apply the property of inner
products, u plus v .comma u plus u plus v comma v. And that means u plus v square is
equal to, again we apply the same property, here u comma u plus v comma u. Here, again

we apply the same property u comma v plus v.comma v.

And that means, this is nothing but norm of u square plus v comma u plus u comma v.
And finally, plus v square and since u and v are orthogonal, this is being given to us. So,
v comma u is 0 and u comma v is equal to 0 and that proves our result. That norm of u
plus v square is equal to norm of u square plus norm of v square. So, this result is

proved.
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Theorem:
LetS={v,, v, v,} be an orthogonal set
of nonzero vectors then v,, v,

linearly independent.

Proof:

Suppose we have dependent relation. That
is, there exist constants c,, c,,

all zero, such that

+ civk> = <V.. 0>=0

+ c.<v' vl> =0

Now, we have an interesting result. It states that, if S consisting of n vectorsasv1,v2,v
n. And since, it is an orthogonal set of nonzero vectors. Then, v 1, v 2, v n are linearly
independent. Now, this is an important result. Let us see, how we prove this. Suppose,
we have dependent relationship between v 1, v 2, v n. That means, they are not

independent, let us say, they are dependent vectors.

Then, there exist constant ¢ 1, ¢ 2, c n not all 0. Such that,c 1, v1plusc2,v2plusck, v
k is equal to 0, there must be some k not necessary. The all n, may be independent, but
some k vectors maybe linearly dependent. So, ¢ 1, v 1 plus ¢ 2, v 2 plus c k, v k is equal
to 0. So, we can say here, that it is, if we take the inner product of this with respect to v i.

So, | am taking inner product here.

So, on the right hand side is inner product v i comma O, this is 0. So, that is not a
problem. So, we will take viicommac 1, v 1 plus ¢ 2, v 2 plus c k, v k. So, this can be
simplified as ¢ 1 intovicommav 1 plusc 2, vicommav2plusck,vicommav Kk is
equal to 0. Now, this is the property of inner products. That is why; we are taking ¢ 1 out,
so addition property and scalar multiplication property. Now, v i comma v 1, this is 0. If
itis not 1, it is going to be O, because they are orthogonal. Similarly, this is going to be 0.

So, all these will be going to 0.
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Cy<V,, V> + C,<V, V> + +c,<v,v,>=0
for isj, <v,v>=0, orthogonality

c<v,v>=0, fori=1,2,

¢, llvill2=0; |vjl z0for v,20
c, =0

contradiction.

S is the set of independent vectors
R

So, if i is not equal to j, inner product of v i and v j is 0. Due to orthogonality, that
means, we have only ¢ i multiplied by vi comma v iis 0. For all i is equal to 1, 2ton
and whatever i, you consider this is going to happen provided. And, we know that, v i
comma v i is not 0. So, what we can say is, C i, v i is this is v i comma v i is v i square,
norm of v i square and this is not 0. So, that means, c i is equal to 0 and this is the

contradiction.

We have said that, there are nonzero c i is that is why a dependent relationship is formed.
But, we have arrived with the contradiction. That simply means that, the vectors are
nearly independent. So, that proves the result. So, S is the set of independent vectors. So,
if the set if set S consisting of orthogonal vectors. Then, this set is actually the set of

independent vectors. So, this is an important result.
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Theorem: Suppose S = {v,, v,,

orthogonal basis for inner product space
V. Then any vector v ¢ V can be expressed
as

<y, > <vy, > A

VE Wy — Wy o b ——2— v,
Ivill vl Ivall :

Further, if S is an orthonormal set then
v=E<v u>v, +<y, u7> v, +

Now, another result, suppose S is equal to v 1, v 2, v n is an orthogonal basis for inner
product space V. Then, any vector v belonging to V can be expressed as this. So, let us
try to prove this, there is one more result in this. Further, if S is an orthogonal set. Then,
orthonormal set, then all this will be 0, all this will be 1. So, it is nothing but v is equal to
v comma u 1 into v 1 plus inner product of v comma u 2 multiplied by v 2 plus inner

product of v comma un multiplied by v n. So, let us try to prove this.
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Proof: Let ve V
VEcv,+cv, oy, ¥

<Y.,v> = F‘<v” v|> + c2<v" v2> -+ e, cn<v" vn>
Since S is an orthogonal basis.
LSV, V> =CcSY, V>

c=—YeV> foralli=1,2,.....n
'

vl first result proved

If S is orthonormal basis, then [v,||2 = 1.
Second result proved

Remark: This result helps us in expressing
the vector in terms of orthonormal basis.




So, let us say v belongs to V. So, v is a vector belongingtovandv 1,v 2,v 3, vn. They
form a basis. So, v can be expressed as a linear combination of this vector. So, v is equal
tocl viplusc2 v2plusc3 v3pluscn, vn And that means, if we take inner
product of this with respect to v i on both the sides. Then, v i comma v inner product of v
i commavisequaltocl,vicommayv 1. The first term plus ¢ 2 times v i comma v 2, the

second term and the last term will be ¢ n and inner product of v i comma v n.

Now, since S is an orthogonal basis. So, viand v j is equal to 0 and v i comma v is equal
to ¢ i multiplied by inner product of v i comma v i rest of the terms will be not
contributing anything. Only, the ith term in which, we are taking inner product of v i
with v i only, that will be nonzero. That we multiplied by c i, but rest the terms will be 0.
So, on the left hand side, we have v i comma v and on the right hand side, we have only

single term c i multiplied by v i comma v i. But, this is nothing but norm of v i.

And that means, c i is equal to v i inner product of v i comma v divided by v i square.
And this can be done for all i‘s. So, this we have done for v i, but this can be done for v
1, v 2, v n. So, this we can find all ci’s and that means, our first result is proved. And of
course, if S is orthonormal basis, then norm of v i square is equal to 1. For all i’s and that
is why; we have the second result. So, this is another interesting result. Now, why this is
interesting, because this result helps us in expressing the vector in terms of orthonormal

basis.
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DEFINITION: Let V (= R" ), be a real inner

product space.
Let W be a subspaceofV . Wc V
A vector u in V is orthogonal to Wifu is

orthogonal to all vectors in W
<w,u>=0, foreverywin W

Orthogonal complement of W is the set of
all vectors in V which are orthogonal to all
the vectors in W

Orthogonal complement is denoted by W

Wi ={v« V:<v,w>=0for~allwinW}




Now, we have another definition. Let V be a real inner product space. That means, we
have a vector space and an inner product is defined on it. Let W be a subspace of V, then
a vector u in v is orthogonal to W. If u is orthogonal to all vectors in W, see, we were
talking about orthogonality between pair of vectors. Now, we are talking orthogonality

of a vector with respect to a set of vectors. So, a vector u and v is orthogonal to W.

If the vector u is orthogonal to all vectors in W, that means inner product of w and u is 0,
for every w in W. So, for this is true for all w’s in this set W, if this is true, then we say
the vector u is orthogonal to the set W. Then, we talk about orthogonal compliment of W
is a set of all vectors in V, which are orthogonal to all the vectors in W. We will come
back to this again and we say that orthogonal compliment is denoted by W

perpendicular. We will come back to this again.
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Theorem: Let W be a subspace of inner
product space V, then

(i) W' is a subspace of V

(i) W -~ W' ={0)

Proof: (i) Let w, and w, belongs to W' and
w belongs to W then

<w,w>=0and<w, w>=0

<w,+w2.wg=0
<cw,,w>=0

W!'is a subspace

Now, let W be a subspace of inner product space V. Then, W perpendicular is a subspace
of V and W intersection of W perpendicular is 0. This is really an interesting result. That
W intersection W perpendicular is 0. Now, to prove these results, let us say w 1 and w 2
belongs to W perpendicular and w belongs to W. Then, w 1 comma w is 0 and w 2

comma w is equal to 0, because this belongs to W perpendicular.

So, W perpendicular is a set of all vectors, which are perpendicular to the vectors of W.
So, that is the idea of W perpendicular. So, w 1 plus w 2 comma w, this will also be 0.

And that means, this also belongs to W perpendicular. Further, the inner perpendicular w



1 comma w is equal to 0. That means, ¢ times w 1 comma w, this inner product will also
be 0.

So, we have sum of 2 vectors belongs to W perpendicular. And sum with a scalar
product will also belong to W perpendicular. And that means, this is actually the

definition of subspace. So, we say W perpendicular is a subspace of V.
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(i1) Let u belongs to W - W!
u belongs to W
ubdmgsm“ﬁ

<u,u>=0 > u=0

Or W » W' ={0})

To prove this second property, let u belongs to both this W intersection W perpendicular.
That means, u belongs to as W as u belongs to W perpendicular. And since, u belongs to
W as well as W perpendicular. So, vectors of W and W perpendicular are orthogonal. So,
we take a product; take a vector from W perpendicular. And then there inner product will
be 0. So, we take u from W and we take u from W perpendicular. So, inner product of u
comma u is 0 and that means, when this happens, when u is equal to 0. So, if u belongs
to W intersection W perpendicular. Then, that vector has to be 0. So, that simply means
that, W intersection W perpendicular is nothing but the 0 vector. Now, we discuss Gram

Schmidt process for orthonormalization.
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GRAM - SCHEMIDT PROCESS

An orthogonal / orthonormal basis can
be computed for a given finite dimensional
inner product space from any given basis
using Gram Schemidt orthogonolization
process.

Let V is a finite dimensional inner

Let us say a vector space V is given to us. It is a finite dimension inner product space and
we have been given a basis S consisting of n vectors u 1, u 2, u n. Then, with the help of
this process, we can obtain another basis v 1, v 2, v n for the inner product space V,
which is orthogonal. And then from that orthogonal basis, we can divide each vector
with it is norm and we can have an orthonormal basis. So, we will first describe this all

algorithm.
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Step1: Letv, = u,.

Step2: consider W, = span {u,, u,},
v, € W, such that v, is orthogonal to v,

vV, =C u tcu,

v, =c,v,+c,u,

V. =e v, teu) . v,

Assume c,= 1
ol O Lt

vV, =U,
i ™




So, the step 1 is, we consider any vector u 1 from the set S. And let us call this vector as
V 1. In the second step, we consider another vector u 2 from the set S and consider span
of these 2 vectors. And let us call that span as w 1. Now, we consider a vector v 2 in the
span w 1v, such that, v 2 is orthogonal to v 1. So, if we can get this, then v 2 is a linear

combinationof c 1, u 1 plusc2,u?2,ulisnothing butv 1.

So, we have this v 2 is equal to ¢ 1, v 1 plus ¢ 2, u 2. Then, we take the inner product
with v 1 and we try to check that, v 2 v 1 comes out to be 0. So, this equation is solved
by equating it to 0. And this is what the geometrical interpretation is, we have u 1. We
have u 2 vector, they are not necessarily orthogonal. But, from this linear combination of
u 1l and u 2, we can find out a vector v 2 which is orthogonal to u 1. So, this equation

helps us in obtaining v 2.

So, what we do is, we solve this ¢ 1 is equal to minus ¢ 2 inner product of u 2, v 1
divided by v 1 square. And if we take ¢ 2 is equal to 1. Then, this vector v 2 can be
obtained as u 2, u 2 minus inner product u 2, v 1 divided by v 1 square into v 1. So, we
have obtained vector v 2, which is perpendicular to v 1. So, for given 2 vectors, we have
orthogonal 2 vectors.
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Therefore the nonzero orthogonal vectors
v, and v, are linearly independent

Thus W, = span (v,, v,) is a subspace of W
having dimension as 2.

Also span {u,, u,} = span {v,, v,} therefore,
the new basis {v,, v,} will span the same
subspace as spanned by {v,, v.}

Step3: v, « Span {u,, u,, u,}

vy € Span {v,, v,, u,}
Vi lvyg,v, Vy=divytdv+dyu,
<V,,u0 > -<v3.u2>

I Y R

Now, therefore, the nonzero orthogonal vectors v 1 and v 2 are linearly independent.
This we have just now proved. Now, the span of v 1, v 2 is a subspace of W having

dimension 2, because these vectors are independent. Further, span of u 1, u 2 is a same as



span of v 1, v 2. Therefore, the new basis v 1, v 2 will span the same subspace as
spanned by v 1, and v 2. So, we have got 2 vectors. Now, we try to extend this to 3

vectors for this similar procedure is applied.

We consider span of 3 vectors u 1, u 2, u 3 from the given set S and we consider v 3 in
this. And we apply the same philosophy, what we have done in earlier step. So, v 3
belongs to span of v 1, v 2, u 3. And we choose v 3 in such a manner, that it is
perpendicular to v 1 and v 2. So, we have two equations. We have this equation v 3 is
equaltod 1, v 1plusd2,v2plusd3, u3andwe apply to it, this concept.

And, this will give us u 3 as v 3 minus v 3, u 1 inner product of this divided by u 1
square multiplied by u 1 minus inner product of v 3, u 2 divided by u 2 square into u 2.

So, one can obtain this equation with the help of this equation. So, we got third vector.
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Similarly, {v,, v,, v,} will be Ilinearly
independent orthogonal vectors, so they
form an orthogonal basis for span {u,, u,,
u,}.

These steps can be repeated until we found
v,
Remark: To convert this basis to
orthonormal basis, each u, will be divided

by Jul.

Similarly, v 1, v 2, v 3 will be linearly independent orthogonal vectors. So, that they
form in orthogonal basis for span of u 1, u 2, u 3. Similarly, we can apply more number
of steps till we get all vectors v n. And to convert this basis to orthonormal basis, each

vector u i will be divided by it is norm.
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The orthogonal basis {v,, v,,....
obtained as

Vq = Uy
UV, >
V2=Up-

2

Suyv, > <uyv, >

T i

<un vy> <"¥uv?

ME T E
U, Ve ?

IIvMI’

n1

So, this way, we will get the orthonormal basis and the formula is first from u 1. We will
get v 1, u 2. After getting v 1, we will apply this formula to get v 2. This left hand side
involves u 2 and v 1. Then, we will have v 3, v 3 is obtained in termsofv1,v2,ul, u2

and u 3.

So, this is known on the left hand side. So, from here we get v 3 and we can go on
applying this. This is general expression for v n. And then we can orthonormalize it and

then we illustrate this procedure with an example.
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Example:

Let R? be an inner product space with
standard inner product having a basis as
{(2,1,0), (1, 0, 1), and (-1, 1, 1)}, find an
orthonormal basis using Gram-Schemidt
process.

Solution:

First Step: v, =(2,1,0)

<u,v1

vl

Second Step: v, =u, -

u,=(1,0,1), <u,v>=2, "v1l|2=5




So, we consider R 3 instead of R n consisting of this 3 vectors 2, 1, 0, 1, 0, 1 and minus
1, 1 as a basis for R 3. We have to find an orthonormal basis using Gram Schmidt
process. So, what we have done is, we first consider u1as 2, 1 and 0. So, u1is 2, 1 and
0, so same as v 1. The seconds step gives us this formula. So, we consider u 2 as this
vector 1, 0, 1. We can compute, we can substitute the valuesu 2 is 1,0, 1, u 2 commav 2
is 2 and v 1 square comes out to be 5. We substitute the values here and what we get is v
2.
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v, =(1,o,1)-§(2.1,0) [

)

= P

V2 ‘.5 5 ’
Third Step: v,=u,-<u"v’ <u,v2
||"1|r I"zr

u, =(-1,1,1),<u,,v>= -2+1=-1,

vy

<u,, v2>-‘-—._+] 2"2 2;
52(1 2

4.1.9)+~ 210---[---.1]
= 1)+ 21.0-2-515 5

And v 2 is obtained as this 1, 0, 1 minus 2 by 5, 2, 1, 0 is this vector. So, that is how, we
get v 2 and the third step is this formula. We have all ready obtained. We substitute the
values u 3 as minus 1, 1. The third vector from the given set, we compute u 3 commav 1
as minus v 1. We compute u 3 comma v 2, which comes out to be 2 by 5 and then v 2
square is computed as 6 by 5.
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= 5201 2)
vi= (1,1,1) 4= (2,10) s's[s 51]

R e R

At 10.1 _2_. 1-1]
5 15 5 15 3,

[ "4

[-15+8 -1 15+3+2 2
15 '

These values are substituted here and what we get is the vector v 3, which is finally

obtained as through series of expressions. We finally arrive at v 3 as minus 2 by 3, 4 by 3

and 2 by 3. So, all the 3 vectors are obtained.
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(2,1,0), 15 (1, -2, 5), 1/3(-2, 4, 2) form an
orthogonal basis

check : s = {(2, 1, 0) (1, -2, 5), ) (-2, 4, 2)}
orthogonal .

Orthonormal Basis:
{(2, 1, O)\5, (1, -2, 5)/ 30, (-2, 4, 2)/ 4* 6}

Now, 2, 1,0, 1 by 5, 1 minus 2, 5and 1 by 3 minus 2, 4, 2 form an orthogonal basis. And
if you have to obtain the orthonormal basis, then we simply divide these vectors by their
norm. So, this is 1 minus 2, 5 is divided by under root 30. It is norm minus 2, 4 comma 2



is divided by it is norm. So, this is the orthonormal basis, one can check that this is

orthogonal set and this is orthonormal set.
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Summary
*Inner Product

*Inner Product Spaces, Norm, distances

*Orthogonal vectors

*Orthonormal vectors

*Gram - Schimdt Process

So, that is how, we apply Gram Schmidt process to arrive at the orthonormal basis from
the given basis. So, today viewer at the end, I will summarize, what | have done today, |
have given the definition for inner product. | have defined inner product spaces, the norm
distances, we have taken examples to illustrate this and we have taken. So, we have
discussed some properties of inner products. We have discussed orthogonal vectors
orthonormal vectors. At the end, we have discussed Gram Schmidt process for

orthonormalization, which I have illustrated with the help of example.

Thank you.



