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Lecture -9
Linear Algebra Part — 04

Welcome viewers, this is 4th lecture on Linear Algebra. In earlier 3 lectures, we have
discussed vector spaces, sub spaces and basis.
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< Direct sum

< complementary subspaces

< Ordered basis
< Change of basis

Today’s lecture has direct sum, complementary subspaces, ordered basis and change of
basis.
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DEFINITION:

Let S, and S, be two subsets of a
vector space V then the Sum of S, and S, is
definedas S, +S,={a+P:ac S, pBcS,))

Example :
Let S,={(1,1),(0,1)}cR?
S,={(1,0,(-1,1)}cR?

S,+S,={(1,1)+(1,0), (1,1) +(-1,1),
(011) + (1,0)1 (0,1) + ('1"1’ )
- { (2'UI ‘0.2), ‘1v 1’! "1v°) }

I will start with few definitions. The first is, the sum of two subsets S 1 and S 2 of a
vector space V. So, if we have two subsets S 1 and S 2 of a vector space V. Then, the
sum of S 1 and S 2 is defined as, S 1 plus S 2 equal to, alpha plus beta, such that, alpha
belongs to S 1 and beta belongs to S 2. So, the set S 1 plus S 2 consist of all vectors of
the form alpha plus beta in this vector space V, such that, alpha belong to S 1 and beta

belongsto S 2.

For example, if we consider S 1 as a set consisting of 1 and 1 comma 0 and 1. Clearly,
this is the subset of R 2 and another subset S 2 consisting of 2 vectors 1, 0 and minus 1,
1. This also a subset of R 2, one may notice that R 2 is a vector space. Now, the sum S 1
plus S 2, consist of sum of these two sets S 1 and S 2. So, to form a sum, | have to take

of vector from this and a vector from this set S 2.

So, 1 comma 1 from S 1 and 1, 0 from S 2, then 1 comma 1 from S 1 and minus 1
commalfromS2,01fromS1andl10fromS 2. Finally, 0, 1 and minus 1, minus 1,
you simplify it, itis 2, 1; 0, 2; 1, 1 and minus 1, 0. So, S 1 plus S 2 consist of the vectors
of this.
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Theorem :

if w, and w, are subspaces of V, then
the sum w = w, + w, is also a subspace and
w, +w, = Sfw, Uw,].
Proof: w,+ w,is a subspace
Let «, B belongs to W such that

a=a,+ a, @, €Wy, a,cw,

B=p,*+ B Blcew, Bcw,

€ (ay+ a)) + (B, + B;) = cay + B+ (Ca, + B;)
Nowca,+B,cew,andca,+B,cw,

ca+few. w,+w,iszsubspace.

Then, the next is, the theorem, if w 1 and w 2 are subspaces of V. Then, the sum w is
equal to w 1 plus w 2, is also subspace and w 1 plus w 2 is equal to span of w 1 union w
2. Now, to prove this, | will first prove, that w is equal to w 1 plus w 2. So, to prove this,
let alpha beta belongs to W. Then, since W is w 1 plus w 2. So, this alpha can be written

as, alpha 1 plus alpha 2, alpha 1 belonging to w 1 and alpha 2 belonging w 2.

Beta, also belongs to w, so this can also written as beta 1 plus beta 2, beta 1 belonging to
w 1, beta 2 belonging w 2. So, their linear combinations, ¢ alpha 1 plus alpha 2, plus beta
1 plus beta 2, must also belong to w 1 plus w 2, only then w 1 plus w 2 is a subspace. So,
| write ¢ times, alpha 1 plus alpha 2, plus beta 1 plus beta 2 is equal to simplifying it, it is
c alpha 1 plus beta 1, plus ¢ alpha 2 plus beta 2. But, alpha 1 belongs to w 1, beta 1,
belong to w 1 and w 1 is a subspace.

So, c alpha 1 plus beta 1, belongs to w 1 and c alpha 2 plus beta 2, linear combination of
2 vectors of w 2, w 2 being a subspace. So, this also belongs to w 2. So, what we can say
is, that c alpha plus beta also belongs to w. Because, the right hand side can be written
as, sum of vectors one from w 1, another from w 2. And this proofs that, w 1 plus w 2 is

a subspace.
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To prove w, +w, = S[w, Uw,]
()S[w,uow,]c w,+w,

Let wis in S{w, U w,].
ie.

Consider a,, a,, ... ,a, ¢ W,
and B, B, ..., B, © W, are subspaces,

a=c,a,*c,at

~w=a+f or wk‘ w,+w,

Now, the next part, we have to prove that, w 1 plus w 2 is equal to span of w 1 union w
2. So, this again, | prove in two parts. First, | will show that, S span of w 1 union w 2 is
containing w 1 plus w 2. And later on, | will show that, w 1 plus w 2 is a subset of span
of w 1 union w 2 and that proves, this equality. So, to prove the first part, | consider a
span of w 1 union w 2. So, let us say, we have of vector w, in span of w 1 union w 2.

Then, this can be written as a linear combination of vectors of w 1 union w 2.

So, what are the vectors of w 1 union w 2? They will be vectors belonging w 1 and
vectors belonging to w 2. So, | write w as, ¢ 1 alpha 1 plus ¢ 2 alpha 2 plus ¢ n alpha n,
plus d 1 beta 1 plus d 2 beta 2 plus d m beta m. The idea is, that alpha 1 alpha 2 alpha n,
they belongs to w 1 and remaining vectors, they belong to w 2. So, if these belong to w
1, then beta 1, beta 2, beta m, they belong to w 2, because they are from the set, w 1

union w 2.

So, now, we write down this part, which is consisting of vectors of w 1. So, linear
combination of vectors of w 1, so ¢ 1 alpha 1, plus ¢ 2 alpha 2, ¢ n alpha n must belongs
to w 1. Because, linear combination also belongs to w 1, being a subspace. Similarly, this
is a linear combination of vectors of w 2. So, w 2 being a subspace, so beta equal to d 1
beta 1, plus d 2 beta 2, plus d m beta m, must belong to w 2.

And that means, w can be expressed as, a vector from the set w 1 and the vector from the

set w 2. And that means w is equal to; that means w belongs to w 1 plus w 2.
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() wy+w, CSlw,uw,)]

orwecw,*w, Swc S [wuw)]

p=d,p,+d, B+

@y sy ey @y Byy Bor veoe s P € Wyl W,

Or w,+w,cS[w, uw,)]
Orw,+w, =S [w, uw,]

So, first part is proved. The second part is, that any vector in this set w 1 plus w 2, is also
in the set, which is the span of w 1 union w 2. So, if w belongs to w 1 plus w 2, then we
proved that, this also belongs to this. And that means, this is and w 1 plus w 2 is a subset
of S w 1 union w 2. So, | start with, w belonging w 1 plus w 2. Since, w 1 plus w 2, this

implies w belongs to span of w 1 union w 2.

Now, alpha is linear combination of these vectors and they belong to w 1. Beta is linear
combination of vectors of w 2. So, they also belong to w 2, because they are subspaces.
And then alpha plus beta, is ¢ 1 alpha 1 plus c 2 alpha 2 plus ¢ n alpha n and d 1 beta 1

plus d 2 beta 2, plus d m beta m. So, the sum of these two is alpha plus beta.

Now, what is this, this is a linear combination of vectors of w 1 union w 2. So, definitely
this must be in the span of S, w 1 union w 2. So, w 1 plus w 2 is a subset of, span of w 1
union w 2 or combining the two things, what we can say is that w 1 plus w 2 is equal to

span of w 1 union w 2.
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DIRECT SUM

Definition: The vector space V is said to be
the direct sum of its subspace S and T,
denoted by V=S @ T, if every vector v ¢« V

can be written in one and only one way as v
=u+w, whereuc Sandwe T.
>

Now, we define direct sum, the vector space V is, said to be the direct sum of it is
subspaces S and T and we denoted by V is equal to S plus T. Now, here we are using a
different symbol, then plus just to differentiate between the sum and the direct sum. So,
V is equal to S plus T. If every vector V belonging to V, can be written in only one way,

as V is equal to u plus w, where, u belongs to S and w belongs to T.
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Theorem: The vector space V is the direct
sum of subspaces S and T if and only if
V=S+TandS~T={0).

Proof: suppose V=S ®T.

Then any v ¢ V can be uniquely written in
thefoomv=u+w,uc SandwcT

>V =8S+T

let veSn T
veS o v=v+0 0T sveV
veT > v=0+v 0cS >veV

Since v has unique representation
S T={0}.
»

Now, we state theorem, according to this, the vector space V is the direct sum of

subspaces S and T. If and only if V is equal to S plus T and S intersection T is equal to



null vector 0. Now, the basic difference between direct sum and sum is that, while we
can express V as S plus T, sum of S and T, where we have, this representation is unique.

And this is guaranteed by, S intersection T is equal to 0. So, let us try to prove this.

Suppose, V is equal to S plus T, then any vector v belonging to V, can be uniquely
written in the form, v is equal to u plus w, u belonging S and w belonging to T. That
means, V is equal to S plus T. Now, we have to show that, if it is uniquely represented by
the definition of direct sum. Then, this means, S intersection T is equal to 0. So, if v
belongs to S, then we can write down v is equal to v plus O, O belonging to T and v
belonging to S.

So, now it is a sum of 2 vectors, one from S, another from T, so v belongs to V. Similarly
v belongs to T, then we can write down v is equal to O plus v, is a null vector from the set
Sandvin T. So, this v will also belongs to V. So, now, we have two representations for
the same vector in V. Now, this is possible, only when S intersection T is equal to O.
Since, v has unique representation. So, this has to be 0, otherwise, will be having two
different representations, against our assumption that it is a direct sum. So, S intersection
T has to be a null vector.
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Suppose V=S +T and ST = {0}

Letv ¢ Vis expressed as
v=u+w,ucS, weT.
and v=u'"+w u' c S, weceT.
u+tw=u +w

u-u'=w-w Y

Sinceu—-u'c Sandw-w ¢ T.
and S T={0).

u=uand w=w

Unique representation

Now, in the second case, we assume that, v is equal to S plus T and S intersection T is
equal to 0. Then, we say that, this representation will be unique and V, this plus will now

be, not be the sum, but the direct sum. So, we start with this and we proved that V is the



direct sum of S plus T. Now, to do this, let v belongs to V is expressed as v is equal to u
plus w, u belonging to S and w belonging to T. At the same time, the same vector v, can
also be expressed as u dash plus w dash, that u dash belonging to S and w dash belonging
T.

So, since the 2 vectors are same. So, | can write down, u plus w is equal to u dash plus w
dash or I can simplify, u minus u dash is equal to w dash minus w. Now, u minus u dash
belongs to S and w dash minus w belongs to T and they are equal. Now, since, S
intersection T is equal to 0 vectors. So, this, they are equal only when, they are, u minus
u dash is 0 and w dash minus w is equal to 0. And that means, S intersection T is equal to
0.

So, since u minus u dash is 0, implies u is equal to u dash. And w dash minus w is equal
to 0 implies, w dash is equal to w. So, we have started with two different representations
for the same vector. By ultimately, we arrive at the unique representation. And that
means, V is equal to S plus T and S intersection T is equal to null vector. Actually,
means that a vector can be expressed uniquely in V. And that means, that it is not sum, it

is the direct sum.
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Theorem 7: Let U and W be finite
dimensional subspaces of a vector space
V. Then

dim(U) + dim(W) = dim(U + W) + dim{U~W)

Proof: Let Basis for Uis {u,, u,,....u_}

Basis for Wis {w,, w,,

Let U Wis r dimensional subspace and
its basis is S={v,, v,,

S can be extended to form a basis for U as
81 - ("v Vs ceenaVpy Uy, u)"'"um-c)*

So, this can be use as a definition for direct sum also. The next theorem says, that if, U
and W, be finite dimensional subspaces of a vector space V. Then, dimension of U, plus

dimension of W is equal to dimension of U plus W plus dimension of U intersection W.



This is an important result. Let us try to prove this. Now, U and W, be finite dimension
subspaces. So, let us say basis for U is m dimensional and itis u 1, u 2, u m and basis for

Wisw 1, w2, wn, n being the dimension for W.

Let, U intersection W is r dimensional subspace. And it is basisis Sisequaltov 1,v 2, v
r, it sum only. So, we can consider U intersection W as, finite r dimensional subspace
and let us say, it is basis is v 1, v 2, v r. Now, since it is intersection. So, these vectors
belong to U also. This is basis, so these vectors will be independent. These vectors
belong to w also. So, let us say we can extend this basis to form a basis for U, but U is m
dimensional. So, let us add m minus r vectors in B 1. So, B 1 becomesv1,v2,vr;ul,u

2 u minus r. So, the total numbers of vectors are m. So, we have a basis for u.
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similarly B, = {v,, v,
is a basis for W.

Consider B = 8,\ ) 87
B={v,v,

B has m + n —r elements and it generates
U+Ww. A

if the set B is independent then it will form
a basis for U + W subspace.

Similarly, we can form of basis for W; we call it the B 2. So, we have same basis v 1, v
2, v rand then we add n minus r vectors, independent vectors. So, that this, forms a basis
for W. Then, we consider, B is equal to B 1 union B 2. So, we have two bases. So, we
consider B is equal to B 1 union B 2. So, how many vectors will be there, we will be

having v 1, v 2, v r vectors. Then,u 1, u2 up to u minusrand w 1, w 2, n minus r.

So, B can the union of B 1 union B 2 will be the set. And it will definitely have m plus n
minus r elements and it generates U plus W. If the set B is independent, then it will form

a basis for U plus W subspace. So, we have to prove that, this has independent vectors.
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since B, is a basis for U. Therefore, for

some uc U, we have

So, for this, we consider the linear combination of these vectors. So, the combination is ¢
1v1lplusc2v2pluscrvr. Then, we have, plus ¢ 1 dash u 1, plus ¢ 2 dash u 2, plus ¢
m minus r dash minus r, plusd 1 w 1 plus d 2 w 2. And the last is d n minus r, w n minus
r equal to 0. So, we are form the linear combination of vectors of B. Since, B 1 is a basis
for U.

Therefore, for some u belonging to U, we have uisequaltoc 1v 1, plusc2v 2, pluscr
v r. This plus, this ¢ 1 dash u 1, plus ¢ 2 dash ¢ 2, plus ¢ m minus r dash m minus r. So,
this will be a vector belonging to u. Similarly, if we substitute this, then we can write
down, u is equal to minusd 1 w 1, plusd 2 w 2 plus d n minus r w n minus r. So, this is a

vector, which is u and this | have taken on the other side.
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since the vector on the right belongs to W,
ue UnWw.

u can be expressed as a lnear
combination of vectors of {v,, v,, '

u=d,'v,+d, v, + +dv,
Substitution in (2) gives

Now, since the vector on the right belong to W. So, u belonging to U intersects W. That
is, u can be expressed as a linear combination of vectors of v 1, v 2, v r. That is, u is
equal to d 1 dash v 1 plus d 2 dash v 2 plus d r dash v r. Substitution in 2 gives as d 1
dash v 1plusd?2dashv2plusdrdashvrplusdlw1plusd?2w?2plusdnminusr, w

n minus r is equal to 0.
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However, {v,,v,,.....v,,
is a basis for W.

Hence Bis a Basis forU+W.
. dim (U+W)=m+n-rdim(U)=m

However,v1,v2 vr,w1l w2, wnminusr is a basis for W and therefore, d 1 dash, d 2

dash, d r dash is equal to d 1, is equal to d 2, is equal to d n minus r has to be 0. And



substitution in 1 givesc 1,v 1, plusc 2, v 2, plus ¢ 1 dash u 1, plus ¢ 2 dash u 2, plusc m
minus r dash, u m minus r is equal to 0. And since, this forms a basis for the set. Then, ¢
1 is equal to, c 2 is equal to c n, is equal to ¢ 1 dash, is equal ¢ 2 dash. That means, all
coefficients are 0 and that means, all the vectors are linearly independent. Hence, B is a
basis for U plus W, this means dimension of U plus W is equal to, m plus n minus r,

where dimension of U is equal to m and dimension of W is equal to n.
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dim (U+W)=m+n-r,

dim(U)=m dim(W)=n.
and dm(U~W)=r

dim ( U + W) = dim (U) + dim (W)
~-dim(U~W)

dim(U) + dim(W) = dim(U + W) + di;n(Ur W)

So, starting with dimensions of U plus W is equal to m plus n minus r and dimension of
U is equal to m and dimension of W is equal to n. Further, dimension of U intersection
W is equal to r. So, if we substitute these things, in this result, then will have dimension
of U plus W is equal to dimension of U, plus dimension of W, minus dimension of U
intersection W. And this proof in the result, the dimension U plus dimension of W is
equal to dimension of U plus W, plus dimension of U intersection W.

We have taken this on the other side, this is an important result. And that will be useful,
in many different ways. Now, we take up some example. So, let us consider two
subspaces of r 4. Now, r 4 is a vector space and it has dimension 4. So, let us consider V
as a, b, ¢, d, such that.
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Example : Let V and W be the subspaces of
R4, defined as
V={{a,b,c,d):a-c+d=0,a,b,c,dec R}
W={ab,c,d):a=bc=d}

Find Basis and dimensionof V. Wand V' W.

Solution:

)V={ab,c,d):a-c+d=0,a,b,c,d ¢ R)
The dimension of V cannot be 4.

Consider B, = {(0,1,0,0),(0, 0,1,1), (1,0,1,0)}
we claim that any vector of V can be
generated by‘B.

They follow a constraint a minus ¢ plus d is equal to 0, where a, b, c, d they are real
numbers. The other subspace W is equal to a, b, ¢, d, following this constraint a is equal
to b and c is equal to d. So, the question is, find the basis and dimension of V, W and V
intersection W. So, we start with the solution, clearly the dimension of V cannot be 4.
So, we start with a set B 1, consisting of 0, 1, 0, 0 and 0, O, 1, 1;1, 0, 1, O, a set of 3

vectors. We claim that, any vector of V can be generated by B, so this is a span for V.
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Consider (a, b, c, d) in V such that
a-c+d=0.

(a, b, ¢, d) =« (0,1,0,0) + B (0,0,1,1)

+v(1,0,1,0)

or (a,b,c,d)={y, a,p+y,B)

comparison gives

y=a,a=b p+y=c=a+d, p=d

ora=b,fi=d y=a.

The vectors of B, are independent.

B, forms a basis for V
dim (V) =3

h




So, for this purpose, we consider a, b, ¢, d in V, satisfying the given constraint, a minus c
plus d equal to 0. So, we express this vectors a, b, ¢, d in V, as linear combination of
vectors of the given set. So, it is alpha times 0, 1, 0, O first vector plus beta times, second
vector plus gamma times, third vector. So, if we combine these terms, then a, b, c, d is

equal to gamma, plus alpha, beta plus gamma and finally, beta.

Now, comparison gives, gamma is equal to a, alpha is equal to b, c is equal to beta plus
gamma and beta is equal to d. Now, c is also a plus d from this constraint. So, at combine
this constrained and what | am getting from here and if we solve them, then alpha is
equal to b, beta is equal to d and gamma is equal to a. So, these are the three coefficients,
alpha, beta and gamma. So, | have solved them using this. So, any vector a, b, ¢, d can be

expressed in this form.

Now, the vectors of B 1 are independent. That can be checked and since the vectors of B
1 spans, that the spans, this subspace V. Therefore, we say that, B 1 forms a basis for V.

And since, there are three independent vectors in B 1. So, dimension of V is 3.
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(W) B, = {(1, 1,0, 0), (0, 0, 1, 1)} forms a
basis forW={(a,b,c,d,):a=b,c=d)

Any vectorin W= {(a,b,c,d, ):a=b,c=d)
can be obtained as a linear combination

of vectors of B, (Verify)
The vectors of B, are independent.

dim (W) = 2.
(iii) VAnW={a,b,c,d); a-c +d =0,
a=b,c=d}
Let v=(a,b,c,d) c VAW
a-c+d=0, a=b c=d.
ora=0, a=b=0, c=d

Now, we consider another subspace W, satisfying this constraint a, is equal to b and c is
equal to d. So, we start with a set B 2, consisting of 1, 1,0, 0 and 0, 0, 1, 1, they are two
constraints. So, we assume, we start with a set of 2 vectors and let us see, whether the

form a basis for this subspace or not. So, any vector in W, which is of this form can be



obtained as a linear combination of vectors of B 2. So, | will leave this exercise for the

viewers to satisfy and further the vectors of B 2 are independent.

So, again they can check, whether these 2 vectors are independent or not. So, if this
spans the vector space and vectors are independent, then the B 2 will form a basis for W.
And in that case, the dimension will be 2, because there are only 2 vectors in the basis.
Now, V intersection W, V intersection W is, the set of vectors a, b, ¢, d which satisfy
both the constraints, constraints on V and this is the constraints on W. Now, v is equal to
a, b, ¢, d any vector, which belongs to V intersection W. Then, these constraints should
be satisfies, a minus ¢ plus d is equal to 0, a is equal to b and c is equal to d. And this

means, a is equal to 0, a and b both are 0 and c is equal to d.
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VAaW={0,0c, c):cc R}

Basis for V ~ W = {(0, 0, 1, 1)}.
Dim(V W)=1

dim(V) + dim(W) = dim(V + W) + dim(V~W)
Dim(V+W)=3+2-1=4

V+W=R,
Y

So, dimension of V plus W is equal to, dimension V, plus dimension of W, minus
dimension of V intersection W. So, this is 3, we have already proved dimension of V as
3. The dimension of W is proved to be 2 and dimension of intersection W, we are just
now prove it to be 1. So, it is 5 minus 1 is equal to 4 and that means, V plus W is a four
dimensional vector space. Now, R 4 is also four dimension vector space and in fact, this

we say that, V plus W is equal to R 4.
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Example: Consider the three subspace of
Ras
U={{a,b,c);a+b+c=0,ab,c, c R)
V={a,b,c):a=c, a,b,cec R}
andW={(0,0,c):c ¢ R}
Show that

()R is direct sum of V and W.
(ii))R¥is not the direct sum of U and V.
Solution : Let(x,y, z) ¢ R%.
(x,y,x) € V,(0,0,z-x) ¢ W
(x,y,2)=(x,y, x) +(0,0,z-x)

L RE=V+W
Vi W={0} (i) Proved

Now, this is the next example, consider the three subspaces of R cube as U, V, W, define
by the set a, b, c. That is, find this constrain for a, b, ¢, d belonging to real set. V is equal
to a, b, c; ais equal to c, in the constraint on this vectors subspace and W is equal to 0, O,
¢ and c belonging to R. Now, we have show that, R cube is the direct sum of V and W,
while R cube is not the direct sum of U and V. So, the solution, we consider X, y, z

belonging to R cube.

And we proved that, any vectors in this can be written as U, as V plus W. That is a first
part. So, let us say, 0, 0, z minus x belongs to W, W is of the form 0, O, c. So, | will take
that ¢ as z minus x belonging to w and the vector V is, where a and ¢ components are
equal. So, I will take this vector from V as X, y, x. So, if | add the 2 vectors x, y, x from
V and 0, 0, z minus x from w. Then, X, y, z can be expressed as sum of these 2 vectors
and that means, R cube is equal to V plus W.

But, the result proved that, R cube, R cube is a sum of V plus W. But, does not mean
that, it is direct sum to prove that, it is a direct sum, we have to prove that V intersection
W is equal to 0. So, one can notice that, this V plus W equal to 0, only when the
intersection of the two is equal to 0. So, this can be easily seen from the way, we have
chosen the vectors. And that is why, we can say that V intersection W is equal to null

vector or R cube is direct sum of VV and W.
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(i) Let(x,y,2z)cR?
Suppose R*=U+V

(c,.c¢c) cUsuchthat c,+c,+c,=0
and (a,B,a)e V
(x,y, z) =(c,, c,, ¢,) + (a, B, a)
X=C,*a, y=c,+f, z=c,+a
X*y+z=c, *C, ¥, *2a+i=2a+p
lix+y+2)-Bli2=a
2, =2x(x+y+z2-f) =x-y-z+p
2,222 ~-(x+y+z-f)=z-x~-y+
c, =y-p

Now, in the second part, we assume that R cube is equal to U plus V. That means, ¢ 1, ¢
2, ¢ 3 belongs to U, satisfying the constraint ¢ 1 plus ¢ 2 plus ¢ 3 equal to 0 and alpha,
beta, alpha belonging to V. That means, the vector X, y, z in r cube, can be express as
sum of these 2 vectors ¢ 1, ¢ 2, ¢ 3 plus alpha, beta, alpha. And if we compare, then X is
equal to ¢ 1 plus alpha, y is equal to ¢ 2 plus beta, z is equal to ¢ 3 alpha. And that means,

x plus y plus z is equal to ¢ 1 plus c 2 plus ¢ 3, with 2 alpha plus beta.

And since ¢ 1 plus ¢ 2 plus ¢ 3 is equal to 0. That means, x plus y plus z is equal 2 alpha
plus beta and from here, we can express alpha, as x plus y plus z minus beta by 2. We
can solve these equations again for ¢ 1. So, twice ¢ 1 is equal to 2 x minus x plus y plus z
minus beta or x minus y minus z plus beta. Similarly, for ¢ 3, the solution is z minus x

minus y plus beta and ¢ 2 is equal to y minus beta.
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((x-y-z+pV2,y-B,(z-x~-y+P)/2)c U
(a,B,a)ecV
RE=U+V.

UnV ={§2, B, f2) ;Bc R}~ {0}
P2+pp2=0

Hence R® is(\o( the direct sumof U and V.

So, this is the vector, x minus y minus z plus beta by 2, comma y minus beta, comma z
minus X minus y plus beta by 2. Belongs to U and V belongs and alpha beta, alpha
belongs to V. Then, R cube can be written as U plus V. So, R cube is sum of U plus V,
but it may, it is not a direct sum. In fact, this sum has two independent constraints alpha
and beta. So, changing the values of alpha and beta, you can express R cube in many

different way.

So, it is not a unique representation and that is why R, although R cube is sum of U and
V, but is not the direct sum of U and V. In fact, one can further prove that, U intersection
V will be a set of the form, minus beta by 2, beta, minus beta by 2. And beta belongs to
R and this will be 0, only when, beta is equal to 0. But, beta can take any value and U
intersection V will be a set of this form. Because, it has to satisfy two constraints, alpha
and the first and last components equal and sum of the components equal to 0. And that
is why, U intersection V is not the single turn 0. So, hence R cube is not the direct sum of
U and V. So, in this example, we have three sets, R cube is direct sum of first and third,
but it is not the direct sum of U and V the first 2.
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Example : Let V be the vector space of
square matrices of order n over a field R.
Let U and W be the subspaces of symmetric
and skew symmetric matrices respectively.
Show that V is the direct sum of U and W.

Solution: First, every square matrix A in V

can be expressed as sum of a symmetric
and a skew symmetric matrix:
A=%A+A)+ % (A-A),

A + A’ is symmetric
and A - A¥s skew symmetric matrix

The next example, if V be the vector space of square matrices of order n over of a field R
and U and W be the subspaces of symmetric. And skew symmetric matrices respectively.
Then, we have to show that, V is the direct sum of U and W. We have already proved
that, square matrices form a vector space and U is the set of symmetric matrices. They
form of a vector space or subspace of this, vector space V and W. The set of skew

symmetric matrix also form to subspace.

Now, we have to show that, V is a sum of U and W. Now, to prove this, we first observe
that, every square matrix A in V can be expressed as sum of a symmetric and a skew
symmetric matrix. And that means, we can in fact manipulate A, as half A plus A dash, a
transpose plus half, A minus A dash. In this, we have established that, A plus A dash is
symmetric. While, the matrix A minus A dash is skewing symmetric. So, matrix A in V,

can be expressed as a sum of symmetric and skew symmetric matrix.

So, we can say that, V' can be express as sum of symmetric matrices and skew symmetric
matrices. Now, this will be the direct sum provided, there intersection is and A

intersection is null matrix.
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ToproveUnW={0}: LetMcUW

M e U > Mis symmetric
Mec V5 Mis skew symmetric.

UnW={08}.

HenceV=U ®OW.

V is the direct sum of U and W.
>

So, to prove that, U intersection W, if we say U is this. U is the set of symmetric matrices
and W is a set of skew symmetric matrices. Then, we have to prove that, this is nothing
but the null matrix. So, let say M belonging to U intersection W any matrix and
belonging U intersection W. Then, M has to be symmetric matrix, because it belongs to
this intersection and M belongs to V also. Where, V is skew symmetric, so M belonging

to skew symmetric matrices.

Now, the two have this is possible, the matrix is symmetric as well as skew symmetric.
This is possible only when U intersection W is theta. And that means, V is direct sum of

U plus W. This is what is to be proved.
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Exampile : Let U and W be subspaces of R?
for which dim(U) =2 and dim (W) =1 and W
7 U.Thenshowthat R*=U®W.

Solution : SinceWa U - (U~W)={0})
dm(U~W)=0

dim (U + W) = dim (U) + dim (V)=3

Since U and W are subspace of R’
(dimension 3)

~ RYis direct sum of U and W.

RP=U®W.

So, | have taken an example from matrices. Now, this is another example, that U and W
be subspaces of R cube, for which dimension U is 2. And dimension W is 1 and W is not
of subset of U. Then, we have to show that, R cube is equal to U plus W. Now, since W
is not contained in U. So, U intersection W, there is nothing common between W and U.
So, W intersection U and they are subspaces. So, definitely this null vector has to be

there. So, U intersection W is this, dimension of U intersection W is 0.

Now, dimension for U plus W is equal to dimension of U plus dimension of V,
dimension of U being 2, dimension of U being 3. So, dimension of U and W are

subspaces of R cube. Now, R cube is direct sum of U and W. So, R cube is U plus W.
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COMPLEMENTARY SUBSPACES

Definition: Let S be a subspace of a vector
space V, Then subspace T is said to be
complementary subspace of Sof V=S®T

The subspace {0} and V have unique
complementary subspaces.

The complementary subspace of {0} is V.
The complementary subspace of V is {0}

k

Now, with this, we come to another topic, that is complementary subspaces. So, first, we
define complementary subspaces. That, according to the definition, let S be a subspace of
a vector space V. Then, subspace T is said to be complementary subspace of S. If it can
be express as V is equal to direct sum of S and T. Trivially, the subspace 0 and V have
unique complementary subspaces, V plus 0 is equal to V. The complementary subspace

of 0 is V and the complementary subspace of V is 0.
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Example :
LetU={(a,b,c);a+b+c,a,bc,c R}is
a subspaces of R?

W={(0,0c):cc Rlshow that U is
complementary subspace of W.

Solution : Any vector v ( x, vy, Zz)in R* is
written as a
sumofuc Uandwc W
Ax,y,z)=(a,b,c)+(0,0,¥),a+b+c=0
a=x,y=b,z=c+d,c=-x-y
=(x,y,X-y)+(0,0,z+x+y)




Let us illustrate this, with example. So, let us consider U as a, b, c, satisfying the
constraint, a plus b plus c equal to 0; a, b, ¢ belonging to R and it is a subspace.
Similarly, W is equal to 0, O, c; ¢ belonging to R, then show that, U is complementary
subspace of W. This we have already done in one of the earlier exercises. Any vector X,
y, Z in R cube is written as, sum of U and sum of W, sum of u belonging to U and w

belonging to W.

Then x, y, z isequal to a, b, ¢ plus 0, 0, d, where the constraint, a plus b plus c is equal to
0. Now, comparing the components, then a is equal to x, y is equal to b, z is equal to ¢
plus d. And c is equal to minus x minus y, from this and X comma y comma minus X
minus y, so that, x plus y plus z equal to 0 plus 0, 0 comma z plus x plus y. So, that way,

we can express X, Y, z as of combination of a vector from U and a vector from W.
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Consider (a,b,c)c Un'W
(a,b,c)cU > a+b+c=0
(a.b,c)c W > a=0, b=0

>e=0.
Unw=((l)

U is complementary subspace of W.

Remark: the complementary subspace of a
subspace is not unique in general.

Now, we consider a, b, ¢ belonging U intersection W. Now, if a, b, ¢ belongs to U, then a
plus b plus c equal to 0 and if a, b, ¢ belonging W. Then a has to be 0 and that means, b
has to be 0 and also ¢ has to be 0. And that means, U intersection W is simply, a null
vector. Now, this simply mean that U is a complementary subspace of W. Generally, the
complementary subspace of a subspace is not unique. This is, we observation, we make
in context, the number of cases. Now, we come to another concept, ordered basis, so we

define.
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ORDERED BASIS

Definition: If V is a finite dimensional vector
space then an ordered basis for V is a finite

sequence of linearly independent vectors
spanning V.

The ordered basis is the basis for V
together with specific ordering.

Let B = {a,, a,, i
basis for the vector space V. Then any
vector a in V can be expressed as the linear
combination of vectors of B i.e.

If, V is a finite dimensional Vector space, then an ordered basis for V, is a finite
sequence of linearly independent vectors spanning V. So, the idea is, that we have
already defined basis for vector space for a finite dimensional vector space. But, to
define ordered basis, we have to add some sequence, some specific order, some specific
ordering is to be incorporated. So, we say, let B is alpha 1, alpha 2, alpha n is an ordered
basis for the vector space V. Then, any vector alpha in V, can be expressed as the linear
combination of vectors of B. That is, alpha is equal to ¢ 1 alpha 1, plus c 2 alpha 2, plus ¢
n alpha n.

(Refer Slide Time: 40:30)

Then the n-tuple (c,, c,, ...... c,) of scalars
are called the coordinates of a relative to
the ordered basis B.




Now, in this case, the n-tuple ¢ 1, ¢ 2, ¢ n of scalars are called the coordinates of alpha

relative to the ordered basis B.
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Theorem: The coordinates of the vector a
are unique.

Proof: ( By contradiction)

Let there be two coordinates of vector a
(cy, €y ..., c,) (dy, d,, ..., d ) such that
alz;(:.nN a=2 (da)

Zlc,-d)a =0
Since o, < B are independent
y ¢c,-d,=0 Vi
c=d contradiction

Now, we have a result, which says that, the coordinates of the vector alpha with respect
to an ordered basis, are unique. We proof this result by contradiction. So, let there be two
coordinates of vector alpha, belonging to V. And the two coordinates are ¢ 1, ¢ 2, ¢ n and
d 1, d 2, d n with respective the ordered basis. Such that, alpha is linear combination of
the vectors, alpha i of the ordered basis. Such that alpha is equal to summation c i alpha i

and alpha can also be expressed as, alpha is equal to summation d i alpha i.

The idea is that, c i’s and d i’s are the coordinates of the vector alpha. Then, since, they
are equal. So, we can equate them and simplifying, give summation ¢ i minus d i into
alpha i is equal to 0. And since alpha i belongs to B are independent vectors or they form
a basis. So, these coefficients must be 0 and that is why, ¢ i minus d i is equal to 0. For
all values of i and this gives me c i is equal to d i, which is the contradiction. And hence
there is a unique representation. We cannot have two different representations or we
cannot have two different set of coordinates of the vector alpha, with respective to an

ordered basis. So, this gives the theorem.
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Example: find coordinates of the vector
v = (4, 3, 1) relative to the ordered basis
{(1,1,1),(1,1,0),(1,0,0)} of R* .

Solution: Let coordinates of v be (c,, c,, ¢c,)
then
4,3,1)=c,(1,1,1)+¢,(1,1,0)+¢,(1,0,0)

or c,*c,+c,=4
c,+c,=3
c, =1

or c, =1, c,=2, cy=1
".coordinates of the vector (4, 3, 1) relative
to given ordered basis are (1, 2, 1)

Now, let us try to find out, the coordinates of a give vector with respective to given order
basis. So, let us consider an ordered basis of R cube, as 1, 1, 1;1, 1, 0 and 1, 0,0. Let us
try to represent v, the vector v, which is a vector in R cube. So, it is of the form 4, 3, 1.
So, we have to find out the coordinates of this vector 4, 3, 1 with respect to this ordered

basis. So, we assume the coordinates of, vbec1,c 2, c 3.

That means, by definition 4, 3, 1 is equal to ¢ 1 times 1, 1, 1. The first vector plus ¢ 2
times, the second vector 1, 1, 0 plus ¢ 3 times the third vector 1, 0, 0. So, we have to
solve the system and that amounts to. Now, 4 is equal to ¢ 1 plus ¢ 2 plus ¢ 3, the first
equation. This give, the second equation will be 3 is equal to ¢ 1 plus ¢ 2, this will not
contribute. And finally, 1 equal to ¢ 1, this will not contribute, also this will not
contribute. So, this equation is actually equivalent to this, set of 3 equations, ¢ 1 is equal
to 1.

We have already obtained, we substitute this in this equation. This gives me ¢ 2 is equal
to 2 and substituting these two values in this equation, gives me ¢ 3. So, ¢ 1 is equal to 1,
c 2 is equal to 2, ¢ 3 is equal to 1, is the solution of the set of equations or we can say
that, the coordinates of vector 4, 3, 1 related to the given ordered basis are 1, 2 and 1.
Now, the coordinates of this vector 4, 3, 1. Actually, are given in the natural basis or
standard basis. So, vector space R 3 can have number of basis. This is one; this is another

basis for the vector space R 3.
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Example: Let V be the vector space of all
real square matrices of order 2. Find the
basis and dimension of V.

Find the coordinates of the matrix (2 3 ]

with respect to the basis. G a0 2 i

o oHo o}t S}s 3)

Solution: consider

s-{3 $}6 2JC 2}C 9

B is the set of independent vectors
v

In the next example, we have taken some matrices. So, let us say; we have a vector space
of all real square matrices of order 2. Find the basis and dimension of V and find the
coordinates of the matrix 2 3 4 1 with respect to the basis. So, we first try to find out the
basis. We start with, this set B is equal to, B consisting of these 4 matrices 1 0 0 0, 010 0,
0010, 0000 1 So, we consider a set B, and then we claim that B is a set of

independent vectors.
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e e e )

ora=0,b=0,c=0,d=0

Bspans V: [61 C;]‘v
Cy €

-4 o0 I )

c=c¢, d=c,




For this, we consider the linear combination of these vectors a, 1 0 0 0 plus b times. The
second vector plus ¢ times. The third vector, plus d times the 4th vector and this linear
combination equal to 0 0 0 0, the null vector. We solve this, then a is equal to 0, b is
equal to 0. From here, we have, an equal to 0, from here b comes out be 0, from here c

comes out be 0. And finally, d is equal to 0.

Now, we have to prove that, B spans V. So, we consider c 1 ¢ 2 ¢ 3 ¢ 4, a 2 by 2 square
matrix belonging to set, to the vector space V. Then, any such square matrix of order 2
can be represented in the, as a linear combination of these 4 vectors. So, we try with this,
cl,c2, c3,cdisequal to atimes, first vector, b time, second c times, third and lastly d
times. The fourth and simplifying gives me, a is equal to ¢ 1, b is equal to ¢ 2, c is equal
to ¢ 3 and d is equal to ¢ 4. So, all these coefficients can be obtained in terms of the given
vector. So, we can say B spans V. So, B spans V, so linear combination of independent

vectors.
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Bis abasis : Dim(v) =4

The coordinates of given vector w.r.t the
given basis can be obtained from

(s 3) % o) o)s M o)

or a+b+d=2

-b+d-c=3

c+d=4

d=1
a=6,b=-5¢=3, d=1

The coordinates are (6, -5, 3, 1)

So, we can say that these are basis and since B has 4 vectors in it, so dimension of v is 4.
Now, the coordinates of given vector with respect to the given basis can be obtained
from, this relationship 2, 3, 4, 1 a times the first vector, which is given to us, plus b
times, the second vector given to us c times, the third vector and d times, the fourth
vector. So, if we solve it, it is a plus b plus d equal to 2. Then, second is minus b plus d

minus ¢ equals to 3.



Then, ¢ plus d equal to 4 and d is equal to 1. So, these are four equations and they can be
solve simultaneously will have a is equal to 6, b is equal to minus 5, ¢ is equal to 3 and d
is equal to 1. So, we can get the solution from this set, and that means the coordinates
with respective given ordered basis is 6. The coefficient of the first matrix 6, a is equal to
6, b is equal to minus 5, c is equal 3 and d is equal to 1. So, the coordinates are 6 minus
5, 3 and 1. So, this example illustrates, how to find coordinates with respect to given

basis.
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CHANGE OF BASIS

Suppose V is an n dimensional vector
space. Consider two ordered basis for V as
S={v, v,....v.Jand T={w, w,..w]}.

Let v ¢ V has coordinates (c,, c,,....c,) with
respect to the basis T.

Find the relationship between the
coordinates of given vector with respect to
the basis S and T*.

Now, change of basis, for this, let us consider V is an n dimension vector space. And it
has two ordered basis as S and T. Then, V belonging to the vector space V, has
coordinates ¢ 1, ¢ 2, ¢ n with respect to the basis T. So, we can write down v and now, |
am giving a notation, in which I say v. And then subscript T, that means v with respect to
ordered basis T. Thisisc 1, w 1 plusc 2, w 2 pluscn, wn, because w 1, w2, wnisa
basis for T. Then, you can express v, as also, v as in terms of v 1, v 2 and v n. Now, the
question is, what the relationship between the coordinates of is given vector with respect

to the basis S and T. Now, this describes the change of basis.
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Let the coordinates of vector w, « V with
respect to ordered basis S is

[vE= ¢ (a,v, *+a,v, +
oy (angv, tayy, ¢+

Now, let us consider a vectors, w j belonging to V with respect to ordered basis S is, a 1
j,a2j,anj, because w j also belongs to V. So, we can write down it is coordinates W j
with respectto S,asalj,v1plusa2j,v2plusanj, vn. Andthenv T can be written
as ¢ 1timesw j plus c 2 times w 2 plus ¢ n times w n. So, this is, what we have written.
So, v T is expressed as this.
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If the coordinates of vector v with respect to
basis S be (c,’, c)’

vls =

=+(c,a,, +ca, t
Heqayteast

Now, if the coordinates of vector v with respect to basis S be ¢ 1 dash, ¢ 2 dash, ¢ n dash.

Then, v with respect to basis s will be, ¢ 1 dash v 1 plus ¢ 2 dash v 2 plus ¢ n dash v n.



And then this is equal to, what we have written earlier,c1allplusc2al2pluscnal

n, timesv 1, v2 and v n. Linear combination of v 1, v 2, v n, this we have written earlier.
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L

Vls=Ps 1 [V)y
S

And this means in the vector form, we write down the coordinates of ¢ 1 dash, ¢ 2 dash, ¢
n dash. As multiplied by the matrix into this column vectors ¢ 1, ¢ 2, ¢ n, which is the
coordinate of the vector v in T. So, in the matrix form this equation is V s is equal to at

matrix P s. This is special notation, we use for change of coordinates v T.
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The matrix P | , is defined as the
transition matrix from the basis T to the
basis S.

Column vectors of transition matrix is the

coordinates of w's in the ordered basis S




Now, this matrix P s T is defined as the transition matrix from the basis T to the basis S

and column vectors of transition matrix is the coordinates or w’s in the ordered basis S.
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PS'-Y
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And this is, what we have a vector v in the vector space V. This is the representation in
the vector S, which is the, has basis v 1, v 2, v n. We had another basis T, it hasw 1, w 2,
w n. This ordered basis for T. Then, this is the transition matrix. So, that this
relationship, how we represent this vector in terms of T. And this is the same vector in
terms of v, ordered basis S. So, this is, what is to be discussing, but more detail, I will be

discussing in my next lecture.

Viewers, towards the end of this lecture, 1 will summarize, what we have done today. We
have started with direct sum and | had given you, some results related with this. That is,
dimension of u plus dimension of w is equal to dimension of u plus w, plus dimension of
u intersection w. We have discussed complementary subspaces. We have and then come
to ordered basis. We have discussed coordinates and | have started discussion on change

of basis. But, I will continue with this in my next lecture.

Thank you.



