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But remember we are talking about finding the derivative of a function numerically that
is given a set of data points, how do we find the derivative on one of this defined data
points or on some other points in between and we looked at the method in which we
would interpolate we will construct a polynomial which will interpolates all these points
and then find the derivative of that polynomial.
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Numerical Differentiation

Some limes Il B necessary o calculabe (he
derivatives of a given set of data points. Some times
far solving a differential eqguation we need 1o wiile
down discretised formulae for derivatives. In this
chapter we will lsam few mathod for calculating the
derlvatives by evaluating the function &l a discrels
sof of points. Some of theses methods are very
similar to that used for interpolating a given sel of
data points.

So we will first look at an implementation of this algorithm and then we will look at other
methods of finding the derivatives like the finite difference key etcetera, so this is
something which we have looked at in the in the last few classes that is we have a set of
points given by X, X; etcetera and we have the function values of those points and then
we find out the polynomial which interpolates that set of data points or the or the set of
we have a polynomial which goes through all those data points and that polynomial of
order n is defined in this fashion by in this fashion using the Newton’s key and | guess
you remember, that these points f xo X1, f Xo X1 X2 etc.., are the coefficients of the first
order second order term etcetera or can be obtained by constructing a difference table.
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Derivatives from difference table

Tha interpolating polynomial of degree » that fits a

sal of data paints 7. - P .

can be writben

So that is what we would be looking at I will just write down this difference table once
again and the we will look at the implementation of this this algorithm to find the
derivative once we have the difference table and we have the coefficients right and then
we can construct the derivative simply by this method. So that is we write, now the
derivative as again in terms of another polynomial and this look at that this this terms
become slightly different for example, the first order terms there are two octave and
similarly, there will be the nth order term there will be n plus 1 octave.

So that is n plus 1 sums in the in the nth order terms n minus 1 term will have n such
sums. So that is the polynomial and we will just look at the a program which calculates
this for a given function before we look at the program, let us look at this coefficients of
the polynomial once again that is we will construct the difference table and then look at
how we get this coefficients. So that is listed here. So we have the that is | have listed
here five points here for example, so 6 points that is 0 1, 2, 3, 4, 5 and these are the
tabulated x values, ok need not be equidistant it could be any 5 values, okay 6 values Xo,
X1, X2, X3 and X4 and these are the functional values.

Okay, so now these terms in the square brackets are the coefficients of the polynomial
rite so we have the function value here and then the next term would be the difference
between this function value divided by x; minus xo and the difference between this
function values is divided x, minus X;. So this is the first order divided difference what
we call the divided difference the first order divided difference and then you have the
second order divided difference and then you could write the third order divided
difference here as xo, X1, X2, X3 minus f of Xq, X1, X, divided by X3 minus X, etcetera.
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The derivative of this polynomial will then
approximate the derivative of the function and is
aiven by

So you could write down them all these points. So we could construct a divided
difference table like this and then read off these points, ok we done this earlier in the case
of polynomial interpolation this is exactly the same thing.
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Okay this is something which we have looked at in the in the last few classes and also
notice the way we construct a polynomial here is we just write down this as first order
term, second order term and the similar depth up to the nth order term, for an nth order
polynomial we do not, we need not write it like this we know that we can write it in a



nested form that is starting from the nth order term we could write it as in a nested form
we have seen that earlier.
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Okay so we could write the polynomial P, of x if you remember as f of X, plus f Xo X1
into right. So xo minus x plus f of X X; X, etcetera right. So we could this in a nested
form like this, we have seen this earlier, so that is what we would see in the in the
program first and then however but when you go into calculating the derivatives it is
convenient to write it down in this fashion. Okay so it is convenient to calculate the



derivative by writing it into a separate function separate terms for each first order second
order and higher order terms.
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Derivatives from difference table

The interpolating polynomial of degres » that fits a
sot of data poimts P 7P . can be written

So here is a program which would implement this particular algorithm for the Newton’s
form of the polynomial, so what we do is, we just take a function x of i as a f of i which
is exponential x, okay so that is the function which we are going to do.
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{

int i,j,.m,k,dk;

float x1,x[8],f[8],y,df ,df1,x0,xd,de[8]
[8],.pr,der;

FILE *FP;

FP=fopen {“data.dat™,"w");

n=hi;

x0=0.0;

for{i=0;i<=n;i++)

{

¥[i]=x0+i*5.0/n:
B flil=exp(x[i]);
fprintf(FF, "%d %f %f “n",1, x[i], fI

14,2-9 %

So what we do is, we take this function f of x which is e to the power of x and then we
will tabulate this function in a set of, set of discreet points and then we will construct a



polynomials which goes through this function, this set of tabulated points and calculate
the derivative that way we can actually compare its the derivative of this function which
is the function itself.
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’ felose(FP);
for{i=0;i<=n;i++)

: de[0][i]=F[1];

3

%ﬂf{j=11j{=ﬂll++]
{Fﬂr[i=ﬂ;i¢=[n-JJ;i¢+}

I
i

de[jI[i]=(dt[j-1]1[i+1]-dt[j-1]1[i])/(x
[i+j1-=x[4i]1);
}

}

Okay that is an easier comparison for demonstration purpose. So we just calculate the
first part of this program is actually just calculating that or tabulating that function, so the
function is exponential x, so | just take a set of equidistant points need not be equidistant
in this particular case we just take for convenience a set of equidistant x values. So
starting from 0 to n, so there are n plus 1 such points, so where n; fixed as 6 or 7, so 7



tabulated points and then we have the function value of those points which is given by
exponential x is print them on to a file for that, we can compare it with a interpolating
polynomial and then here | compute now the divided difference okay so | compute the
divided difference in to two dimensional array.

(Refer Slide Time: 08:43)

(Refer Slide Time: 08:46)

}
]
feclose(FP);
for{i=0;i<=n;i++)
{
de(@1041=F[i1;
}
for{j=1;j<=n;j++)
i
for{i=0;i<=(n=-73;i++)
{
de[jI[i]=(de[j=-1][i+1]-dt[j=-1][1i])/(x
[i+j]-x[1]3;
H
}

20,7-14

So this the first, so the first term i is the index of this rule, so | have 2 computing this in
to a this divided difference in to a two dimensional array. One index for this row this
columns and one index for this rows, so the first index here is for the columns, okay that



this of first order divided difference which is starting from 0 and when this one that is of
second order divided difference etcetera.
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}
felose(FP)Y;
for{i=0;i<=n;i++)
{
de[0][1]=£[1];
i 5

for{j=1;j<=n;j++)

i
for{i=0;i<=(n=-7);i++)
{
de[jl[i]=(ar[j-1][i+1]-dt[j-1]10i])/(x
[i+j]-x[i]3;
}
i

So here this is 0 th order divided difference would be just the function itself and the first
order would be the difference between the function divided by x; minus xo which is one
interval and the next would be here | have to write X, minus xo and here similarly, x3
minus X; and this x4 minus X, and this x5 minus xs and the sec, the second order divided
difference. So this is the index for the order of the divided difference and this the index i



which tells you the how we runs through all the columns. So that is the first, so the
divided difference is actually tabulated in to this two dimensional array dt.
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]
felose(FP);
for{i=0;:i<=n:i++)
{
de[0][i]=Ff[i];
}
for{j=1:7j<=n:j++)

i
for{i=0;i<=(-j);i++)
{
dt[§1[i)=Cde[j-1]1[1i+1]-dt[§-11[i])/(x
[i+3]-x[1]);
H
}

Okay that is the first I constructed the 0 th order one and then | go into a loop which is j
going from 1 to n, j goes from 1 to n so O is already done this the order of the divided
difference we have n points tabulated so we have up to n order in the divided difference.
Okay n plus 1 points tabulated, we n points in the divided n order in the divided
difference. Okay n plus 1 because it goes from 0 to n and so | have n plus 1 order divided
difference starting from 0 to n and then we so there this the construction of the divided
difference so | take so each for each order, so the number of number of elements in that
divided difference will be n minus j, so each order j.

So if you take the 0 th order | have the n divided difference points that is 1, 2, 3,4, 5, 6
here and | take j equal to 1 that is the first order then I have only 5 of them, that is 1, 2 3,
4, 5 and when | take the third order second order I will have only 4 of them, ok the 6
tabulated points so there is only 4 of them etcetera so that is we go from i starts from 0 to
n minus j.

So that is this loop and i compute the divided difference for each order, so once i have as
a difference between the previous order divided difference divided by x; plus j minus x
of i just notice that x ; plus j minus x of i. So the denominator keeps increasing in
distance as we go along So here | have ignored the fact that is equidistant and we know
that if the points are equidistant we can simplify this procedure I have just writing a
general program which is actually works for any tabulated any set of tabulated points
need not necessarily equidistant.
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}
felose(FP);
for(i=0;i<=n;i++)
{
de[0][i]=F[i];
}
for(j=1;j<=n;j++)
{
for(i=0;i<=(n-j);i++)
{
dt[j][i)=(dt[j-1][i+1])-dt[5-1][i]D/(x
[i+31-x[di]);
}

}

26 ,43-50

So once you have the once you have that divided difference, now we can compute the
derivative polynomial and the derivative the reason why | did this is a two dimensional
array instead of just one dimensional array which we done in the polynomial
interpolation. Remember, in the polynomial interpolation we actually computed this
divided differences into a one dimensional array the reason being that we actually need to
store only one set of divided differences values. Okay so if, we have always enter the
divided differences table at the top, so if we have always entering the divided differences
table at the top that is we can we can evaluate a function value at any point starting from
Xo t0 X5 in between any points using this polynomial which we wrote as p, of x by



entering the divided differences always at the top or we could also enter somewhere in
between.
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{
for{i=0;i<=(n-§):1++)
|
deJlla]=(datlj-1][1+1]-dt[J-1][2])/(x
[i+3]-x[1]);
}

}

FP=fopen (" newton.dat™,"w");
for{xle.6;x1<ed.5; x1nxl+.2)
{ y=dt[n][0];
for{k=n-1;k»=0;k--)
i
y=y*(x1-z[k])+dt[k][0];
26,19-26
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So if we are entering it always in the top we will be using only these set of only these set
of values, ok we will use only these set of only these set of divided differences values. So
we need to store only that. So | need only a one dimensional array to store that. So that is
what we done in the polynomial interpolation case. But here, we want to have a little
more freedom that if 1 want to compute as we saw in the last class that if | want to
compute the derivative of this function, ok anywhere in between 2 tabulated values. So



we should wanted to have freedom that | want to enter the difference table of this points
for example, if | wanted to compute the derivative at any x in between x3 and X4, | should
have a freedom to enter the difference table at x3 or X, or X3 or X anywhere.
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for{xl=.6;xl<=4.5;x1=x1+.2)
fl y=dtrnl[o1;
for{k=n-1;k>=0;k--}
i
yey*{xl=x[k])+dt[k][0];

}
fprintf{FP,"%f %f n",x1, ¥);

}

feclose(FP);
scanf("%f %d", fxd, &dk):
der=0.0;
for{k=n-dk-1;k>=1;k--)
{
32,12

So that is the reason why | store this divided differences here into a two dimensional
array to just get the freedom for that. Okay then here is first we just calculate is to see
everything is correct, so we will first calculate the polynomial itself okay. So now the
polynomial is constructed here. So there are three loops as, we can see that polynomial
construction now involves this finding a product of x minus X;.
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So for the nth order term we will have to find the product of n X minus x;. So that is x
minus Xo into X minus X; into X minus X3 up to X minus X, minus 1 right. So we have to
find that product first then multiply that by the coefficient okay and then added to the
next product and then multiply it by the next coefficient etcetera that is what we have that
is what we have been doing here.
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}
¥

FP=fopen (“newton.dat"™,"w");
for(xl=.6;x1<=4.5;x1=x1+.2)
{ y=dt[n][0];
for{k=n-1;k>=0;k--)

{
vy (xl-x[k])+dt[k][0];
¥
fprintf(FP,"%f %f “n",x1, y);
}

felose(FP);

So if we look at this first I will find the, I will start with now computing this this value
this polynomial value starting from point 6 to 4.5. So we have we have the function
tabulated from 0 to 5. Here also a function tabulated, so we are starting from x 0 equal to
Otoaniequal to5sox0to5. Sowe will evaluate the polynomial we will construct the
polynomial and evaluate it at the other set of values that is starting from .6 to 4.5.

So now if | take an x value and if | want to evaluate this polynomial now | am not writing
this in a nested form I am writing term by term. So this this is not term by term, this in
the nested form. So | start from the last term that is d last highest order, highest order
divided difference that is dt of k, 0. So remember here | am entering the difference table
from the top, so | am entering it in the top, so all the row is the Oth row for every column
this is the 0 th row that is every column the top element is by a coefficient. So | start from
the highest order ok the highest order is k.
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}
i

FP=fopen (" newton.dat™,"w");
for{xl=s.6;xl<=4.5;x1=oxl+.2)
{ y=dt[m][0];
for{k=n-1;k>=0;k--)
i
vy (xl-x[k])+de[k][0];
1
fprintf(FP,"%f %f ‘n",.x1, ¥v);
}

feloselFP);

This is the highest order | start from k that is so the last term k equal to n minus 1 that is
my highest order. So | start from them actually the highest order is n highest order is n ok
| start from there. Okay | start y as the highest order coefficient and then | find the
product of that with that with x; minus x of k, okay x; is the point at which | want to
evaluate the polynomial and then I had this term dt next coefficient. So let me write this
thing it becomes clear. So the way | am constructing the polynomial is from backwards.

So | start with my highest order divided difference that is Xo X1 up to X,, that is my
highest order divided difference and then I multiply, I multiplying this with x minus x.



And then | add to this another term which is f of X X3 up to X, minus 1, okay then | put
a bracket there and | multiply this by x minus x, minus 1 and then | had another term
which is f of Xo X1 up to x, minus 2 the next coefficient into this and then I put a bracket
there and then i multiply this by x minus x, minus 2 etcetera. So | continue with this way
till I reach f of Xo. So that is the way | am constructing, so | am going it polynomial like
this I am constructing this in this in this fashion starting from the last term when | am
constructing it backwards.

So this the nested form of the polynomial for each term you add you have to put in 1
more bracket to show that this term is actually the nth order term in the polynomial
because it keeps get multiplying by x minus x, X minus X, minus 1, X minus X, minus 2
till it reaches X minus Xg. So that is what it is said, we will this is n minus 1this is n minus
2 and this n minus 3 till it gets x minus Xg in the end. So this this will be then by the time
it reaches X minus Xo this term would be multiplied by x minus x, minus 1 X minus Xp
minus 2, X minus X, minus 3 up to X minus Xo. So that is the implementation here.
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So you start with the highest order divided difference and then you multiply that this y is
now just this highest order term multiplied by x minus x; minus k, k is n minus 1 to start
with add the next order term that is n minus 1, 0 this always 0 because we are on the top
of the divided difference table now that becomes vy, to that y now you multiply the next
term that is n minus 2. So x;minus X, minus 2 and add the next divided difference that is
n minus 2 etcetera O that is the nested form of the divided difference table. So that will
give you the polynomial and | write down the function the value at which I am evaluating
it and the polynomial value to a, to a function to a data file called Newton.dat.
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i
}

FP=fopen (“newton.dat","w");
for(xls.6;x1<M4.5;x1=x1+.2)
{ y=dt[n][0];

for{k=n-1;k>=0;k--)

i

yey* (xl-x[k])+dt[k][0];
}

fprintf(FP,"%f %f ‘n" x1, ¥);
}

felose(FP);

So that we just see that we just run this, okay so before we run this | just want to show
you one more thing. So then after we evaluate this polynomial now, we have the
polynomial and the set of data points and then | want to evaluate the derivative at any
point.
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fprintf{FP,"%f %f n",x1, y);
}

fclose(FP);

scanf("%f %d",Bud, &dk);
der=0.0;
for(k=n-dk-1;k>=1;k--)
{

pr=1;

for{j=0; jo=k;j++)
{
pr=pr®(xd-x[j+dk]);
}

41,16-23

So we have to actually enter the program and wait for some wait for you to enter which
value at which value you want to evaluate the derivative. Okay so that is X4 is the value
which | wanted to evaluate the derivative and dk is the number is the point at which |
want to enter the difference table as | said that if | want to evaluate the derivative at any



point. Let us say between x, and xs, | could enter the difference table at X, or x; or Xo,
okay so it weight for this index to be given and at what value you want to evaluate the
derivative and at what point you want to enter the difference table, so this our two things
you have to see.
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[sunil@dali lect26]$ goc newton-deriv.c -lm
[sunil@ddali lect26]$ cat data.dat
0. 000000 1. 000000
0.833333 2.300976
.GEGEET 5.2944590
500000 12.182494
3.333333 2B.031622

k 166667 B4, 500084
& 5.000000 148.413162
[sunil@dali lect26]3

Okay so we will just look at the, okay so that is the tabulated value okay so 0, 1, 2, 3, 4,
5, 6 so the 7 points. So these are the tabulated x values or tabulated function values of
exponential X. So what I was trying to tell you is that if | want to find the derivative let us
say 2.7, okay of this function if I want to find the derivative of 2.7 then I should be then |



can enter the difference table at n equal to 3 or n equal to 2 or 1 or n equal to 0. | cannot
enter n equal to four because then it will exclude 2.5, 2.5 to 3.3 terms all the all the values
from 2.5 to 2.3 but | can enter it anywhere earlier.
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[sunil@dali lect?&]3 goc newton-deriv.c -lm
[sunil@dali lect2&]3 cat data.dat
000000 1. 000000

.833333 2.300976

.GEGEET 5.294450

500000 12.182494

-333333 28.031622

- 166667 64.500084

- 000000 148.413162

[sunil@dali lect26]3

[sunil@dali lect2&]3

[sunil@dali lect2&]$ ./ a.out

2.7 3

2. 700000 16.517231

[sunil@dali lect2&]3

0
0
1
z
3
4
3

So that is what we would be say doing, okay so if | want to, if I run this program okay it
waits for the x values let us enter it as 2.7 and then let us say we will enter the divided
difference table at 3 that is .3. So it says that the derivative of the function at 2.7 is 16
which is off by a large amount. Okay so, it is clearly off 2.6 is now exponential 2.7 is not
16 we know that, okay it is clearly of now what we have done really is to find the
derivative at 2.7 we have entered the difference table at 3. So we are constructing a
polynomial which is basically linear.

So we are constructing a linear polynomial in this case not linear polynomial. We are
constructing a polynomial which is of order 1, 2, 3, 4 of order 3 and then we are finding
the derivative of this point. So it seems to be off by a large margin, so but this will keep
improving as we as we enter at earlier and earlier points as we can see that if | enter the
same value evaluate the derivative of the same value but | enter the difference table say at
1 okay or at 2. Okay so we get a slightly better value that is 15, now if | enter it 2.7 and
if 1 enter it 1 it slightly even better value 14.9 but you can say it is slightly fast
converging into the correct value. Okay how are we computing this derivative, so it is
here that you enter the value at which you want to compute this and the point at which the
difference table you want to enter.
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4 3.333333 28.031622

5 4.166667 &4.500084

6 5.000000 148.413162
[sunil@dali lect2&]3
[sunil@dali lect2&]3
[sunil@dali lect26]$ ./ a.out
2.7 3

2.700000 16.517231
[sunil@dali lect26]3 ./ a.out
2.7 2

2. 700000 15.226892
[sumil@dali lect2?6]$

2.7 1

2. 700000 14.969982
[sunil@dali lect26]$
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for{k=n-dk-1;k>=1;k--)
{

pr=1;

for(j=0; jo=k;j++)

{

pr=pr*(xd-x[j+dk]};

}

¥=0;
for(isd:icnlk;ise)

{
yey+l.0/(ed-x[i+dk] )

}
der=der+y*prodefles1][dk];
56,21-28

Okay and then this function now has to compute now 3terms okay, so | will show you
that okay, so it has to compute this product right for every term okay, so therefore the last
term that is the nth order term. So we have nth, n plus 1 nth order term okay we will have
some n minus 1 such sums right. So the second order terms the coefficients is second
order derivative divided difference we have 2 first order terms similarly the n plus 1 th
order divided difference you will have n minus 1 sums of n minus 1 order terms that is
we will have x minus Xo X minus into X minus x; up to x minus X, minus 1. Now divide
that divide by x minus X X minus X etcetera.
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The dervative of this polynomal will  then
approximate the derivative of the function and is
aiven by

So you will have a term a table like this so basically we have to compute this term okay
we have seen this earlier we have writing down the derivative of the polynomial in the
Newton’s form here. So the first order term now becomes a constant and the second order
term becomes now the first order terms is the derivative but in that there are two such
terms similarly, the n minus 1, n th order term of the polynomial n will, now become an n
minuslth order term because we are finding the derivative but then there will be n minus
1 terms in that okay, that is the n minus 1 terms inside that function itself okay that is
what we want to evaluate.
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Okay so remember that if you have if you have a polynomial, a term in the polynomial
has let us say, a term in the polynomial. So many terms and then we have one term which
is some coefficient times X minus Xg into X Minus X, into X minus X, etcetera. So if | take
the derivative if that the derivative of this polynomial, we will now have this term as a
into, so we will have many term again and then we have a into, so we will have first
derivative of this x minus x; into x minus X, then we have plus X minus Xo into X minus
X, and then we have 1 more term which is X minus X, Xo into X minus Xj.

So that is the third order term in the polynomial will now, third order term in the
polynomial will now become the second order term in the polynomial in the derivative
but there are three such sums. So that is we have to program it in this way instead of
writing for each term like this we have general formula which writes this term particular
term as again this particular term we will now write slightly differently, we are saying
that we can write it as a product of 3 terms divided by x minus X, X minus x;etcetera.
Okay I will write this this particular term as, so we will write a into so we will now write
as x minus Xo into X minus x;into X minus x,, okay we will write it like that .and then we
will write it as sum of we write this again.

So the derivative so we have the derivative of the function so that had, so this is the first
order term, so we will have some term first order term and then we had a term which is a
X minus Xo into x minus x ;and x minus X, plus a x plus x minus X, and then we had x
minus X; into so we had this 3 terms right and then we may we may have higher order
terms and then we are concentrating on the third order term this | can write as a into x
minus X into Xo INto X minus X3 into X minus X, into 1 by x minus xq plus 1 by x minus
X1 plus 1 by x minus x, .Okay that is what I can write it as.
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So that is the x minus X terms x minus x; terms this is Xq this X1, okay so we have these
3 terms written as in this fashion okay so I have a product here and | have a sum. So that
is what | am trying to do here okay, so | will have a product and a sum so this is product
first which can be come out of a sum okay and then a sum of 1 over x minus x; multiplied
by the corresponding divided difference coefficient, okay that is what that is what this
term is doing here so | have a sum of x minus x;’s here, so again the di is the points at
which | enter the polynomial.

Okay that is also important okay, so | need to know which point I enter in the divided
difference so it is not always be on the top okay that is the sum which Idol minus i do a
sum of going from 0 to k of all the points which is that is the order the term right. That is
the order the term in the polynomial the derivative polynomial and I have a sum here for
that term that is 1 plus x4 the point at which | enter as x minus x; or X; plus dk because dk
is the point which I enter the polynomial and then there is product here.
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Thie derivative of this polymomial will  then
approximate the derivative of the function and is
aiven by
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So first | find the product x minus x; and then | take the sum which is 1 by x minus X;
summed over all the i’s and then I take the product of that sum and the, this sum and the
and this product p; and y, | take the product here and multiply that by the coefficient the
corresponding divided difference coefficient okay. So now it comes to be k plus 1, so we
have checked what point we have to enter the divided difference, okay so when you run
the and the sum how many terms will be there in this polynomial it depends on where
you enter, so if you are entering it at the top that is dk is 0.

Okay there will be n plus n terms in the polynomial because the nth order polynomial will
have n terms in the polynomial and the derivative will have n minus 1 terms and here that
is when you enter in the top if you enter anywhere in between, so if | say in the case 2.7
we saw that we could enter itin 4, 3, 2, 1, O etcetera.



So if you enter it later point that is somewhere here and then you will have only that
many terms in the polynomial right. For example if | enter this point then I will have a
term the polynomial | will have a term containing this and then 0, 1, 2, 3, 4, 5 etcetera
there will be 5 terms.
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felose(FE)

scanf("%f %d",hxd, &dk);
dar=0.0;
for{k=n-dk-1;k>=1;k--)
{

pr=1;

for(j=0;j<=k;j++)
{
prepr* {xd-x[ j+dk]);
I
y=0;
for{i=0;i<=k;i++)
{
42,13-20

But if | enter here for example then i will only have 1, 2, 3 and 4terms okay, so | will
have less number of terms as you come at only three terms 1, 2 and 3 terms so and as if
you enter here you will have only 1 and 2 term and then if you enter this point then you
have only 1 term in the polynomial.
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So as you enter the later in the in the difference table you have less number of terms in
the polynomial, okay so that is what is reflected here.So this is the basic total number of
points in the polynomial which goes from n minus dk minus 1 so if dk is O it goes from n
minus 1 to 1. So actually it goes to 0 is added separately so n minus 1 to 1 in this in this
term it goes but if you enter later ok then we have less number of terms in the sum and
this in the polynomial.
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felose(FE);

scanf("%f %d" Axd, &dk);
der=0.0f]
for{ken-dk-1;k»=1;k--)
{

pr=1;

for(j=0;j<=k;j++)
;rlpr*{xd-z[j*dl]}:
for{i=0;i<=k;i++)

: 42,13-20

(Refer Slide Time: 33:33)

pr=pr®(xd-x[j+dk]);

}

¥=i;
for{isd;icek;iv+)

{
yey+l. 0/ (ed-x[i+dk] );
}

der=der+y*prodt[k+1][dk];
1

dersder+«dt[1][dk];
printf("%f %On" xd, der);

a0, 18-26

So | find the product of each term for these terms and is and | multiplied by the
corresponding divided difference coefficient and | get the derivative and the last term is



added separately here as 1 plus dk, 1 dk the last coefficient then I print out the derivative
and that is what we just now saw so basically it is the same thing. So if | do this
polynomial derivative am just constructing this in this fashion, okay so if it is the third
order polynomial and this will be by a third fourth order polynomial if we have the third
order polynomial this will be my last term there will be a second order term and there
will be a first order term there will be a 0 th order term in the polynomial that is what we
just now saw.
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So you can plot so you can plot this polynomial as we seen earlier, so what | have done is
now | have this this squared points as my tabulated values now I, | constructed a
polynomial which goes through that and then | have evaluating this derivative at any
point a while then | could evaluate the derivative for example, we took at two points
seven some where here okay by constructing by using the polynomial which goes starts
from here and then going all the way end | could even stopped it there | use it all the way
up to the end or I could use the polynomial which starts from here and goes all the way
up to that okay I could use the full polynomial or I could only use a part of the
polynomial construction okay that is what | have get just see.

Okay so now we were we can use the same program which we just now saw we could use
the same program to actually construct this this derivative using the method of we have
using instead of using the divided difference we could use the deltas that is we do not use
this this denominator instead of using the divided difference we just take the difference
okay that is, we do not we do not use the denominator okay, that is that we can do in the
case where the points are equidistant okay that is x; minus Xq is equal to X, minus x;
equal to x3 minus X, etcetera. So that is then the same program can be used but we could
write the divided difference slightly differently and that is what we have seen in the in the
earlier class.
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So we will see an implementation of that in a in a later class. Okay right now we can go
into the difference formula which we have started discussing yesterday and then we look
at how to construct now instead of a polynomial how to write down a difference formula
for the for the derivative. That is the question was that if | want to evaluate the derivative
of the polynomial.
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felose{FE);

scanf("%f %d", &xd, &dk);
der=0.0;
for(ksn-dk-1;k>»ul;k==)
{

pr=1;

for(j=0; j<=k;j++)
{
prepr{xd-x] j+dk] )
i
y=0;
for{i=0;i<=k;i++)
{
40,12-19

Okay if I want to evaluate the derivative of the function at any point in between the
tabulated values then | need a polynomial, |1 need some smooth function. So as | said that
you could have the derivative by approximating the set of discrete points by a smooth
function and finding the derivative of that. So that is the method which we use which |
want to evaluate the derivative at a point in between a set of tabulated values but if I want
to actually evaluate the derivative at the tabulated value itself then I could I could
construct that by writing down a discrete formula for the derivative and that is what we
called the difference formula.
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So writing the derivative as a difference formula, so derivative of a function as a
difference formula and that is what we saw one thing which we saw yesterday. Okay we
will continue with that and write down and see how to construct different formula
difference formulas using a general scheme again based on the polynomial interpolation
idea ok that is what we look at now again
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So as | said just now that if 1 want to write down the derivative of the function at one of
the tabulated points and then we could enter the polynomial at a value, at the same value
then construct the polynomial that is, if 1 want to evaluate the derivative of the function
okay this this function and, let us say x3 evaluate the function the derivative of the
function at xsthen | could enter the polynomial here. Okay at this point and then construct
and then look at what the derivative is, so we would do this in the case where the points
are equidistant so when the points are equidistant we have seen that we do not need to
write this difference formula in this fashion, okay we do not did this in the class last
class that We can write them as just the differences can be now written a without just the
differences not the divided differences and then we can construct this f from the what you
called the deltas.

So we call this as now as delta and this is as del squared etc.., and we had an | here to tell
you where in the polynomial which we are entering , okay this is del i3 .So that is the, so
all these things now becomes just del just the difference not divided difference. So we
use these notations to distinguish between the difference and the divided difference. So
now this just the difference of the functions and the value of the functions. So that will be
this will be actually deltas and this will be this in the first order and this will be
difference in the del 2 that will become del 3.
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Okay and using this we could actually construct the polynomial and the polynomial
we know that it would look like s into s minus 1. So we | do not have the polynomial
here.
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Difference formulaea

il we are evaluating the derivatives at one of the
tabulated points then we have s=i. The dervative
will then have a simpler formula of the form
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The error term here can be written in the form

So we will have the polynomial now at the end of x at any point actually as we saw as f
of Xo plus and s into delta plus s into s minus 1 by 2 into del 2 etcetera. So we could write
it the polynomial in this fashion .we have seen that earlier. So then we can construct from
this polynomial the derivative of that with respect to x and we have seen the x now
instead of using this s here.
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Difference formulaea

il we are evaluating the derivatives at one of the
tabulated points then we have s=i. The dervative
will then have a simpler formula of the form
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The error term here can be written in the form

So again to remind you that s was X minus x; divided by h. Now h equal to x; plus 1
minus X; difference between any 2 points which is the same. Because it is a equidistant
set of points. x; plus 1 minus X;. So that is what we had.

Okay and now we have so we could write this thing owing things in this s way table and
we know that the derivative of this with respect to x is, we wrote dp n of x by dx we
wrote it as ds by dx. So we wrote it d by ds of p, of x because as we can see this is
written in terms of s into ds by dx and we know ds by dx is simply h; over h, so this



becomes 1 over h into dp n by ds that is the formula I have written. So if you do that if
you substitute that polynomial into that formula then we will get it in this fashion.
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Right that is we get the first term would be this one and the second term would be the
minus sign so that will be del squared by 2 etcetera if s equal to 0. So that is if | find the
derivative by entering if a derivative at any point at any point by entering at that point
okay.

So if | evaluate this derivative at some i value ok and | evaluate this s at that point
starting from that point that is | start the difference table from that point. Okay | enter the
polynomial at, not the polynomial the derivative the derivative by entering at the
polynomial at the difference table at i itself, so | evaluate this at x; okay by entering the
polynomial at x;, the difference table at x; then it will become x; minus x; by h then it
becomes 0.

okay and then my derivative of the first term would be delta the derivative of this with
respect to s right, this first term would be delta and the second term will have only a
minus one term. So minus 1 term minus delta square by 2 minus delta 2 by 2 etc.., that is
what we have alternating plus and minus sign
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Difference formulae

it we are evaluating the derivatives at one of the
tabulated points then we have =0, The dervative
will then have a simpler formula of the form
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The error term here can be written in the form
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So this is what is summarized here. So that is the difference table which we had and then
we went on to construct the higher order derivatives. So we said that okay now I can
write it in 2 different forms that if | enter s equal to 0 and if look at only these 2 terms
okay and then | have this as in this fashion that is del f; and del 2 by 2, okay that is only 2
terms, okay and then | can get this by a difference formula from this now substituting for
delta f; and delta 2 f;, | can get a difference formula of this form remember delta f; is f;
plus 1 minus f; and the delta 2 is the difference of the first order differences from the
difference table.
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Difference formulae

Il we are evaluating the derivatives at one of the
tabulated points then we have s=i. The derivative
will then have a simpler formula of the form
=1} + Frraw
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So then | can construct a function like that ok. So then if | can do better then, I can get a
order of h squared accuracy in this difference formula using evaluating the function at
three different points i plus 1, i and i plus 2. So we turns out that if | enter the polynomial
at i minus 1 instead of i itself that is if I want to find the derivative at 3, | enter the
difference table at i minus at 2 okay and then my s will become x;, x will become here
this is X; minus x okay.
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Soif I that is correct if I enter the polynomial at x; minus 1 okay and then this x;, so if |
then it will become s become x; minus x; plus 1 minus X ; by h, okay which is 1. Okay so
I could instead of entering at 3, | could enter at one value earlier okay that is this will
become i minus 1, I do not enter the polynomial at the difference table at i, | enter it i
minus 1 and evaluate the derivative at i. then s is x; minus X; divided by h and that will
become 1.
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So s becomes 1 and the formula turns becomes even simpler for the same order of
accuracy, you could get by entering it X; minus 1 a difference formula of this form which



is fi plus 1 f; minus 1 by 2 as a order of h squared that is called the earlier one was called
this is this is what we called as forward difference formula and it is of second order
accuracy forward difference formula of second order accuracy and here is a again
formula of the derivative in terms in terms of the function values now at i plus 1 and i
minus 1 which is now again the order h squared accuracy.

And this is called a central difference formula. So that is we have seen in this case. So
now we are now converting the functions the derivatives a set of discrete values
remember if we have to write down these formulas as we see we need to have the values
of the function tabulated at equal intervals otherwise, this is inaccurate or this cannot be
constructed. So that one has to remember just having a set of tabulated points and taking
the difference is not enough, we need to have the function values tabulated at equal
intervals to write the difference formula for that derivative and then we could construct
higher order derivatives using the same scheme. Here is the general scheme for
constructing the higher order difference.
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As we said that so we will write down the general formula, so to write down the divided
difference, the difference formulas for higher order derivatives so what first we saw is the
first order derivatives. So first order derivatives we saw that we can have a central
difference formula or a forward difference formula either of them using a second order
polynomial or first order polynomial. Okay we can have a forward difference formula or
a central difference formula and then now we will look at higher order derivatives. Okay
higher order derivatives can be obtained in the following form that each is write down a
general operator for finding the derivate. So by constructing these variables this e and
delta.

So delta we know f of x; plus 1 minus f of x; from the difference table we just saw that it
is just f of x; plus 1 minus f of x; and then we have now, so what is called as stepping



operator e ok which takes the function f of x and then gives a value of f of x plus h.
Assume that this a stepping operator e, so our idea would be to relate e to delta. So delta
is f of x; plus 1 minus f of x; remember delta f is, so delta acting on f is f of x; plus
Iminus f of x; and e acting on f is taking f to f plus f into x plus h, f of x plus h or e f of x
f of x; is for equally for equally spaced data, e into f of x; is equal to f of x; plus 1 okay.
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Higher order derivatives

The diflerence operator used in the previous
sections Is defined as

& (x,)= fix,. )= flx)
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Af(x)= flx+Rk)- f(x)
we will now define a stepping oparator by
Ef(x)= f(x+h)

(4]

Efi(x)=flx)
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So now we can use that, so this two conditions that we just wrote down. So what we said
was we had one function called delta f of x; delta f of x; which is f of x; plus 1 minus f of
Xj and then we said that we have something called e f of x;. So e acting on f of x; will



give us f of x; plus 1. Okay that is our equation remember and then I can now write delta
f of x since fof x; plus 1 is f of x plus h, delta f of x is basically f of x plus h minus f of x
right. So that is what it is this is nothing but now I can substitute this here okay and then I
can write delta f of x; as f of x; plus 1 is e into e times f of x; minus f of x; okay or now
we have a relation that delta is equal to e minus one or e equal to 1 plus delta okay that is
the relation which we get.
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So we have a stepping operator e which is related to delta by this formula e equal to 1plus
delta or delta is equal to e minus one ok that is what we are going to use that. So we have
this stepping operator which is 1 plus delta. So we can use this cumulatively that if we
use this stepping operator n times then f of x; will go to f of x; n, f of x; plus n okay that
is the that is the cumulative use of that okay and then we will use we will now we will
define a derivative operator and that is what we are going to use to find all the higher
order derivatives. So let us look at the first order derivative first ok derivative operator
acting on any function f of x; any function f at x; plus s is simply the derivative d by dx
of that function at i plus s

Okay now | know that f; plus s is d by dx of f of f at x; plus s is e to the power e to the
power s that is e acting on s into f of x; remember s, is remember s is an integer now in
this case which is x minus x; by h .Ok so again we have to enter this all the thing is valid
even we enter the we want to evaluate the derivative at one of the tabulated points that is,
this s has to be an integer if s has to be an integer then x has to be one of the tabulated
values right. So that is the point. S is x minus x; by h, h is the difference between two
tabulated, nearby tabulated points, ok this has to be an integer that is x has to be one of
the tabulated points. Okay then I can write it in this fashion, d derivative operator acting
on fat i plus s is equal to derivative d by dx of the stepping operator acting s times on f of
Xj.

Okay so now we have that, ok then we can now write it down in this is fashion I am
repeating that again. Okay, so now | know d by dx can be replaced by ds into ds by dx
and we now just know that ds by dx is now lover h. Okay we just saw all these, so this
one over h into d by ds of E°* f of x;. Okay so this d by dx is been replaced by d by ds,
okay since s is x minus x; by h, okay d by dx I can write as d by ds into ds by dx and s is
X minus X; by h, so ds by dx is1 over h we just saw that okay



(Refer Slide Time: 49:32)

The relation between 5 and 17 I8

Af(x) = flx+h)- fix) = Efi(x)- f(x)
or

E=l+A

The action of E on a function [ x, ) Is cumulative,

thatls E"fix )= f(x ).

The dervative operator [ is then defined as

Df(x, )=—f(x, )= —Efix,)
™ iy -

Here *~ ;  should be an integer. That is x should
be one of the tabulated points,

So now | can substitute all these into the formula to get a divided difference formula,
okay, so that is the difference formula for the derivative so let us see how we will do that
okay we use this following property that is the derivative of log of e to the power of s f of
Xi. | can write this as d by ds of, so | can write the log of e to the power of s f of x; as log
of e to the power of s plus log f of x; but f of x; is just a number. Okay, so it is same as
log e to the power of s right.
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So what | am trying to say is, that | write d by ds of log e to the power of s into f of x;
okay which is same as d by ds of log e to the power of s plus log of f of x; right, but this
IS a constant this is same as d by ds of log e to the power of s which is nothing but d by ds
of s log e, okay that is equal to log e.
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W can then write
Dfix, )

Since

Okay that is what I get, okay so it is just log of e, okay d by ds of e to the power of s f of
Xj is just log e so then but we if | just construct if I just only look at this part this is log of
derivative of a log that is 1 by the argument multiplied by the derivative of that argument
that is this 1 over e to the power of s f of x; d by ds of that argument but d by ds of e to



the power of f of x; okay, has thus that is this part log e into e to e power of s f of x;. So |
am using this function. so | basically use the d by ds of log e to the power of s f of X; is
log e and | also write d by ds of log e to the power of s f of x; as 1 over e to the power of
s f of x; d by ds of e to the power of f of x; and then from this | am saying that d by ds of
e to the power of s f of x; is e to the power of s f of X; into log e okay now | am not going
to use this, then for s equal to 0 okay, now again we will do that, so we just said that d of
f x; right.
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So d of f xi plus s, we said is 1 over h d by ds of e to the power of s f of x; okay but we
are saying d by ds of e to the power of s f of x; is log e, e to the power of s f of x; okay.
So let us write this, okay so we saying that d by ds, d by dx of so what you want to write
were d of f of x;. So we are going to write d of f of x; plus s. We will write that as d
acting 1 to the power of s that is d by dx of e to the power of s f of x;. Okay and that is we
wrote that as 1 over h times d by ds of e to the power of s f of x;, now we are seeing d by
ds of e to the power of f of x; is what we are going to replace it by this function here, that
is log e, e to the power of s f of x;.
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Okay so we are going to replace this by this as 1 over h as log of e, e to the power of s f
of x; okay that is d of f of xi, so d of f of x; plus is 1 over h. So d of f of x; plus s is 1 over
h log of e, e to the power of s f of x;. So for s equal to 0, the derivative of the function at
Xj is equal to 1 over h log e times e into f of x;. So log e into f of x;, so d f of x; is 1 over
h log e into f of x; or d from this | can write, so from this expression for s equal to 0, I can
write d f of x; as 1 over h, log e into f of x;. Okay or the d as operator, we can write as 1
over h times log of e, that is the d operator is and we know e is 1 plus delta. So I can
write it as 1 over h times log of 1 plus delta, so d acting on any function is 1 over h time
log of log of 1 plus delta acting on that function at any value Xx;.
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Okay that is the point which we want to write. Okay now, if |1 want a higher order
derivative | simply have to write it as d to the power n f of x i and act this n time, that is
over h time is log of 1 plus delta acting on to power n acting on f of x;. Okay that is the
formula ok and then I can expand log of 1 plus delta, Okay in a series, okay and | can
write that | can write expand log of 1 plus delta for example, d of f x as is this as far we
have just concluded okay but I can expand this log of 1 plus delta and keep it on to any
accuracy in delta
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Okay 1 can use this difference table and | can expand this log of 1 plus delta okay and |
keep any delta of any order | want, Okay that is the idea which is used to construct higher
order derivatives using the difference table and then we can write down the difference
formula for any order in the derivative consistently starting from this operator which is
1plus delta, d is plus 1 over h, 1 plus delta

Okay we stop here and then look at, in the next class, we look at the implementation of
this in a program and then we start discussing integration and the integration of a set of
discrete points.



