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Module - 2
Lecture No - 7
Linear Algebra Part — 2

Welcome, viewers. This is second lecture on linear algebra. In my first lecture, we have
given the definition of real vector space. To re - view it, | will first again give you the
definition of a real vector space. A triplet V - a set - and two operations plus and star

forms a vector space provided certain axioms are satisfied.
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,+.") is a Real vector space
+and * are closedinV

+ is Commutative
+ is Associative
Existence of additive identity

Existence of additive inverse
Distributive properties
* is associative
Existence of scalar 1

The first axiom is that the operations plus and star - we call it scalar multiplication - are
closed in V. The addition is commutative and associative. Further the existence of
additive identity is there in the set V and existence of additive inverse is also there in the
set V. As far as the scalar multiplication star is concerned satisfies distributive properties
with respect to vector addition and star is also associative and there exists a scalar 1 - if

all these properties are satisfied - then V plus star is a real vector space. We have



discussed a number of examples in my earlier lecture. | will continue with few more

examples to fix up the ideas.
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Exampile 10: The set P of all nth degree
polynomials p (x) of the form

p(X)=a,+ax+ax’+..+ax"

The x lies in given interval | and the
coefficients are real.

The set P forms a vector space with
polynomial addition and scalar
multiplication:

The example | take now is from the set of n th degree polynomials pnx of the form pnx is
equal to a naught plus a 1 x plus a 2 x square plus an xn where the x lies in given interval
i and all the coefficients a naught a 1 a 2 an etcetera are real. Then this set P forms a

vector space with polynomial addition and scalar multiplication which is defined in this

manner.
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P.(X) + () = (a, + a,x + ... +a x")
+(b,+bx+..+b x")
=(a,+b,) +(a,+ b, )x
+..+Ha +b )x"

cpix)=cla, +ax+ .. Hax")

=ca,+cax+.. +cax"

Solution:
P is closed with respect to two operations

Addition of polynomials is commutative and
associative

If I have 2 polynomials pnx and gnx where the polynomial pnx is a naught plus a 1 x plus
an x raised to power n and another polynomial gnx of the form b naught plus b 1 x plus
bn x raised to power n, then the addition of 2 polynomial is defined as a naught plus b
naught plus a 1 plus b 1 x and so on and the last term is an plus bn x raised to power n;
the idea is the coefficients are added. a naught b naught, a 1 plus b 1 is the coefficient of
X, an plus bn is a coefficient of xn. Now this is called polynomial addition while the
scalar multiplication by a scalar c is defined as ¢ pnx is equal to ¢ times the polynomial

and if you simplify, it is ¢ a naught plus c a 1 x plus c an xn.

Now with these two operations, we say that this set forms a vector space. For proving
this, first thing we have to do is we have to say that p is closed with with respect to two
operations - the addition and scalar multiplication. Now by this, | mean to say that if |
have a polynomial pnx in p and a polynomial gnx in p, then their sum is also polynomial
in p. So if you look at this definition, one can easily observe that when we add the two,
the right hand side is also polynomial of degree n with real coefficients - a naught plus b
naught, a 1 plus b 1 etcetera. So this operation is closed with respect to - the set p is
closed with respect to — addition. Now as far as scalar multiplication is concerned, the
same is true. Look at this. This cpnx is also polynomial of degree n; the only difference is



all coefficients are multiplied by c, but this still remains real; that is why this cpnx is a

polynomial of degree n or we say that p is closed with respect to the two operations.

The next property is that this addition is commutative as well as associative. Now this can
be easily observed because pnx plus gnx - if this is so, then the coefficients of gnx plus
pnx will be b naught a naught b 1 plus a 1 bn plus an and so on and this simply means
these are real coefficients; so they are commutative. So pnx plus gnx will be the same as

gnx plus pnx. Similarly one can easily establish that this operation is associative.
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additive identity
Polynomial with 0 coefficients

The additive inverse of p_(x) is - p_(x).

The distributive properties can be easily
checked.

The scalar 1 exist such that

1. po(x) = p,(x)

The set of polynomials P is a vector space

R

As far as additive identity in the set is concerned, one can easily see that polynomial with
0 coefficients is the additive identity and this belongs to the set of polynomials. Similarly
the additive inverse of pnx is minus pnx and that means the additive inverse also exists in
the set p. As far as the distributive properties they are concerned, they can also be easily
checked because all the coefficients are real numbers and they satisfy distributive
properties; so these properties are satisfied. Then comes the existence of 1 such that 1
multiplied by pnx is pnx. So the effect of this scalar multiplication with pnx is that all the

coefficients are multiplied by 1 and multiplying a real number by 1 will not change the



coefficient and that is why 1 times pnx is pnx and this means that the set of polynomials

P is a vector space.
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Example 11: Consider the set Q of all second
degree polynomials p,(x) of the form

P,(X) =a, + a,X + a,x? such that a, = a, + 1

The set Q is not a vector space with
respect to operation of polynomial
addition and scalar multiplication as

Pyix) + q,(x) = (a, + a,x + a,x?)
+(b°+ X +b2x2)
=(a,+b,) +(a,+b,)x+(a,+ b, )x?

In the next example, we consider the set Q of all second degree polynomials of the form p
2 x is equal to a naught plus a 1 x plus a 2 x square such that the coefficients are related
by the relation a 1 is equal to a naught plus 1. So it’s not all polynomials but only those
polynomials which satisfy this relation. Then this set Q is not a vector space with respect
to operation of polynomials of addition and scalar multiplication defined as p 2 x plus g 2
x is equal to a naught plus a 1 x plus a 2 x square; this is p 2 x plus b naught plus b 1 plus
b 2 x square is q 2 x. It is defined as a naught plus b naught plus a 1 plus b 1 x plus a 2
plus b 2 x square, that is, the coefficients are added together. The scalar multiplication c
times p 2 x is defined as ¢ a naught plus 1 x plus a 2 x square which is ca naught pusc 1 c

times a 1 x plus ca 2 x square.
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Q will not form a vector space as the two
operations are not closed

Pa(X) *+ g,(x) = (3, + a,x + ax?)

+ (b, + b,x +b,x?)
=(ayg+by) +(a,+b,)x +(a,+b,)x?

a,=a,+1 b,=b,+1 a,+b,=a,+b,+2

cplx) + q,{x) = cla, + a,x + a,x?)
=ca, + cax + ca,x?

u,xc?°+1

One may notice that this Q will not form a vector space as these two operations are not
closed. By this, | mean to say that if i add the two polynomials - p 2 x and q 2 X -
belonging to the set Q, then the resulting polynomial is a naught plus b naught plus a 1
plus b 1 x plus a 2 plus b 2 x square according to the definition which is given to us. alis
equal to a naught plus 1 because p 2 x belongs to the set Q. Similarly b 1 is equal to b
naught plus 1 - Q 2 belongs to Q - and from this, one can see thata 1 plus b 1 is equal to a
naught plus b naught plus 2; but if you apply this here, then this property requires - this
sum to be in the set Q requires - that a 1 plus b 1 is equal to a naught plus b naught plus 1
instead of 2. So this polynomial will not belong to the set Q or we say this operation is
not close in Q. Similarly cp 2 x is equal to ¢ a naught plus a 1 x plus a 2 x square; if we
take g 2 x to be zero, then ca naught plus ca 1 x plus ca 2 x square - and this means ca 1
should be equal to ca naught plus 1; but this is not true because a 1 is equal to a naught
plus 1 being p p 2 x belonging to g. So this property is also not satisfied; so this R is also
not closed in Q and that makes VV g not to be a vector space. Now So far, we were

discussing real vector spaces.
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Complex Vector Spaces

Scalars are complex numbers

defined in the same way as real vector

spaces with the difference that scalars
are permitted to be complex numbers.

Now we will be coming to complex vector spaces. The basic difference between the two
is in the real vector spaces, the scalars are taken from the set of real numbers but in case
of complex vector spaces, scalars are taken from set of complex numbers. So we say that
complex vector spaces are defined in the same way as real vector spaces, with the
difference that scalars are permitted to be complex numbers; that means all the axioms

need to be satisfied for this set of scalars.
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Example 12: The set

V = {(X X5, ... X)) X, X5, ... X, € C}
is a vector space in C" with respect to the
vector addition

(XX con , %) * (V1. ¥2 e 3Y0)

=X+ Y Xt Yo o X H )
Scalar multiplication :
C* (X4 Xy, .. X)) = (CX,,€X,, ... ,CX,)

To satisfy the closure property

I will Let us take this example. The set of n-tuples V is equal to x 1 x 2 xn where X 1 x 2
xn belongs to C is a vector space in Cn with respect to vector addition which is defined as
x 1 x 2 xn belonging to V, y 1 y 2 yn belonging to V - the sum of the two is again an n-
tuple where they are components; y’s addition is taking place. So this sum is equal to x 1
plus y 1 comma x 2 plus y 2 and the last is xn plus yn while this scalar multiplication is
defined as ¢ star x 1 x 2 xn is equal to component wise multiplication cx 1, cx 2 cxn - the
last term. Now you may notice that here | am considering all these numbers belonging to
c; this is required to satisfy the closure property because - if these are not - if c is a
complex number then cx 1 will also be a complex number. So if these x 1 x 2 xn are real,
then the closure property will not be satisfied. So this set forms a vector space in Cn. If
you consider r and real vector space, then there will be a problem. So to satisfy the
closure property, we consider set c this coefficient - this x 1 x 2 xn - belongs to ¢ instead
of r, and means that the set V is nothing but Cn. So Cn forms of vector space with respect

to these operations.
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Additive identity:
The zero vector 0=(0,0, ...,0)inC"

Example 13: The set of all m x n matrices
with complex entries forms a vector space
over matrix addition and scalar

multiplication of matrices.

Example 14 : The set P of all nth degree
polynomials with complex coefficients
forms a vector space over polynomial
addition and multiplication by a complex
scalar. .

The additive identity can be checked easily because the zero vector theta is also in Cn -
zero zero zero is the theta vector, it is in Cn. So this is a rest of the properties can easily
be checked, so this forms a vector space. Now in the next example, | am considering m
by n matrices with complex entries instead of real entries; this example, | have taken
earlier but at that time, these were real entries and we have seen that they form a vector
space and now we will see that with complete entries, they also form a vector space with
respect to matrix addition and scalar multiplication. The next example is the set P of all n
th degree polynomial with complex coefficients. They also form vector space with
respect to polynomial addition and multiplication by complex scalars. These are some

easy straightforward examples and one can easily but them out.
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Subspaces:

Let V be a real vector space with vector
addition + and scalar multiplication *.

A subset W of V is a subspace of the
vector space if W itself is a real vector

space with + and *.
Example 15:

Let V be a vector space then
Vis a subspace of V
{0} is a subspace of V

Now the next topic is subspaces. So first the definition of subspaces: you say that let V be
a real vector space with vector addition plus and scalar multiplication star, then a subset
W of V is a subspace of the vector space if W itself is a real vector space with respect to
the 2 operations plus and star. So W is ah W itself is a vector space with respect to the
two operations. Now this is an example: if V' be a vector space then V is a subspace of V;
we can say that V is a subset of V and since V is a vector space, so this is a trivial
example that V is subspace of V. The other trivial example is the single term 0 is a
subspace of V because this is additive identity; if it belongs to V then it will be a

subspace. These are two examples.

10
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It is observed that
Addition is commutative
associative in W
Scalar multiplication
Distributive

Existenceof1inR

Therefore, we need to check the four
conditions for W to be subspace.

i) ifa, B ¢ W then the vector a + § mustalso
belong to W.

Further it is observed that addition is commutative as well as associative in W because all
the members in W they belong to V; so if it is associative and commutative in V then it
has to be in W. So that is straightforward. The next thing is scalar multiplication. Again
the same logic is applied. It is distributive in V; so it has to be distributive in W also
because W is a subset of V. The next thing is - existence of 1 in R - is also implied. So if
you have to prove that W is a subspace of a given a vector space V, then we need to

check the following 4 conditions:

The first condition is that if alpha beta belongs to W, then the vector alpha plus beta must
also belong to W. The idea is alpha beta belongs to W but the sum alpha plus beta may be
in V but may not be in W. So one has to check that for each pair alpha and beta in W, its
sum also belong to W, that is, this addition is closed in W. So closure property is
satisfied.

11
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i) Additive identity exists in W such that
a+b=a V acW.

i) For each a ¢ W -a in W such that
a+(-a)=0.

iv) Scalar multiplication is closed in W
forcc R, ac W,c " a belongs toW.

The general condition is equivalent to
these four conditions.

Ca+fB cW fora,pc Wandc ¢ R.
X

Second is additive identity exist in W such that alpha plus theta is equal to alpha for all
alpha in W. So if the additive identity must also be in W, without that it will not be a

vector space.

Next thing is that for each alpha belonging to W, there exists minus alpha in W such that
alpha plus minus alpha is equal to the null vector theta. So if alpha belongs to W, its
inverse must also belong to W; so this is also a requirement that is to be fulfilled by W to

be a vector space.

and The last property is that scalar multiplication is closed in W. For example, if c
belongs to R and alpha belongs to W then c star alpha must belong to W. So the closure

property with respect to scalar multiplication must be closed in W.

So all these four properties are satisfied; rest of the properties are trivially satisfied

because they are satisfied for V. So this W will form a vector space.

Now, one can notice that these four conditions can be translated into a single condition -
like ¢ alpha plus beta a belongs to W for alpha beta belongs to W and ¢ belonging to R;
so if this single condition is satisfied then all these four conditions are implied. So let us

prove this; so the first thing is a closure property.

12
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Ca+p <« W fora,Bc Wandc ¢ R.
(i) Closure property of vector addition:

Lletc=t,a+BecWlora,BpecW
(ii)Additive identity:
fa=p,c=1B-Bp=0c W

(iii) Additive inverse ¢=-1,p=0 -acW
(iv) Closure property for scalar multiplication
letp=0, cacW.

So If I take c is equal to 1 - because this property is satisfied for all ¢ belonging to R, in
particular if ¢ is equal to 1 - then alpha plus beta belongs to W for alpha beta belongs to
W. So if these properties are satisfied for all ¢ then it will be satisfied for c is equal to 1
and this amounts to the closure property of vector addition in W. So alpha plus beta
belongs to W for all alpha beta belonging to W. So If this property is satisfied so this
property is implied.

Let us see the second property - additive identity. Here, if alpha is equal to beta and if c is
equal to minus 1 - if you consider this - then in this property, because this alpha is equal
to beta, so beta minus beta is nothing but null vector; so if ¢ alpha plus beta belongs to W
for all values of alpha beta and ¢ in R then beta minus beta is equal to zero will also
belong to W. So this shows that there exists additive identity in W. So existence of
additive identity W is established in terms of this condition. Then the next is additive
inverse. We have given this condition. So If i take c is equal to minus 1 and beta is equal
to O - the existence of beta is equal to 0, i have already established; so if we take beta is
equal to zero and c is equal to minus 1- substitute it here - it is nothing but minus alpha
belonging to W. So if alpha is there, minus alpha is also in W and that establishes the

additive inverse in W.

13



So three properties have been established and the fourth one is that closure property for
scalar multiplication. So To satisfy to check this property - with respect to this given
general condition - when beta is equal to zero, if we substitute then c alpha belongs with
W; that means for c is belonging to R and alpha belonging to W, c alpha is also in W and
that means closure property for scalar multiplication is also satisfied if this condition is

satisfied.
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Remark: If W is a subspace of V then

ca+f isinWforeachpairofa,pp nW
L

Theorem 1:
A non empty set W of V is a subspace of V
if for each pair of « and § in W and each

scalar ¢ in R, the linear combination
ca + [} is again in W.

So we can put a remark here that if W is a subspace of V then c alpha plus beta is in W
for each pair of alpha beta in W and if this is there, then we can say that W is a subspace.
So this is given in the form of the theorem - it states that a non empty set W of V is a
subspace of V if for each pair of alpha and beta in W and each scalar c in R this linear
combination c alpha plus beta is again in W. So if this condition is satisfied, then W is a
subspace or if W is a subspace then c alpha plus beta is again in W. So we have proved
this theorem this property is also use as a definition for subspaces. So this is a very

powerful property and many times we use it as a definition for subspaces.

14
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Example 16: LetV=R?

W={(x,x,,0 : x,x,cR}
Then W is a subspace with respect to usual
operations.

Solution :

Consider

ca+f =c(x,, x, 0)+(y,y, 0)
= (cx, €x;, 0) * (y4, ¥2, 0)

=(cx,+y,, Cx,+ Yy, 0)

Now, | will explain the definition with the help of an example. So example is taken from
R cube. So If we consider V is equal to R cube and W is the set of all triple x where x 1
and x 2 belongs to R, but the third component is 0, then W is a subspace with respect to
usual operation. We know that R cube is a subspace with respect to usual addition and
scalar multiplication. We have to establish that W is also a subspace in this. So to prove
this, we consider ¢ alpha plus beta; so | am using that very definition that if alpha and

beta belonging to W, then c alpha plus beta belongs with W; then it becomes a subspace.

so Let us consider c alpha plus beta ; alpha happens to be x 1 x 2 zero belonging to the set
W; y 1y 2 0 is nothing but beta in W. Then if you add the 2, it is cx 1 comma cx 2
comma zero plus y 1y 2 zero and finally we have cx 1 plusy 1 cx 2 plus y 2 and 0. Now
cx 1 plus y 1 belongs to R because x 1 and y 1 and c all they are real. So this also
belongs to R; cx 2 plus y 2 also belongs to R in the third component is 0. So this vector
belongs to W; so ¢ alpha plus beta belongs to W for given alpha beta in W and that means

this W is a subspace - that is it.

15
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Example 17 :
LetW, = {(x,, x,,1) : x;, X, ¢ R}
Then W, is not a subspace of R?
Solution:
W, = {(x,, x,,1) : x,, X, c R}

cixy, x,,1) + (yy, ¥2.1) = (ex,+ y,, Cy, + ¥,, ¢+1)

W, is not a subspace

Now in the next example, | consider again another subspace of R cube. Here, W 1 is
equal to x 1 x 2 1 such that x 1 x 2 belongs to R. So Instead of 0, now | am having 1 here
but one can see that W 1 is not a subspace of R cube with respect to usual operations in R
cube. So let us consider W 1 as being given here. Now, consider cx 1 x 2 comma 1 plus 'y
1 plus y 2 comma 1. So this like To check whether ¢ alpha plus beta also belongs to W 1
or not, so we cancel this left hand side and the right hand side according to the definition
of the 2 operations it becomes ¢x 1 plusy 1 cx 1 plus y 1; second component is cx 2 plus
y 2 and the third component is 1 plus 1 is equal to ¢ plus 1. So this is not a subspace
because we want here to be 1. Now this will be 1 only when c is equal to 0. For general
value of c, this will not be 1 and that is why this right hand side will not belong to W 1 or
this operation is now this scalar this linear combination does not belong to W 1 and we

say that W 1 is not a subspace.

16
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Example 18 : Let Vis the setof all n x n
matrices and W is the set of all n x n
symmetric matrices. Then W is a subspace
with respect to wusual addition and
multiplication.

Solution: LetV ={n x n matrices }

iIs a vector space
LetW={nxn symmetric matrices })Wc V
Leta =(a)), p =(b,) c Ws.L a=a, b=b,

ca,+ b,,\= ca,+b,,

This is another example taken from the set of matrices. Let V be the set of all n by
matrices and W is a set of all n by n symmetric matrices. Then W is a subspace with
respect to usual addition and multiplication. We have already seen that V is this vector
space when V is this set of square matrices and we have the usual addition and
multiplication operations - usual addition and scalar multiplication operations in V; so it’s
a vector space. But we have to see that whether this set W of symmetric matrices is a

subspace or not.

So let us start with V which is set n by n matrices; it is a vector space. Now consider set
W set W n by n square matrices which are symmetric. We clearly know that W is a
subset of V. This is the very first condition - W to be a subspace of V, that W should be a
first subset of V; so this - we have established. Now let us consider 2 members in W
alpha as aij a square matrix beta is bij another square matrix such that aij is equal to aji.
Why? Because they belong - these 2 matrices - belong to W and they are asymmetric
matrices; so aji j must be equal to aji. Similarly, bij is equal to bji. Now consider the
linear combinations cij plus bij. So we consider typical element of this matrix cij plus bij.
Now this is equal to - aij becomes aji - so this caiji plus bji. So we can say that as c alpha
plus beta is also symmetric matrix. So the operation is closed and W is a subspace.

17
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Example 19:
LetV= { A, , matrices)

W = { B, , non singular matrices }
Then W is not a subspace of V
Solution:

The null matrix is an additive identity of V

Null matrix is a singular matrix
R

This is another example taken from the set of matrices but this time W is not a subspace.
So let us consider V to be 2 by 2 matrices and W is again set of all 2 by 2 matrices. But
the condition is that these are non - singular matrices. So we have bigger set considering
all square matrices of order 2 while W is only those square matrices of order to which are
non - singular. Then W is not a subspace of V, where V is a vector space with respect to
usual vectors - matrix addition and scalar multiplication. So one can say that null matrix
is an additive identity of V; this belongs to V. It is a 2 by 2 matrix; it is a vector space. So
null matrix has to be there in V; but if we have null matrix also in W, then it is non -
singular matrix. It is not a non - singular matrix. So if null matrix does not belong to W -
because null matrix has determinant 0, null matrix is a singular matrix; so null matrix
does not belong to W - but W has to be a vector space in its own right, then additive
identity has to be there in W and because of this reason, W will not be a subspace of V.
So W is not a subspace of V.

18
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Example 20: Let S = { (x, %%} X~ x,,
X,,X5,Xy ¢ R ). Then S is subspace in R? for
usual operations.

Solution:

Consider ca + B = ¢ (X,,X,,X,) + (¥,,¥2,¥5)

= (CXy* ¥y, CX* Y, CXy* Y3)
Since (x,,x,,x,)and (y,.y,,Y,) ¢ S
X=X Yo=Y2
rexX,ty,=cx,ty,
Therefore ca+f ¢ W
Hence s is a subspace.

So In the next example, we are again considering a triplet - x 1 comma, x 2 comma, X 3;
they all belong to R with the condition that x 1 is equal to x 2. Then S is a subspace in R
cube for usual operations. | have different types of sets. Some form subspaces, some do
not form subspaces. In this example, if this condition is satisfied, then they form a
subspace. So let us see the solution. Again, consider the combination ¢ alpha plus beta
which is equal to cx 1 comma x 2 comma X 3; this triplet belongingto Splusy 1y 2y 3
belonging to S; then simplifying right hand side, we will have cx 1 plus y 1 comma cx 2
plusy 2 comma cx 3 plusy 3. Now sincex 1 x2x3andy 1y 2y 3belongto S, so they
must satisfy the given constrain, that is, x 1 is equal to x 2 and y 1 is equal to y 2 and
using this condition we can see that cx 1 plus y 1 will also be the same as cx 2 plus y 2.
That means this constrain will be satisfied by this right hand side of ¢ alpha plus beta and

therefore c alpha plus beta belongs to W and hence it is a subspace.

19
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Example 21:

LetW={(x,x,,x,): x,=2x,=3x,)}
Determine whether W forms a subspace of
vector space R*?

Solution:

Consider a = (a, 2a, 3a) and § = (b, 2b, 3b)

be two vectors in W. then

ca+f = cfa, 2a, 3a) + (b, 2b, 3b)
*= (c(a+b), c{2a + 2b), c(3a + 3b) )
= (c(a + b), 2(a + b), 3(a + b))

Clearly,ca+ also belongs toW.

In the next example, W is equal to x 1 comma x 2 comma X 3 but the constraint is now
different. x 1 is equal to 2 x 2 is equal to 3 x 3. We have to check whether it forms a
subspace of R 3 or not. The solution is on the same lines. We consider an alpha in W
which is a comma 2 a comma 3 a, for this condition has to be maintained and beta is
equal to b comma 2 b comma 3 b with the two vectors in W. Then ¢ alpha plus beta is c
times the alpha vector plus the beta vector. Simplifying it, we have ca plus b comma 2
times a plus b comma 3 times a plus b and that means, the condition x 1 is equal to 2 x 2
is equal to 3 x 3 is also satisfied for c alpha plus beta and that means c alpha beta also
belongs to W, and this proves that W is a subspace.

20
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Example 22: Show that W = { (x,,x,,x,) : X,
=x,?+x,°)} isnota subspace.
R

Solution:

Let a = (13, 2, 3), (25, 4, 3) are two vectors
inW.
Buta+p =(13, 2, 3) + (25, 4, 3) = (38, 6, 9)
does not belong to W as

38,62+97

X 2 square plus x 3 square and we will see that it is not a subspace. Now the solution in
the solution, we considered an example where alpha is 13 comma 2 comma 3 and beta is
25 comma 4 comma 3 are 2 vectors in W. One can easily see that they satisfy this
constraint. 13 is equal to x 2 square plus x 3 square 4 plus 9 and in this case, 25 is equal
to 4 square plus 3 square, that is, 16 plus 9 is 25; so these two satisfy the condition. But if
you consider alpha plus beta, then the sum of these two vectors is 38 is equal to 6 38
comma 6 comma 9, but this vector does not belong to W. One can easily check that 38 is
not equal to 6 square plus 9 square; that means if alpha and beta are these two vectors,
then their sum alpha plus beta will not belong to W. Now this is a usual way to show that

set is not a subspace.

So if you have to show that a set is a subspace, then you have to consider ¢ alpha plus
beta and try to show that ¢ alpha plus beta also belongs to W. But if you know if you
have to show that it is not a subspace, then we will take some typical examples which
show that ¢ alpha plus beta is belonging to W. So this one simple example is enough to
show that W is not a subspace. Now this is slightly different example. Here, | am

considering the system of equations represented in the matrix form x is equal to theta.

21
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Example 23: consider the system of
equations represented in matrix form as

AX =0,
where A\= (ay) e Matrix and X is column
vector with n rows.

Define W={X: (x,, x,, ..., X)) ,AX =0}

Prove that W is a subspace.

So x is a column vector and theta is null vector. So If i consider A as square A as a
rectangular matrix of order m by n, and x is a column vector with n rows, then one can
define subset W as all the solution vectors will satisfy x is equal to theta. Then we have to
prove that W is a subspace. So we have A - the set of all rectangular matrices of order m
by n with respect to usual operations of matrix addition and scalar multiplication; they
form a subspace, they form a vector space. But as far as this W is concerned, W is a

subset of A. But this is not this will not be a subspace.
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Proof :
consider X = (x,, X,, ..., X))’ such that AX =0
Y=(¥y Yo - ¥,) * Such that AY =0
consider the linear combination
Z=cX+Y
AZ=A(cX+Y)=cAX+AY=cO+0
=0

~Z = cX+Y is also a solution of the given
matrix equation. Hence W is a subspace.

The subspace W is called the null space of
A

To prove this, we consider x as X 1 x 2 xn column vector such that x is equal to theta y is
equal to y 1y 2 yn such that ay is equal to theta. Now we consider linear combination Z
is equal to cX plus Y and we will see that whether AZ it belongs to this given set or not;
so we consider AZ is equal to A times column vector ¢X plus Y which is equal to ¢ times
AX plus AY. since cx is: X is theta, so this is ¢ theta is 0 and AY is theta, so c theta plus
theta is also theta. So AZ is equal to theta; so this Z is also solution vector; so it forms a

subspace. So W is a subspace. In particular, the subspace W is called the null space of A.
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Linear Combination:

A vector  in V is said to be a linear
combination of vectors a,, a,,.... a, InV
provided there exist scalars c,c,,....c,in R
such that

n
= c,a* G, ... C a €
B =cyay* coa, n%n 55 SN

Now we define linear combination. A vector beta in V is said to be linear combination of
vectors alpha 1 alpha 2 alpha n in V, provided there exists scalars ¢ 1 ¢ 2 cn in R such
that beta is expressed as ¢ 1 alpha 1 plus ¢ 2 times alpha 2 plus ¢ 3 times alpha 3 and cn
alpha n. In short we write it as summation i is equal to 1 to n ci alpha i — it is a

compressed form, representing this linear combination.
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Example 24: Show that the vector (1,23) is
a linear combination of vectors (1,0,0),
(0,1,0) and (0,0,1).

Solution:
Let(1,23)=a(1,0,0+b (0,1,0)+c (0,0, 1)

=(a,0,0)+(0,b,0)+(0,0,c)
= (a, b, c)

Equating two vectors gives
a=1,b=2 ¢c=3. \

thus (1,2,3) is a linear combination of
given vectors.

Let us illustrate this with example. In this example, we have to show that the vector 1 2 3
is a linear combination of vectors 1 00,01 0 and 0 0 1. So what we are supposed to do is
you have express the given vector 1 2 3 in the as linear combination of vectors 1 00,0 1
0, 0 0 1. That means there exists scalars a b and ¢ such that 1 2 3 is equal to a times the
first vector plus b times the second vector plus ¢ times the third vector. So if you add
them up, then we will have a 0 0 plus - thisis - 0 b 0 plus 0 0 ¢ - and this gives me a b c.
so if there are ah 2 vectors So if we equate the 2 vectors - left from left hand side and
right hand side - they will be equal component wise and that means a will be 1, b will be
2 and c will be 3. So we can we have found a is equal to 1, b is equal to 2, c is equal to 3.
If you substitute these values here, this is nothing but 1 2 3. In short, we have represented
123as1times100plus2times010plus3times00 1. Sowe can say that 1 2 3 has

been represented as linear combination of the given 3 vectors-100,010and00 1.
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Example 25:

Express the vector (5,1, 1) as a linear
combination of vectors
(0,1,-1), (1,1,0)and (1, 0, 2).
Solution: Consider
(5, -1,1) =¢,(0,1,-1) + ¢, (1,1, 0) + ¢, (1,0, 2)

(6,-1,1)=(c,+¢c,,c %y, -Cy*+2¢,)
C, + =5, (c, + ¢c,=5)X2
c,+ ¢, = 1, c, +2¢,=0
-C, +2c¢c,=1 c,=10,¢cy=-5
(6,-1,1) =-11(0,1,-1) + 10 (1,1,0)
_*(-5)(1,02)

In the next example, again we are having vectors 5 minus 1 1 and you have to express it
as a linear combination of vectors - 0 1 minus 1, 1 1 0 and 1 0 2. The procedure is the
same. We consider left hand side - the given vector; right hand side - the linear
combination of the three given vectors 0 1 minus 1, 1 1 0 and 1 0 2. This right hand side
is simplified. It is ¢ 1 plus if - the first component is - ¢ 2 plus ¢ 3 the second component
is ¢ 1 plus ¢ 2 - no component is coming from this; then we will have minus 1 into ¢ 1. So
it is minus ¢ 1 plus 2 times ¢ 3. No component is coming from the second vector. If you
equate left hand side and right hand side component wise, then ¢ 2 plus ¢ 3 is equal to 5
and c 1 plus the next is ¢ 1 plus c 2 is equal to minus 1 and the last component is minus c
1 plus twice ¢ 3 is 1. So we have to solve these three equations to get the values of ¢ 1 ¢ 2
and c¢ 3. In the earlier example, the things were simple and we can straightaway get the
constants, but in this case we are getting three equations to solve them simultaneously.
Now to solve these three equations, one can observes that if you add these two equations,
we will have first equation remains the same and the addition of these two equations
gives rise to ¢ 2 plus 2 ¢ 3 is equal to 0; and that means we will have two equations in two
unknowns - ¢ 2 and ¢ 3. So to simplify it, if I multiply this equation by 2 then and
subtract - so this and this will get canceled and - what we have is ¢ 2 is equal to 10 from

this equation. This will get cancelled. ¢ 2 is equal to 10 and once you have c 2 is equal to
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10, you can substitute it here to get ¢ 3 is equal to minus 5; and once we get ¢ 2 and ¢ 3,
one can get ¢ 1 from this equation and that gives me a 5 minus 1 one as minus 11 times
zero 1 minus 1 - that is, the value of ¢ 1 plus ¢ 2 whichis10 1 1 0 plusc 3 minus510 2.
So this vector 5 minus 1 by 1 is expressed as linear combination of these three given

vectors.
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Span of vectors :

Let W = { a,, a,,....a_} be the set of vectors
in a vector space V. The set S of all linear
combinations of a,, a,,...a, is called the
span of the vectors a,, a,,....a,
We denote it by S[W].

Since W ¢ V and S[W] is linear
combination of vectors of W, S[W]¢ Vis
a subspace of V.

Theorem 1: If W is a nonempty subset of
vector space then S[W] is the smallest
subset of V containing W.

X

Now the next definition is span of vectors. Let us say we have been given a set W of
vectors alpha 1 alpha 2 alpha n with the set of vectors in a vector space V. Then the set S
of all linear combinations of alpha 1 alpha 2 alpha n is called the span of vectors alpha 1
alpha 2 alpha n. So all the linear combination of this vector will form the set S and that
set will be call the span of vectors and we denote this span of vectors as SW - that means
the span generated from W. Now since W is a subset of V and SW is linear combination
of vectors of W - that means SW may be a subset of V - and since all the linear
combinations are in SW, so SW is a subspace of V. Now we are in a position to state
theorem. We say that if W is a nonempty subset of vector space, then SW is the smallest
subset of V containing W is a smallest. It is not only the subset but is the subspace
containing W.
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Proof :

since every vectof w in Wis also in S[W]
W SIW)

Let there be another subspace T such that
WcT

For T being subspace, any linear

combination of Wis alsoin T

W SWIc T

Therefore S[W] is the smallest subspace
containing W.

Now to prove this, since every vector in since every vector w in W is also in SW -
because SW is a set of linear combinations of vectors of W, so this w in W is also will be
in SW and that simply means that W will be a subset of SW - now we say that there will
be another - this SW let us say is not the smallest subspace - let us see there has to be
another subspace T such that W is a subset of T. Now we say that for such a subspace T,
any linear combination of W is also in T because it is a subspace. So W is a subset of SW
which is a subset of T because all the linear combinations are in SW. So they will be

subset of T and that means that SW is the smallest subspace containing W.
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a, } is a spanning
set of V if every vector in V can be written
as a linear combination of vectors a,,

spanning set for V

To determine whether a set W of vectors
spans the given space V then any arbitrary
vector B in V must be expressed as a linear
combination of vector of W.

Now the next definition is that set W is a spanning set of V. If every vector in V can be
written as the linear combination of vectors of alpha 1 alpha 2 alpha n of W, now it may
happen that SW is equal to V the span of W is V. Then alpha 1 alpha 2 alpha n actually
span V or in other words using this definition, one can say that W is equal to alpha 1
alpha 2 alpha n is a spanning set for the vector space V. Now to determine whether a set
W of vector spans the given space, then any arbitrary vector beta in V must be expressed

as linear combination of vectors of W.
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Example 26: Show that the vectors (1, 0, 0)
(0, 1, 0) and (1, 1, 1) spans R>.

Solution:

Let us consider (a, b, c) in R%.

(a, b, c)=c,(1,0,0) +c,(0,1,0) +c,(1,1,1)
(a, b, c) = (c, +c,, c,*c,, C,)

Equating vectors, we get
a=c,+c,, b=c,+c,, c=c,
¢, =a-c,c,=b-c,cy=c
scafars can be uniquely determined.
Hence the three vectors span R>.

Now this We lets take with the example example is to show that the vectors 1000 1 0
and 1 1 1 spans R cube. So let us consider any arbitrary vector ab c in R 3. Then it can be
expressed as a linear combination of these three vectors-c1 11 0plusc2010plusc31
1 1. So let us simplify; this comes out to be ¢ 1 plus ¢ 3 - the first component; the second
component is ¢ 2 plus ¢ 3 and third component is simply ¢ 3. Equating right hand side
and the left hand side, we get c is equal to ¢ 3. The last component and then from here, b
is equal to ¢ 2 plus ¢ 3 and here, it is a is equal to ¢ 1 plus 1 ¢ 3. So this ¢ 3 can easily be
seen to be ¢ and once you get the value of ¢ 3 as ¢, ¢ 2 can be calculated as b minus ¢ and
from this equation, if you put the value of ¢ 3 as c, then ¢ 1 comes to be a minus c. So for
given values a b ¢, one can uniquely determine the scalars ¢ 1 as a minus ¢, c 2 as b
minus ¢, ¢ 3 as ¢. Thus we can say that these three vectors 100,01 0and 1 1 1 spans the

vector space R 3.
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Example 27: show that the vector (1,1,0)
and (0, 1, 1) does not span R3.
Solution:
Consider an arbitrary vector (a, b, c) be a
linear combination of given vectors, i.e
(a, b, c)=c, (1,1,0) +¢c,(0,1,1)

(a,b,c)=(c,,c,*+c,c,)

Equating two vectors, we get
a=c,, b=c¢,+c, c=c,
or b=a+c

For (2,1, 3) « Fi’ cannot be expressed as a
linear combination 1 » 2 + 3.

However in this example, we have to show that the vectors 1 1 0 and 0 1 1 do not span
the vector space R 3. So let us see the solution. We again consider an arbitrary vector a b
¢ and consider it to be linear combination of given vectors. So we write down abc is equal
tocltimes110plusc2timesO11;simplifyit.Itisabcisequaltoclcommacl
plus ¢ 2 and finally ¢ 2 and this means ais equal toc 1 b isequal toc 1 plusc 2 and c is
equal to ¢ 2.and Simplifying this, we will get b is equal to a plus ¢. Now for the vector 2 1
3 belonging to R 3 cannot be expressed as a linear combination of these 3 vectors,
because if it has to satisfy if it has if it has to be represented as this combination, then it
must satisfy this constrain; but if you substitute the value of b as 1 aas 2 and c as 3, then
one can notice that 1 is not equal to 2 plus 3. That simply means that this vector 2 1 3

cannot represented as a linear vector linear combination of these 2 vectors.
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Hence, the vectors (1, 1, 0) and (0, 1, 1) fail
to span R>.

Thespanof A= {(1,1,0),(0,1,1) }is the
vectorspace V={(a,a+c,c):a,c,c R}

THEOREM 2 :

Let S, and S, be two subspaces of vector
space V Then S, 11 S, is nonempty and it is
a subspace

So the vectors 1 1 0 and 0 1 1 fail to span R 3 — that is the conclusion. However the span
of these 2 vectors, thatis 1 1 0 and 0 1 1, is the vector space V such that a comma a plus ¢
comma ¢, where a and ¢ belongs to R; so this is a vector space. So this is a span of this.
But the vector which we have concern will not fall in this vector space V. Now we have
another theorem and according to this, if we have two subspaces S 1 and S 2 of the vector

space V, then the intersection of the two subspaces is nonempty and it is a subspace.
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Proof:
S, N S, is nonempty as 0 belongs to both
S,and S,

Case1:ifS,NS,={0}
then it is a subspace of V.

Case2:ifapec S,NS,
Thenca+pc S, NS,
as S, and S, are subspaces

Thus S,N S, is a subspace.

However S, U S, may not be a subgpace.

Now to prove this, it is observed that the intersection of S 1 and S 2 is nonempty. Why?
because S 1 is a subspace, S 2 is a subspace; so theta has to belong to both S 1 and S 2.
So theta must belong to S 1 intersection S 2 and that is why S 1 intersection S is
nonempty. Now we consider two cases. The first case is if S 1 intersection S 2 is a single
term theta; if that is the case then it is subspace of V, because this we have already
established. But in the second case, if there is there are vectors other than theta in it - so
let us say there are 2 vectors alpha and beta belonging to this intersection S 1 intersection
S two - then let us consider ¢ alpha plus beta; that means we are trying to apply the basic
definition of subspaces. So for alpha beta belonging to a set, if ¢ alpha plus beta also
belongs to the set, then that set forms a subspace. That is what we are going to apply. So
let us consider ¢ alpha plus beta also belongs to S 1 intersection S 2. Now since S 1, S 2
are subspaces and that means S 1 intersection S 2 is also a subspace; ¢ alpha beta belongs
to S 1, c alpha plus beta belongs to S 2; so they belong to S 1 intersection S 2 also and
that means S 1 intersection S 2 is subspace that proves the theorem. However, if you
consider the union of the two sets, it may not be a subspace. Now to prove this, we have

to establish by example.
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Example 28: Consider S, = { (a,0), a ¢ R}
S,={(0,b), b c R}
Show that S, U S, is not a subspace

Solution: S, and S, are subspaces.
S,vS,={(a,0),(0,b)a, b« R}
Considera=(0,1) ¢ S,, p=(1,0) ¢ S,
a,Be S,US,
Thenca+p=c(0,1)+(1,0)=(1c),c 20
ca + [} does notbelongto S, U S, .

Hence S, U S, is not a subspace.
X

So this is an example which we consider in example. S 1 is equal to sets a comma zero a
belongs to R; so it is a subset of R 2. S 2 is 0 comma b - b belongs to R. Now we have to
show that S union S 2 is not a subspace. now The first thing is in the solution; we show
that S 1 and S 2 are subspaces. One can easily see that a comma 0 - a belongsto R - is a
vector space. S 2 is 0 comma b, is also a vector space. So S 1 and S 2 are subspaces of R
2 because this is a subset of R 2; this is also subset of R 2. So S 1 and S 2 are subspaces.
Let us consider what S 1 union S 2 is. S 1 union S 2 is all sets - all vectors - which are
either of the form a comma a zero or of the form zero comma b and a b belongs to R; so
the all this type of sets belong to S 1 union S 2. Now for this, we consider alpha as 0 1
belonging to S 1. Here | am taking b is equal to 1. beta is equal to 1 comma 0 belonging
to S 2 - 1is a. Now alpha beta belongs to S 1 union S 2. Let us check this. ¢ alpha plus
beta is ¢ 0 comma 1 plus 1 comma 0 is equal to - if you look at thisitis-cOplus 1itis1
¢ plus 0 is 0 1 comma ¢ where c is not 0. For c is equal to 0, things will be okay but for ¢
not zero this property may not be satisfied. So if ¢ is not 0, then 1 comma ¢ does not
belong to S 1 union S 2; so S 1 union S 2 is not a subspace. So while S 1 intersection S 2
will be subspaces for S 1 S 2 subspaces, but S 1 union S 2 need not be a subspace.

34



(Refer Slide Time: 53:18)

THEOREM 3:
, S, are subspaces of V then

NS, is also a subspace

v S, need not be a subspace

Now this result is generalized in the form of theorem 3 and what we say is that if S1 S 2
Sn are subspaces of V, then the first result says that S 1 intersection S 2 intersection Sn is
also a subspace although we have proved for n is equal to 2. Similarly S 1 union S 2
union Sn need not be a subspace - we have generalized it. The result - we have proved for
S 1 union S 2; but it can be further generalized to finite n subspaces. The result has been
established for n is equal to 2. The viewers can prove these results and the hint is they can
use the mathematical induction to prove these results. Now towards the end of this
lecture, let me summarize what we have done today. | have started with review for the
first lecture in which | have discussed i have given the definition of vector spaces and
then | had taken some examples. | have taken example of polynomials; some of the
polynomials they form vector spaces. Some of the polynomials, when they when they are
put under certain constrains, then they do not form vector spaces. | have discussed
complex vector spaces. Then | have defined subspaces; after that, we have discussed
linear combination, the span of vectors and in the next time, | will be discussing direct

sum and independent and dependent vectors and basis; that is all. Thank you.
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