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Maxwellian Distribution Law of Velocity — Part 01

Today I will be giving lecture on the Maxwell distribution law of velocities. So, let me start it.
Actually before coming to the topic let me tell you what are the random quantities and the
probability. First of all I should familiarize with these quantities then I will start what is the
derivation of Maxwell distribution law of velocities. Random quantities and probability let us
consider a small region in the space occupied by an ideal gas.

(Refer Slide Time: 01:07)

The random quantities and probability

Let us consider a small region in the space occupied by an ideal
gas. Molecules of the gas move arbitrarily. We cannot specify the
time when an individual particle will be located inside (this region
in the course of its motion. Hence, the location of particle in a
given region of space is a random event.

The motion of micro-particles like electrons, protons, photons,
elc, is described by quantum mechanics, It is impossible in
principle to predict their exact locations. Henee, the position of
micro-particle in a given on of space is a random event by
nature. Thus most of the in a many particles sysiem are
random. The coordinates and velocitics of molecules in a gas arc
random quantities. In order to describe the behaviour of random
quantities, we introduce the concepl of probability.

Molecules of the gas move arbitrarily we cannot specify the time when an individual particle will
be located inside this region in the course of its motion. Hence the location of a particle in a
given region of space is a random event. The motion of micro particles like electrons, protons,
photons etcetera is described by quantum mechanics not by classical mechanics. It is so it is

impossible in principle to predict their locations as well as they are dynamic simultaneously.

Which is nothing but the uncertainty principle between position and momentum hence the

position of a micro particle in a given region of space is a random event by nature. Suppose as



we know according to the uncertainty principle any two conjugate variable cannot be measured
simultaneously accurately. Suppose if I can localize a particle, suppose if I know the position of a
particle then its momentum could be completely uncertain. So, that is the reason simultaneously
if 1 know its dynamics. Suppose if 1 know its momentum then its position is completely

uncertain.

So, that is the reason the position of micro particle in a given region of space is a random event
by nature. Thus most of the events in a many particle system are random. The coordinates and
velocities of the molecules in a gas are random quantities. In order to describe the behavior of
random quantities we introduce the concept of probability. In fact in our lecture we will derive

what is the probability of finding a molecule having velocities between V and v + dv in a gas.

So, that is the reason that is the quantity we are going to calculate now let me start what is
Maxwell distribution law of velocity.
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Maxwellian distribution law of velocities

We consider an ideal gas in a vessel ol volume V. A gas
consists of larpe number of molecules moving arbitrarily in all
dircctions wath all possible velocities ranging from 0 (o a0, which
are chan continuously in magnitude and directions due to

i h other molegules

The distribution of  these veloeities 18 governed by a
certain law known as the law of distribution of velocities, which
was derived by Maxwell in 1859,

Let n be the number of molecules per unit volume of the
vessel. Let a molecule move with a velocity ¢ in an arbitrary
direction, whose components are u, v and w along x, v and z
directions, such that

=t +vi+ew? (D)

We consider an ideal gas in a vessel of volume V a gas consists of large number of molecules
moving arbitrarily in all directions with all possible velocities ranging from 0 to infinity which
are changing continuously in magnitude as well as directions due to collision with other
molecules. This is the first assumptions of the derivation of Maxwell distribution law of

velocities.



That means the velocities of the molecules in a gas can; will be from 0 to infinity they can take
any velocity. The Infinity means maximum limit of the velocity of light is obviously velocity of
light in free space. But as we have already told in the lecture series of kinetic theory of gases that
that will not introduce any error. So, that is the reason for the sake of the calculations we are

saying the velocity of the molecules in a gas can take values from 0 to infinity.

The distribution of these velocities is governed by a certain law known as the law of distribution
of velocities. It will be known as the Maxwell distribution law of velocities obviously it was
derived by Maxwell in 1859. Now let me start it by assuming n be the number of molecules per
unit volume of the vessel and let a molecule move with a velocity ¢ in an arbitrary directions

whose components of along the x, y, z direction are u, v, w respectively.

And obviously so the length of this velocity vector ¢ square = u square + v square + w square
like the radius vector in the coordinate space is r square = x square + y square + z square
obviously the radius is measured from the origin which is defined as the 0, 0 to x, y, z. Similarly
here the in the velocity space the origin coincides with the 0 0 and the a point in the xyz plane is
uvw, so, C square = u square + v square + w square.
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Il n, be the number of molecules per unit volume having
velocity u, then the number of molecules per unit volume
having the velocities lying between u and utdu is given by
p— g
=n,du soceonod )
When n, is some function of ui.e.

n,=n f{u) RO )

Then the number of molecules  per unit volume having
velocities lying between u and u ! du will be
n,du  n fu) du C))

and hence the probability that a molecules selected at random
will have the velocities lying u and u+du is

= f{u) du e )




If nu the number of molecules per unit volume having velocity u then the number of molecules
per unit volume having the velocities lying between u and u + du is given as a nu du. So, this is
the first thing if nu be the number of molecules having velocities u and u + du. Then the number
of molecules per unit volume having the velocities lying between u and u + du is a nu du ok.

When nu is some function of u then nu du is f of u du ok.

Then the number of molecules per unit volume having velocities lying between u and u + du will
be nu du = n into fu du and hence the probability that a molecule selected at random will have
the velocities lying between u and u + du is fu du. Basically you have to divide the equation 4 by
a so you will get the probability which is nothing but fu du.
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We assume that [(u) is independent of v and w. Similarly, the
probability for molecules with velocities lying v and vtdv is
=flv) dv nn(O)
and that with velocities lying between w and w 1 dw is
=f{w) dw

Il the probabilities of occurrence  of two independent events A
and B are P(A) and P(B) then the probability of simultaneous
occurrence of two independent event is given by

P(AB)=P(A) P(B)

This is the probability multiplication rule for independent cvents.
It can be generalized for any number of independent events. Thus

for example, the probability of simultaneous occurrence of
independent cvents A, B, s defined by
P(ABC) = P(A) P (B) P(C) .

We assume that a fu is independent of v and w similarly the probability for molecules with
velocities lying between v and v + dv is a vdv and the probability of finding the molecules
having velocities u w and w + dw is f of w dw. Here we have assumed that these separate these
events of uvw these are independent to each other. Then we will use a theorem in the probability

theory that I am going to tell it now.

If the probabilities of occurrence of two independent events A and B are PA and PB, then the

probability of simultaneous occurrence of two independent event is given by P of AB =it is a



product of two probabilities PA times PB. This is the probability multiplication rule for

independent events. It can be generalized for any number of independent events.

Thus for example the probability of simultaneous occurrence of independent events let us say
ABC is defined as P of ABC which is equal to the product of multiple product of individual
events so equal to PA into PB into PC etcetera. So, now we will use this probability theorem in

our casec.
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Hence the total probability that a molecule have the velocity
components lying between uand u | du, vand v | dv, w and
w+dw is

[ (u) F(v) F(w) dudv dw, (8)

which is the product of the individual probabilities.

Then the number ol such molecules per unit volume wall be

nlf(u vl (w) du dv dw (9)

So, let us say hence the total probability that a molecule can have the velocity lying between u
and u +du, vand v + dv, w and w + dw = f of u times f of v times f of w du dv dw which is just
the product of the probabilities three independent probabilities f of udu f of vdv f of wdw which
is the product of the individual probability. Then the number of such molecules per unit volume
will be n fof u fof v f of w du dv dw.
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These molecules are contained in the
volume element du dv dw in the
velocity space (as shown in the Fig.)

Now these molecules have the resultant
veloeity ¢, so the number of these
molecules must be

=n F(c) du dv dw , —— )]

where IF(¢) 15 the probability [or molecules with velocily ¢,
Equating equation (9) and eqution (10), we get

f{u) f{v) {iw)=F(c)= o(c?), e (1D

where o(¢? ) is some lunction ol ¢?

These molecules are content in the volume element du dv dw in the velocity space. So, as shown
in the figure from this figure you can see that these number of molecules are confined in the
volume element du dv dw. Now these molecules have the resultant velocity c. So, the number of

these molecules must be n into F of ¢ du dv dw.

As I have already told you c is the resultant velocity which is nothing but the income in analogy
to the position radius vector in the coordinate space ¢ is nothing but the ¢ square = u square + v
square + w Square where F of ¢ is the probability for molecules with velocity c¢. So, equating
equation 9 and 10 we get f of u into f of v into f of w equal to some other function which is Fof ¢
which is nothing but the Phi of ¢ square say where Phi of ¢ square is some function of ¢ square.
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For a lixed value of ¢, ¢(c” ) is constant. Hence
d|f{u) f{v) (W) dlgp(c™)] 0 11

or

f'(u) du f{v) flw) + £ (u) £'(v) dv fiw) + f(u) fv) F'(w)dw =0, .. .(14)

i"
where f'{u)= l. £(v)= ﬂ cle

du dv
Dividing cquation (14) by flu) f(v) flw), wc get

["(u) I'(v) ["(w)
—du 4 A dw =0

f(n) f(v) flw)

Now for a fixed value of ¢, we have from equation (1)

undu+vdv+wdw=0

So, for fixed values of ¢ Phi of ¢ square is constant, so d of Phi should be 0. So, if I will take if
we will differentiate d of Phi, so what I will get d of f of u times f of d times f of w =0, so if |
will take if I will differentiate them keeping other two values constant. Suppose if I want to take
different set u, so, keeping constant v and w. Similarly I can differentiate v keeping constant u

and w, similarly I can differentiate w you keeping u and v constant.

So, if I will do these simple mathematics what we will get it f of f prime u du f of v f of w + f of
u prime vdv fw + fofu fof v times f prime w dw = 0 where prime stands for the differentiation
f prime u stands for df by du f prime v stands for df by dv keeping other two variable constant.
Similarly f of f prime w means the derivative of probability function with respect to w keeping u

and v constant.

So, dividing the equation 14 by f of u f of v f of w, we will get a beautiful equation f prime u by
fu du + f prime v by fv dv + f prime w by fw dw = 0. Now for fixed values of ¢ we know that u
square ¢ square = u square + v square + w square. If I differentiate this thing for a fixed values of
¢ square d of ¢ square should be 0 that means udu + vdv + wdw should be 0. Now I have two

equations one equation is obtained by differentiating d of Phi = 0.

And second equation by demanding for a fixed values of ¢ square d of ¢ square = 0, so I got the

two differential equation from there I have to find out what is f of u? What is f of v? And what is



f of w? So, I have two differential equations two differential equation from there how to solve f
of u f of v f of w. This is a new method which is known as Laplace's method of undetermined

multiplier.

So, what to do suppose if you have one mother equation which is a prime udu just let me show
you let me show you there is a equation 15 this is the mother equation other constant equation is
equation number 16. So, what is the rule to do it, if you have 2, 3 constant equations so you
multiply one constant to each constant condition and then you add with the mother equation. And
then you demand that the coefficient of each variable will be 0 separately.
(Refer Slide Time: 14:17)

Multiplying the equation (15) by [} and adding to equation (16)

, which is known as lLaplace’s method of undetermined
multiplier, we get

F(w) o .
] 0
fow) T P¥ [CWIRU B (17)

. (v .
FRu | dut| _( ) v |dv 1
['(v) |

()
[(u)

Since du, dv and dw are arbitrary, the coefficients of these three
must be zero separately. 'I'hus

Let me start it how to do it, so, if f prime u by fu + beta u du + f prime v by fb + beta vdv + {
prime w by fw + beta wdu = 0. So, since I got this equation then I will demand that since du, dv
and dw the the coefficient of du dv dw since they are arbitrary. So, the coefficient should be 0
independently if I will do it what I will get it? I will get first equation f prime u by fu + beta u du

= 0 that means f prime u by fu + beta u = 0.

Similarly f prime v by fv + beta v = 0 and f prime w by fw + beta w = 0, so I got three ordinary
partial differential equation if I will solve these three ordinary difference partial different

ordinary differential equations or not this partial differential equation this is three ordinary but



differential equation. Once I will solve these three ordinary differential equations, I will get the

solution f of u, f of v, f of w respectively.

Once I got it then I will multiply fu fv fw to get f of ¢ square ok. This is the algorithm of our
mathematics. So, let us do it, so f prime u by fu = - beta u f prime v by fv = - beta v f prime w by
fw = -beta w.
(Refer Slide Time: 16:17)

From the first diflerential equation

df (u) _

- —fudu
F(u)

D |
Uni”ltfgli'lli”g. ltllﬂlll——:l_ﬁll +Ina

.—hu"

Or INE ac ™ =qc

where a and b are the constants

Similarly we have o h?
f(v)=ae™

f(w)=ae™ y

So, from the first differential equation if I will solve it I will get log of f of u = - half beta u
square + log a where a is the integration constant. If I will rewrite it then I will get it fofu=a to
the power -beta u square by 2. Let us say beta by 2 is some other constant b. So, I will get a to
the power - beta u square. So, where a and b are the constant. Similarly I can solve other two

ordinary differential equations.

So, I will get f of v and f of w which will look like f of v = ae to the power -beta bv square f of w
= ae to the power - beta bw square where b is nothing but the beta by 2 where a is nothing but the
integration constant. So, once I got f of u, f of v, f of w then I can define the combined
probability having the velocity u and u + du, v and v + dv and w and w+dw.
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Hence the number of molecules
having the velocity components
lying between u and u + du, v and
v+ dv, w and w + dw is given by

(ln — '1331 blu iv 1w }dlld\'d\v. (23)

0 I:.‘ I L'] I]L‘.‘-CFII:I“(IH L]" v u|ur|u_'
clement in the spherical polar
coordinates

This is Maxwellian distribution law for velocity components,
where du dv dw is the volume element in the velocity space

In spherical polar coordinate system (¢, 6,¢), the volume element
can he written as (see Fig.)

dudvdw = ¢*desin 0d0dg oo (24)

So, hence the number of molecules having the velocity component lying between u and u + du,
v and v + dv, w and w + dw is given as the product of this theta which I will get dn =n aq e to the
power -bu square + v square + w square du dv dw. So, so this is the famous Maxwell distribution
law of velocities where du, dv, dw is the volume element in the velocity space. In the spherical
polar coordinate system in the velocity space c theta Phi the volume element can be written as du

times dv times dw = ¢ squared dc sine theta d theta d Phi.

As we know in the coordinate space the volume element is defined as dv = R R square, R square
dR sine theta d theta d Phi only difference is that R will be replaced by the resultant velocity
vector which is ¢ okay.
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Substituting this volume clement in cquation (23), we get the
number of molecules having velocities lying between c and
¢ ! de, 0and01d0, and @ and o' do

dn =na'e ™ ¢*dcsin 0dOde

Integrating this expression over 8 and ¢ with the limits 8 =0to ©
and ¢ =0 to 2w, we get an expression for the number of molecules
having the velocities lying between ¢ and ¢ | de

T 2n
dn, =na’e ™ c:dc_"sin HCIH-“ de

0 ]

’ 3 —be” 2 (26)
=4mna’c™ cidc (

lhis is Maxwell distribution law. It gives the complete
knowledge of the gas only in the statistical sense.

So, if I will substitute the volume element du, dv, dw in the equation 23 we will get this dn =n
aq e to the power -bc square ¢ square dc sine theta d theta d Phi, so this is the this is nothing but
the number of molecules having velocities lying between ¢ and ¢ + dc theta and theta + d theta
and Phi and Phi + d Phi. If you will integrate this equation for theta, theta 0 to PI, Phi 0 to 2 pi

what we will get it.

We will get dn ¢ = n aq e to the -beta square c square dc, 0 to PI sine theta d theta, 0 to 2 pi d Phi
what we will get 4 PI n aq e to the power - bc square ¢ squared dc this is Maxwell distribution of
law. It gives the complete knowledge of the gas only in this statistical sense. So, now let me
discuss this thing. So, if we will rewrite this equation in terms of some new variable then things
will be clear much and things will be much easier much clearer.
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I'rom this, the probability of its velocity lying between ¢ and ¢
deis
e

“¢Ade (2D

[(c)dc =4ma’e”

PR 3 . :
Let (be') X, then the above equation becomes

f(X)dX =4n e *X*’dX .-.....(28)

£(X) =4n "2e *X?

This cquation is universal, In this form, the distribution function
depends neither on the kind of gas nor on the temperature.

So, let me do it from this the probability of it is velocity lying between cu and ¢ + dc it just you
divide it by n what you will get f of ¢ dc =4 PI aq e to the power - bc square ¢ square dc. Let us
substitute X which is nothing but the square root of bc square. Then the above equation reduces
to f of X dX =4 pi to the power minus of e to the power -X X square dX or f of X equal to 4 PI

to the power minus of e to the power - X square.

So, this is the probability having some quantity of X where X is nothing but the velocity but it is
a new variable. So, f of X is nothing but 4PI to the power of minus of e to the -X X square. This
equation is universal in the sense in this form the distribution function depends neither on the
kind of gas or nor on the temperature.
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Plotting f (X) against X, a curve is
shown in Iig, From this figure, we

obtain the following information:

(1) Total area between the curve and
X-axis gives the total number of
molecules in the gas
g The Mixwell disinbulion
function f(x)as a function of x.
(11) The shaded arca gives the number ol molecules between X and
X +dX.

(i11) The value of f{X) corresponding to any value of X gives the
number of molecules with velocity x - (b¢')"

(1v) The probability when X = | 1s the greatest. Thus the gas has
the most probable velocity X =1i.e. c=b'"?.

So, now if you will plot f of X versus X, a curve is shown in the figure from this figure we will
obtain the following information. So, if you plot f of X versus X the curve whatever we obtain; I
will get the following information by plotting this curve. So, I will tell one by one. The total area
between the curve and the X-axis gives the total number of molecules in the gas. So, this is the

definition of integration.

Integration f of X dX a to b will give you the area under the curve which is nothing but the result
okay. The shaded area which is shown in the figure gives the number of molecules having the
variables between X and X +dX or you can say in terms of velocity shaded area gives the
number of molecules having velocities some ¢ to ¢ + dc. The values of fX corresponding to any

values of X gives the number of molecules with velocities X = square root of bc square.

The probability when X =1 is the greatest thus the gas has the most probable velocity X = 1 from
there you will get ¢ = 1 by square root of d so these are the features of this curve. So, taking this
who will compute the constants a and b by normalizing it. Once I will get a and b then I will
substitute it back values of a and b. We will get complete Maxwell distribution law of velocities.
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Computation of constants a and b

Since the total number of molecules per umt volume having
velocities between 0 and infinity is n, we have

dnna JL‘

Integrating this we can determine a. Let us substitute

hC: — X e _I,l.'_':.\'1 X

Then the above equation (29) becomes

Since the total number of molecules per unit volume having velocities 0 to infinity is n, so we
will integrate it we will get the total number of molecules. So, if you will integrate it the 4 Pi naq
will come out of this integration 0 to infinity e to the - bc square ¢ square dc = n, so, if I integrate
it this is nothing but a Gaussian type integration. If you will integrate it by substituting bc square

=X.

So, then I will rewrite this equation in terms of new variables what I will get it 2 Pi naq half b to
the power -3 by 2, 0 to infinity e to the power X, X to the power of minus of dX = n. From there
if I will put the value of 0 to infinity e to the power X e to the power X X to the or minus of dX
then I will get a =b by PI to the power 1.

(Refer Slide Time: 24:08)



As we have already derived from the kinctic theory of gas, the
pressure P exerted by the pas is
l‘—lmN-{'cl'}\._ L e (Gd))
iV
where (¢*) is mean square velocity, which is defined as

T 1 P ' '.I el ;
(c?) = Jc‘cln, = 4na Ie "etde (34)
n )

] 1]

Substituting be? X, we gel

So, as we have already derived from the kinetic theory of gases the pressure P exerted by the gas
is P = one third mN by V average values of ¢ Square where ¢ square is the mean square velocity
which is defined as ¢ square average is 1 by n 0 to infinity ¢ square dn c, so if you will substitute
the values of dn ¢ if you substitute the values of dn ¢ from this equation from the equation 26 and

substitute it there then what we will get it.

Average values of ¢ square we will get 4 Pi aq 0 to infinity e to the power -bc square c to the
power 4 dc because ¢ square is already here another ¢ square you will come from dn c. So, ¢
square times ¢ square is ¢ to the power 4. Then again I will substitute bc square X, so I will
rewrite the equation for the mean square velocity is 2 Pi aq b to the by b to the power 5 by 2, 0 to
infinity e to the power —X, X to the power 3 by 2 DX which comes out to be 3 by 2d.
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So, after replacing the values of (¢*) , the pressure P exerted by

the ECOMES
m N

2Vb

lowever, the ideal gas equation of state gives

P

p o NKT

ey
m
2k T

Comparing these two equations, we get |, —

Using the values of a and b, Maxwellian distribution law of
velocities can be written in the form

m

\ e (37)
\ 2nkT )

dn, nJdc 4:11||

Since if you will substitute average values of square velocity ¢ square in the pressure equation,
so we will get P = small m times N by 2 Vb. However the ideal equation of state gives P = Nkt
by V, if I compare these two equations one is from the experimental result P NkT by V and P =

mN by 2 Vb, if you this is this equation is obtained from the Maxwell kinetic theory of gases.

If you compare this two equation you will get the values of b. Once you will get the values of b
then we have already derived it some equation in terms of a and b you substitute b, so you will
get the values of b. So, in principle we have obtained the constants a and b. So, b = M by 2kT.
So, if you will substitute a and b then Maxwell distribution law of velocities can be written in the
form dn c del 2 nc dc =4 PIn m by 2Pi kT e to the power 3 by 2 e to the power - mc square by k2
kT c square dc.

This is the famous Maxwell Boltzmann distribution law this tells the number of molecules
having velocities ¢ and ¢ + dc, this is a very famous equation and probability you just divide it by
Nc you will get the probability of finding a molecule between c and ¢ + dc which is nothing but 4
Pi N will go away m by 2P kT eto the power 3 by 2 e to the power -mc square by 2 kT into ¢

square dc.

Here I should tell some interesting thing although it is a heuristic argument e to the power some

any exponential function with a negative e to the -mc square by 2 kT. You can think in different



ways. There are two energy scale in the system one is since it the system is at thermal
equilibrium, so obviously there is a temperature. So, there is one scale which is related to the

thermal energy scale which is of the order of kT.

Other energy scale which is intrinsic to the energy or to the particle which is nothing but the
simple kinetic energy half mV square, whenever there is a dominant, whenever there is a
computation of two scales here it is the energy scale so there will be always some exponential
function will come which is the ratio of the two energy scale mc square by 2kT.

(Refer Slide Time: 28:20)

o m )
=

4n~'

The auantitv fle)=—==4s
T'he quantity " | 2kT )

is the distribution function of velocitics of molecules

A graphical representation of the Maxwell distribution function is shown in Fig. at
dhlleren! lemperatures 11, 12, 13 (11 ). Il ¢ian be seen [rom Lhese cur

rise of temperature is attended by an ir velocitics of the molecules so that the
enlire curve ( pt_'.'ll-_ )18 shalled towards the hl‘__'h(.‘r velocilies

Ig The Maxwell disinbution funchon
fic)atd smperatures T1, T2 and T3
where 11<12<13

The quantity f of ¢ which is I have already told you dnc by ndc which is 4 Pi to the power minus
of m by 2KT to the 3 by 2¢ square e to the -mc square by 2 KT is the distribution function of
velocities of molecules. So, if you plot these Maxwell distributions function for 3 different
temperature of the system. Suppose some temperature having thermal equilibrium at temperature

T1 other system having temperature T2 obviously is in thermal equilibrium.

Other system is in also obviously in thermal equilibrium having temperature T2, if you plot these
three figures for the three different systems. So, what you will see if you will plot f of ¢ versus ¢
having temperature T1, T2, T3 who are T1 less than T2 less than T3 what you will see the peak
of this curve we will slip to the higher temperature. So, physically what does it mean if you, if

this system has a system or in a system is in a higher temperature.



So, obviously probability of finding molecules having large kinetic energy is large which is
obvious because the square of the mean of the square of the energy below energy mean energy is
proportional to the temperature of the system. If the temperature is large so mean energy will be
large so that is the reason the peak of the curve will be shifted towards in the right direction.
(Refer Slide Time: 30:05)

In deriving the Maxwell distribution of velocities of molecules,

we assume that the velocity coordinaies are independent i.e, we

disrcgard  the collisions  between the molecules. The collision

affect the velocities of the molecules, as a result the state hecome
stable (thermal equilibrium)

The Maxwellian distribution law of velocities corresponds to
this state. Boltzmann later showed that owing to collisions

between its molecules, a gas will spontancously pass from a state
of non- Maxwellian distribution to a state of Maxwellian
chstribution. The Maxwelhan distribution (sometimes &

the Maxwell-Boltzmann distribution) is an equilibrium
distribution,

So, now in deriving the Maxwell distribution of velocities of molecules, we assume that the
velocity coordinates are independent that is we disregard the collision between the molecules.
The collision affects the velocities of the molecules as a result the state becomes stable or
thermal equilibrium. So, that means somebody could ask that why, when thermal equilibrium

will be achieved.

So, in I have seen I have given in two lectures in the kinetic theory of gases where I have told
somewhere that temperature is a concept temperature is a concept of the isotropicity in the
momentum space. Suppose you have taken n number of molecules in a container of gas. Initially
they are momentum in different directions; maybe it is different but after some time there will be
some isotropic in the momentum space which is average values of PX square should be equal to

the average values of PY square equal to average values of PZ square.



This isotropicity momentum space is known as the thermal equilibrium. But in my earlier two
lectures with this equilibrium situation has been obtained by the collision of a molecule between
between the molecules and the wall of the container, not the collision among themselves but
what Maxwell's told the if the collisions will be more if the collisions will be more frequent the
system will achieve thermal equilibrium more quickly okay.
(Refer Slide Time: 31:54)

In deriving the Maxwell distribution of velocities of molecules,

we assume that the velocity coordinates are independent i.e. we

disregard  the collisions  between the molecules. The collision

affect the velocities of the molecules, as a result the state become

stable (thermal equilibrium)

I'he Maxwellian distribution law of velocities corresponds to
this state. Boltzmann later showed that owing to collisions

between its molecules, a gas will spontancously pass from a state
of non- Maxwellian distribution to a state of Maxwellian
distribution. The Maxwelhan distnbution (sometimes also called
the Maxwell-Boltzmann distribution) is an equilibrium
distribution,

The Maxwell distribution law of velocities corresponds to this state Boltzmann were later sort
that going to collisions between its molecules a gas will spontaneously pass from a state of non
maxwellian distribution to a state of maxwellian distribution. The maxwellian distribution
sometimes also called the Maxwell Boltzmann distribution is an equilibrium distribution. So,

now I will tell;

Since it is a very beautiful laws of nature so one must verify the Maxwell distribution law in a
couple of minutes in a couple of minutes [ will try to demonstrate some experiment through who
is it has been proved now that the disc Maxwell distribution is perfect law who is which is
obeyed by the molecules in a gas okay. Initially whenever people have performed some

experiment they are experiment in some sense crude so their experimental error is not perfect.



They are the matches which they experience the agreement between theory and experiment up to
15 percent of error. So, more and more refined experiments have been done through this refined
experiment now it is confirmed that there is no deviation between theory and experiment.

(Refer Slide Time: 33:25)

Experimental verification of Maxwell distribution law

In view of the fundamental importance of the Maxwell
distribution law in kinetic theory ol gasces, it was subjected many
times to thorough experimental verification. Many attempts have
been made. Some ol them are considered here

1 Stern’s Experiment

Maxwell distribution law of velocities has been verified by the
experimental arrangement due to Stern. T'he principle of Stern's
experiment can be explained by the given Fig. | where Lois a
platinum wire coated with silver. The wire L serves as the source
ol atoms, whose velocity is studied. When the wire is heated by
an electric current, it emits atomie silver in all directions. The
wire L is surrounded by two cylindrical diaphragms with narrow
slits 8, and 8, The slits are parallel to the wire,

So, in view of the fundamental importance of the Maxwell distribution law in kinetic theory of
gases it was subjected many times to thorough experimental verification. Many attempts have
been made some of them are considered here. So, first experiment in this endeavor Stern
experiment. So, let me start it. Maxwell distribution of velocities has been verified by the

experimental arrangement due to Stern.

The principle of Stern experiment can be expressed by the given figure where L is a platinum or
let me show you the experiment this is the schematic diagram of the experiment where L is a
platinum wear coated with silver. The wire L serves as the source of atoms whose velocity is to
be studied when the wire is heated by an electric current it emits atomic silver in all direction.
The wire L is surrounded by two cylindrical diaphragms with narrow slits S1 and S2.

(Refer Slide Time: 34:40)



Through these slits, a stream of silver escapes and condenses on the
plates P and P' . The whole apparatus is enclosed in a highly
evacuated glass vessel, so that the silver atoms may not suffer any
collisions in space. The slits §, and S, and the plates I and I rotated
together as a rigid body about the wire 1. as the axis of the rotation,

LO and deposited at 0. When the system is rotated at a high speed in
a clock-wise direction as shown in the Fig., the silver molecules will

strike the target at o but will be displaced from o and
deposited at some point A above o.

Through these slits are parallel to the wire. Now this is the schematic diagram of this
experimental arrangement through these slits is stream of silver escapes and condenses on the
plates P and P prime okay. The whole apparatus is enclosed in a highly evacuated glass vessel so
that the silver atoms may not suffer in the collisions in the space. That means in the within the

experimental vessel it is maintained at a very high vacuum.

So, that there are no air molecules inside. So, that while silver atoms foil it is going to the 2P and
P prime, so it will not suffer any collision. So, that is the reason it has kept in an evacuated
chamber okay. These slits S1 and S2 and the plates P and P Prime rotated together as a rigid body
about the wire L as the axis of rotation. When the entire system is at rest the silver stream

traverses along LO obviously and ad and deposited at O.

Because it will straight hit to O, so obviously it will be deposited at the point O. When the
system is rotated around the axis of the wire so at high speed in clockwise direction which is
shown in the figure the silver molecules will no longer strike the target at O but will be displaced
from the from O and deposited at some point above O.

(Refer Slide Time: 36:17)



The faster moving molecules will condense near o than slower
ones. Thus the velocity spectrum of silver molecules will be
obtained. When the relative intensity of deposite 18 measured with
the help of a micro-photometer, the ratio of the number of
molecules with dilTerent velocities can be deduced and the
Maxwell distribution law 1s venfied.

The result obtained by Stern are not very satisfactory. This is due

to the difficulty in retaining the perfect vacuum in the vessel. As a
result the Maxwellian distribution law has been verified within
aboul 15 pereent,

Thus method has been improved by many scientists, One of the
improvements 18 due to Zartman and KO in 1930, which is
described below.

The faster moving molecules will condense near to narrow then slower ones. Thus the velocity
spectrum of silver molecules will be obtained when the relative intensity of deposit is measured
with the help of a micro photometer. The ratio of the number of molecules with different
velocities can be deduced and the Maxwell distribution law is verified. However the result

obtained by the Stern experiment is quite satisfactory.

But still there are some problems in the experiment because although I have kept it in a highly
evacuated chamber but still that time the vacuum technology is not so in advanced situation, so
you cannot make it completely evacuated. So, that is the reason the agreement between the
theory and experiment a tail up to 15 percent.
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The faster moving molecules will condense near o than slower
ones, Thus the velocity spectrum of silver molecules will be
obtained. When the relative intensity of deposite 18 measured with
the help of a micro-photometer, the ratio of the number of
molecules with difTerent velocities can be deduced and the
Maxwell distribution law 1s venfied.

The result obtained by Stern are not very satisfactory. This is due

to the difficulty in retaining the perfect vacuum in the vessel. As a
result the Maxwellian distribution law has been verified within
aboul 15 pereent,

Thus method has been improved by many scientists, One of the
improvements 1§ due to Zartman and KO in 1930, which is
described below.

So and this is due to the difficulty in retaining the perfect vacuum in the vessel as just I have told
you. As a result the Maxwell distribution law has been verified within about 15%. So, thus this
method needs to be improved so exactly this method has been improved by many scientists. One
of the improvements is due to Zartman and KO in 1930 which is described below.

(Refer Slide Time: 37:45)

2. Zartman and KQO's experiment

Zartman and KO in 1930 have modified the Stern method to
study the distribution of velocities of molecules. The apparatus
consists ol an oven V with an opening A (as shown in the Fig.),
S, and §, are two parallel slits.

Above the slits, there is a cylindrical drum D, which can be
rotated in the vacuum about an axis passing through O. A slit §;

is on one side ol the drum and G is the glass plate mounted on the
inside surface of the drum opposite to the slit S,.

Bismuth is taken as the experimental
substance, which is heated and vaporized
in the oven, A molecular heam of Bismuth
escaping Lhrough A is collimated by the
slits 8, and S,

First I will explain Zartman and KO’s experiment, Zartman and KO in 1930 have modified the
Stern method to study the distribution of velocities of molecules. The apparatus consists of an
oval V with a narrow opening a which is shown in this figure S1 and S2 are the two parallel slit's

through which these through which these ah molecules will go.



Above the slits there is a cylindrical drum D which can be obviously here some section of the
cylindrical drum is shown and which is nothing but a circle. Which can be rotated in the vacuum
about an axis passing through O, it is given in the figure. A slit S3 is on is on one side of the
drum and G is the glass plate mounted on the inside surface of the drum opposite to the S3 okay.

So, you can see and that S3 is just opposite to the glass plate G.

It is shown in the figure, so bismuth is taken as the experimental substance in the earlier
experiment we have taken in the Stern experiment we have taken silver. But here they have taken
these working substance as the bismuth. So, bismuth is taken as the experimental substance
which is heated and vaporized in the oven. A molecular beam of bismuth escaping through a
through this narrow opening is collimated by these slits S1 and S2.
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When the drum is stationary, the beam of molecule entering into
it
through the slits S;, strikes the glass plate at the same point.

When the drum is rotated at a high speed the molecules with very
high speed reach the glass plate G first 1.¢. on the right end of G
and molecules with slower speed reach the plate G the other end
ol G

Aller a short tme, sullicient gquantity of Bismuth molecules 1s
deposited on the plate, whose density varies across G according
to the velocity distribution of molecules. The thickness of the
deposit i.e. the density distribution 18 measured by a micro-
photometer.

So, finally when the drum is stationary the beam of the molecule entering into it through the slits
S3 strike the glass plate at the same point. Obviously since it is at stationery it will go straight
and hit the point in the drum. But when the drum is rotated at a high speed the molecules with
very high speed reach the glass speed G first that is on the right hand of G and molecules with
this slower speed reach the plate G on the other end of G.



So, after a short time sufficient quantity of bismuth molecules is deposited on the plate whose
density varies across G, according to the velocity distribution of molecules the thickness of the
deposit that is the density distribution is measured by a micro photometer.
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The results obtained by Zartman are
shown in the Fig, when the relative
intensity of deposite is plotted against
the displacement 8.

The circles denote the observed density B
g

B : : ; : relative intensity 17T, of
of deposite while the line represents

#  lunchon ol

the theoretical distribution on the basis Disp went 8. The circles

of the Maxwellian distribution law. the  expenmental

I'he agreement is good which confirms
the Maxwell distribution law.

And this result is obtained by Zartman and KO exactly matches with this almost matches not
exactly almost matches with the theoretical distribution which is given by the solid line if you
plot the intensity versus the this displacement is the dot of this straight line the straight these
connected line gives the theoretical distribution and this circle this open circle is the result

obtained by this experiment.

It almost matches with except at some high velocity and at the low velocity regime. So, these
circles denote the observed density of deposit while the line represents the theoretical
distribution on the basis of Maxwell distribution law so the experiment is good which confirms

the Maxwell distribution law.



