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Numerical Derivations

You remember the problem we were discussing in the last class was the computation of
derivatives numerical the numerical computation of derivatives given a set of data of
points and you have given a set of data of points which is coming from some other
calculation or from an experiment. So given by some other functions you had a set of
data of points and you want to compute derivatives in between or on any of this data
points.

You may want to evaluate the derivative of this somewhere in between or even on one of
the data tabulated data points. So we have discussing cases where that is only one
dimensional function of one variable and so one way we said that which we can compute
this derivative by constructing an polynomial which interpolates this points okay and then
take the derivative of that polynomial and then we will looked at what will be the error in
the polynomial the error in the derivative because is easy to compute this way because we
know that the error in the interpolating polynomial is like the next term in the
polynomial. So the derivative error in the derivative would be the error in the next term
that is what we looked at last in the last class.

(Refer Slide Time: 02:48)

Okay this summarize we said that, we could given a set of data of points we know how to
construct a polynomial of order n which passes through n plus 1 points and starting from
Xo t0 Xn. So n plus 1 points we know how to construct this polynomial and the advantage
of writing in it this kind of Newton forms that is what called newton’s form polynomial is



that we this coefficients of this term that is f of Xo X1, f Xo X1 X2 is the coefficients of the
polynomial of the terms of order 1, 2 etcetera can be constructed rather easily a from a
difference tables is algorithmically efficient way of doing it so this is useful form for the
polynomial of the polynomial to construct the derivatives that is what we look at in the
last class
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So then we said that the derivatives of this polynomial now then once we have the
polynomial of that form and the derivatives can be written in this fashion, so look at the
second order term. So we had a first order term now the derivative this does not appear in
the derivative being a constant and here this is the first term in the derivative would be
just f of xo x4 right and the next term would be f of Xy X1 X2 with the first order term that
will be the x minus Xy plus x minus x; that is the term and then we have the error term,
the last term we have an error term which we can evaluate because we know this term is
derivative of the next term in the polynomial that is n pluslterm in the polynomial that is
what the error term is okay that is can be evaluated.

so we get that as this one some function we get that as something the order of n plus 1
some derivative of the order of n plus 1 of some function and multiplied by x; minus xj, a
product of x; minus x; for all j value which are not equal to i so now this form is valid is
strictly valid only when the error is evaluated at one of the tabulated points and if the
error if you want to evaluate the error at non tabulated point then we have one more term
which is actually the, this multiplied term the derivative of this function which is we said
it is difficult to evaluate or impossible to evaluate in the sense because we do not know
the functional form of this.
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The derivative of this polynomial will then
approximate the derivative of the function and is
given by

i ¢Fror
I

So basically this this form of the error give us a qualitative idea what the error is and
most of the cases we will not able to say what this term actually the order of the where
the magnitude of this term which is we can say that nth order of n plus 1 derivative is but
we saw that if you have a set of data points in between we saw that set of data points.
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Once the difference table for a given set of data is
consirucied we can read of the derivative from that
at any point.

Let us we say, we have many data points and you want to compute in derivative here at
any point in between let us we say, we want to compute derivative this value of x and
then and then it is not necessary to take the whole polynomial which goes through the



whole set of data points. So we could actually construct a polynomial here which goes
through these 3 points and then take the derivative.

So this way, we can actually get an exact, we can actually get an exact measure of the
error because we can actually take this polynomial this point also and construct another
polynomial okay which goes through all of this 4 points and then take at look at the
derivative coming from that.

So the difference between the polynomial which goes through these 3 points lets called
that as ps of x and the polynomial which goes through so, this will be p , of X3 points 2
and the polynomial which goes through 4 points it gives as ps of x; will take the
derivative of these two and the difference between these two derivatives is evaluated at
this point will give as the error in the p is once again ps at this the error in the derivative
p2 because the error in the polynomial p; is like the next term it can get from ps. So that
is what we looked at and found this is this is gives as very good approximation, very
good idea about what the errors in the derivatives are.
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So that was the case with the newton’s form of the polynomial okay that is polynomial of
using this polynomial of this form okay and then take the derivative of this and you
remember what is f of xo, X;was okay, so we could construct i set of data points will call
them i 1, 2, 3, 4, 5 etcetera and then we had the x; values which is Xo, X1, X2, X3, X4 Xs
and then we had a f of x; values okay that was given here f of X, f of x1, f of x».

Okay now, this was given to us in the form of set of tabulated set of data and we could
construct this coefficients as f of x; right as f of x; basically this point itself that is same
as f of xo, f of X3, fof X5, f of X3, f of X4, f Of X5. So that is f of x ; and then we had f of
Xi, Xi plus 1 that is the next term in the thing which we said is given by f of x; minus f of
Xo divided by x; minus X, and f of X, minus f of x; divided by X, minus x; and f of X3



minus f of x, divided by xsminus x, and we had f of x4 minus f of x3 divided by x4
minus X3 and the last term would be f of x5 minus f of x4 divided by X5 minus x4. So we
could construct that.

Okay, so that is is the difference table which we construct and then we could take the
next one would be then difference between these 2 divided by this term now simplify |
will write remembers this as f of Xq, X1 this is X1, X, the next term would be f of X, X3
minus f of this is square bracket remember, distinguish between the square bracket in
this bracket x1, Xo divided by now x, minus X ¢ and here next would be f of this will be X3
X2 minus X, X1 by x3 minus x; and here you will have the next term f x4 X3 minus f X3 X»
divided by x4 minus X, last here would be x5 X 4 minus f x4 X3 divided by X5 X3.

Now we can construct further okay taking the difference between these two then it will
be the denominator would be X3 in this case of x3 minus Xo and it goes further like that
because next term will have a denominator X3 minus X here and it will have x 4 minus
X1, X4 X5 Minus X, you can construct a difference table of this form. So that is what we
had so these two went to that, so we had a difference table constructed in this fashion
okay now this will go to that and these will going to that.
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So this difference table what gives the advantage in this particular case that we must have
a difference table and whether it is a polynomial or its derivative, we can write that in
terms of this coefficient by reading of by reading of these coefficients, okay now if | am
starting, if | am entering difference table at this point that is entering the difference table
at that top okay and then i have the coefficients the first term would be just f of x; is f of
Xo and the next coefficient of the next term would be f of X1 X and then f of x, x;minus f
of X1 Xo by X2 minus Xo. So that is what we have written as this term here, so this is
actually entering the entering the difference table in the top okay but I said that if you
want to evaluate it derivative at any point in between there is no need to enter the



difference table from the top we could enter the difference table somewhere in between
okay, what | mean by that is if | want to evaluate the derivative of derivative if | want to
get the derivative of the function had some value x where x is lets say larger than some x
i okay x; is the larger than the x; and then I could actually enter the difference table at
that point x;. So let me say that this point here and construct a polynomial this way or
around that may be entering here constructing a polynomial. So | could enter the
difference table principle any where which contains the point x such that it contains the
point X, so in this case | could construct, so here | had 5points 1, 2, 3, 4, 5 let us say 5
points and | want to construct a derivative of the point here evaluate the derivative here.

So | could use a linear polynomial by just taking two points | could just take the
constructed a linear polynomial derivative of that will be the constant, okay that is the
linear polynomial by construct by entering in to that difference table at this point the third
point okay that is 0, 1, 2 here. | would enter here and then the first my polynomial would
start from f of x,. So then my polynomial would be f of x, plus f of x3 minus f of X, X3
minus X into X3 minus X, iNto X minus X,.

So that is what we saw yesterday, so that is the way of constructing the polynomial and
the derivative okay so if | want it here that is Xo X1 X, S0 in between x;, and x3 | want to
find the derivative okay and decide to take the linear polynomial between which connects
these two points as a straight line that | would construct it as, so p of x as now f of x, that
is my first term in the polynomial that is f of x, it will be entering here okay and then I
would entering here first term f of x, and the next term would be f of x5 plus f of x3
minus f of x, divided by x3 minus X, in to x minus X, that will be my, that is my
polynomial okay.

Soitisafof pofxisfof x; plus f of x3 minus f of x, by X3 minus x, because this is my
coefficient x, x3 which comes in here okay that is my polynomial okay and then | can
take my derivative of that would be simply f of x5 minus f of X, by X3 minus x; actually
connecting a straight line through a slope of a line that is way | can construct this

Okay so now, we need an notation for that we normally write it as what we called as p; of
X, pi of x will have to denote here or we write the difference table will put an i this is to
say where it which point in the in the difference table are we entering, okay so now I can
construct the same derivative here okay evaluated the same derivative here by
constructing a second order polynomial, okay now this is the first order polynomial |
could construct a second order polynomial but there are 2 ways of doing it by entering the
difference table here okay and write it to the next polynomial here.

Okay now this is linear next term would be taking this coefficient, okay first term is this |
entered here okay I enter at this point this point okay | have the first term is this second
term is second term this is coefficient linear term and this will be the coefficient of the
quadratic term. So that will be the f of x4 minus f x4 Xgminus f X, X3 divide by x4 minus
Xz in to X minus Xz in to X minus 3



So that will be the next term that is one way of doing it or | could say that | would enter
okay here | enter this point okay then construct a polynomial goes to that, that also give
me a second order polynomial. So then | would enter here and my term would be f of x;
plus f of x, minus f of x; by X, minus X; into X minus x;now because | entered a x; okay
then the next term which will be x minus x; into x minus X, there are two ways there are
many ways now right now if you constructing only linear polynomial that is only point
where we can enter to construct a polynomial but if your doing a second order
polynomial is quadratic polynomial that will be the 2 ways we can enter here or here.

Okay now we see the possibility goes up if constructing a higher order polynomial to be
evaluate the derivative but the major point | want to say is that you have to remember
which point in the difference table you have entered and it should keep in mind that
construct this when you make the algorithm. So we will see the implementations of this
algorithm in later class.
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Okay that is now the newton’s form with Xg, X1, X2, X3 tabulated um in a difference
stable, so now the difference between the difference xo minus x1, X1 minus Xg, X2 Minus
X1, X3 minus X; etcetera that could be very different there is no need of there is no need
of in this particular form there is no need to restrain that differences that could be any
value but we have seen earlier in our interpolation when your looking at the interpolation
case that its advantages of the algorithm much gets simpler when you look at, when you
look at tabulated points at equal distance that is x; minus X, equal to X2 minus x; equal to
X3 minus X, equal to some value h. So in that case even though, obviously the whole
algorithm is much simpler, okay in the polynomial is much easier for similar reasons will
also have the derivative to be much simpler.

Okay now we will look at case where we have derivatives from evenly space data, that is
all the data points x; plus 1 minus x; are at equal distance that is all the x; points are equal



distance and we call that distance as h. So h is the distance between any two data points
this is evenly spaced data and we will do this thing with the specific example of a
function f of x equal to e power to the x whose derivative we know very well.

(Refer Slide Time: 20:24)
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Derivatives from evenly spaced data

in the previous example we saw that we can
construct the polynmomial and iis derivative at a
specific point « by entering the difference table al
varicus different points.

We will now identily the polynomial oblained by
entering the difference table at point

Suppose the data given o us is evenly spaced in
v such that & %, . Then the difference table
for a lunction /1> will look like the lollowing,

So we can, what we can do we can take this function and evaluate at some equal distance
values and construct a difference table and then we will calculates the derivative from
that and see what the error is etcetera like we did in the in the other newton’s form earlier
we will do the similar procedure here again.



So now in this case as | said that this difference table is little simpler at this X 1 minus X o
equal to x , minus X 1 is equal to x3 minus X, there is no need to keep those things here
right. We need to differentiate that here, we have to divide that this thing, we can actually
remove those points from here because we know that is a constant say irrespective of
which point in that, we enter this is a constant we do not need to keep here and similarly,
X2 here minus Xq, now two h we are going to write evenly spaced data we are going to
say that x; plus 1 minus x; is equal to h that is what we are going to use all it becomes h
this will become 2 h etcetera, so we do not need this also.

So as we can see the difference table will become simpler right and then to distinguish
between this functions which we obtained from the newton’s form for an equally
distributed data to this, to distinguish between these two we change the notation here
little bit call this as delta. Okay so we call it as this will become del 2 etcetera and this
now delta, so that is a notation we would we use. So the next term this term will be two.
Okay, so we have delta and we have del 2, then we have del 3 and we will continue with
that okay so that is what would be that is a notation we are going to use and the
difference table for the data which we obtained from this would look like following.
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Okay so now we have called delta del f; del square f del 3 f del 4 f del 5 f del 6 f etcetera
as you so along. So notation we going to simply use f, okay that is what we will have
okay | just del f here del 2 f here that is a function f itself, okay the derivative the
difference in the function called delta f and the difference of the difference is called del
square f etcetera, okay so that is the coefficients which we will have in this construction
so this is just evaluated at equal distance that is h in this case point 6 as you can see, so
“1.3” “1.9” etcetera and we evaluate the function which is e to the power of x, we know
the functional form but let us say we do not know the functional form then we have some
set of some data points given at that x values.
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Then we construct the difference table just taking the difference between these two points
as that here and the further differences, further differences that error represent as del n f.
Okay so again this is, | put in here del f; here, okay now this is again denote that which
point on the difference table which we enter okay. So this is general notation, so if you
enter as | said earlier that if we enter the difference table at 2 would be calling as delta f ,
del square f,, del 3 f, by del 4 f, etcetera if you enter a 3 and then we construct the
polynomial this way, this way we will construct coefficient of the polynomial will go in
this fashion. So that will be called del 3f del 3 square del 4 f, if you enter here this way it



will go that is the table will come back to the table again we need to look at this table
when we actually do the example.
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0 1.30 31689

a7

190 6588 -
5.496
4.520

2.50 12.182
10,016 373

8.233
310 22198
18.249 &.m

370 40,447 15.004
33253 12313

4.30 T3.700 IT.337
80.590

4.90 134290

(Refer Slide Time: 26:53)

'}I"n :L--"':' # E:.?ﬂ

-.

S04 lr.{"'r } M:Ef‘&-ﬂ

103,

So the question what is the form of the polynomial now the form of the polynomial now
this polynomial function we obviously have taken out the denominator from this point
write as del f so del f is related to the coefficient of newton’s form by saying that f of x;
X2 Xo here f of X1 Xo will be del f of 1 del of 0 divided by h right we will have this kind of
form f of X1 or Xo x; will be now del f we entered at this 0 divided by h that is what we
have to divided by from the coefficient, so in general the formula is this we have to go



higher order terms, okay in general the formula is this seen earlier when you doing the
polynomial interpolation that repeating those things here. So that is coefficient of the n th
order term nth order term would be then del n f; divided by n factorial into the h power of
the n.

So again this point will be again the point this will be enter the data points, so del f; is the
difference between x; plus 1 minus x;, okay remember that x; plus 1 minus x; what is del
fi here, okay so now we will define a new variable called s, it is x minus Xx; by h, now lets
say we want to what we want to evaluate we want to evaluate the derivative all the
polynomial at any point x.

(Refer Slide Time: 27:00)
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So then, what is the now the terms the polynomial would be x minus Xo X minus Xo X
minus X; etcetera right, that is what the polynomial was we had before, okay remember
the polynomial newton’s form was p, of x would be written as we said f of xg, f of X X3
and the coefficient this is x minus X, other terms, okay now in the new notations would
go just it as f of f xo plus now we have del here, del f right divided by h we said and then
X minus Xo okay plus other terms.

So now since, this is a h is a constant okay now we can define a new variable instead of
writing X minus X 1x minus X; etcetera and we can define a new variable and that
variable which we define as x minus X, by h because we entered here it as 0 this is del 0
del fo because we are entering O this is, so this is one way of writing.
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So we can define by x minus x; by h as variable, but in general if you enter any point
here I, okay and we construct a polynomial from that okay now we will write the
polynomial as n th order polynomial as we will say f ; at X ¢ write that is the f x; that is
the value i enter lets some point X, here f x, and then we will have a del f, del f; divided
by h into x minus x; as the first term and then we have a next term as remember del 2 f ;.
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Okay now you will have h square coming here okay because 2 h it will be h square into
two that is what we will get coefficient okay and then we will get it as x square X minus



X;j into x minus x; plus 1 okay and will be other terms so then higher order term. So now
what we have saying is that but x minus x; plus 1 is we know that X; plus 1 minus X; is
h, so we can write X; plus 1 as x; plus 1 now can be written as be as x plus x; we can
substitute that here. So you get x minus x ; plus h okay, so we can write everything in
terms of x minus X; because all this are equal distance. So we can write everything in
terms of x; and to write down in a simple form, we define a new variable which is x
minus Xx; divided by h as s okay we defined as new variable x minus x; divided by h as s
which we saw in equal distance form in the polynomial interpolation and now with that
we can write all the terms s for the example as | said x minus x ; minus Xx; plus 1 okay
that would become x;, x minus X; we know is right now x; plus 1 x; plus h that is x; plus
1.

(Refer Slide Time: 31:04)
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So | can write this is as X minus X; into X minus X; minus h that is if I define write in
terms of variable we have h square into s minus 1. So advantage is when you notice that
put it here in this coefficient okay in this coefficient multiplied by this coefficient these
terms would get cancel and we only have a, n factorial in the denominator. Okay so in the
form then we will have the polynomial which is of this form interpolating polynomial
now simply have this particular form, so nth order polynomial were we enter at | write
we enter | in the in the difference table so we have f of i s into del f;j plus s into s minus 1
by 2 factorial del f; del 2 f; and s into s minus 1, s minus 2 by 3 factorial del three f;
etcetera, okay that is the advantage so when we have an equidistant points in the data
points given are equidistant given then the whole thing simplifies to a polynomial of that
form.

Okay so now the polynomial which we write would be will keep that in here the we will
write the polynomial as p, of x as f;, so that is where we enter in to this 2 or 3 where we
enter in the plus s into so we have s in to delta f; plus s into s minus 1 by 2 into del 2 f;
plus s into s minus 2 divided by 3 into del 3 f;.
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The interpolating polynomisl is then

Okay that is the form we get you remember what del 1 f; del 2 f; given by s okay | to that
start okay if you start from here if you start from here it is call two, you start from here i
is 3 etcetera.
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Okay, the last term would be then a product of s minus j, j goes from 0 to n minus 1 del to
the power n f by n factorial and then the next term is again the n plus 1 term is the error in
the polynomial. Okay so now the derivative of this polynomial we can easily be written



once we have this form we can write the derivative remember s is the x minus x; by h
right.
(Refer Slide Time: 33:45)

The interpolating polynomisl is then

The derivative of this polymomial will then be

So the derivative with respect to x of this derivative with respect to x into ds by dx we
will p d by dx of p, of x as d by ds p, of x into ds by dx. So then ds by dx over 1 h okay
ds by d x; over h become lover h into d by ds of p, of x and we know what is the
derivative of that. So simply the reserved we will start with del f; that will be the first
term.
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Okay that is 1 over the h, so 1 over h into del f; first term and the second term would be
as you can see is the s minus 1 plus s right. So s minus 1 plus s by 2 the second term into
del 2 f; etcetera. So that is what we will get okay, so minus s plus 1that is what | have
written here the whole term | have written here okay. So the dx by ds give as 1 over h
okay and the first term would be del f ; delta f ; and the second term would be s plus s
minus 12 factorial into del f 2 i etcetera that is what we will get this is basically what we
would have as a polynomial as a derivative. So now we can evaluate this derivative at
any value x; once you given X we compute x then we can get the error is again derivative
of the next term in the polynomial is the error in our function.
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So we can apply this to specific problem where looking at the case that is where e to the
power X. So we tabulated power to the X, so we can use the difference table look at
particular example of this implementation of this again emphasize the point again i which
we would use here okay a is the is to denote where we enter the difference table. Okay so
now if you go back, let us say we want to evaluate the derivative at x equal to “3.9”.

(Refer Slide Time: 36:00)

where the error lerm can be again evaluated using
the next term rube of the interpolating polynomial.

An important point o rofe; The index 7 used in the
above expressions Indicate the point at which we
enter the difference table.

For example: if we have to compute the derivative

of fixzioe at o= 19 using the above difference
table we could enter at /= and use a pﬂ,w-m'lhl
of order one. This will result is the answer
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So then x equal to “3.9”, let us go back and look at the difference table okay we had the
difference table here if you want to evaluate the derivative of the function “3.9”. Okay so
we could enter here 3.9 is between 4 and 5. So | could just enter here okay and then say
that | will have the difference, I will construct a linear polynomial linear polynomial
between 4 and 5. | have to enter at least 4, so the first thing | can do this that construct a
linear polynomial between 4 and 5, okay that is saying that | will have only terms | have
to do so in the derivative | will have the terms up to | have polynomial these two terms |
am entering 4, so when | enter at 4 okay so | entered at 4. So | allow f of x4 and f of x
minus y f of x4 the delta f4 delta f, would be minus f of x4. So that is what would be and
then x minus x4 divided by h okay h in this case is “.6” that is what we will have so we
can enter here.

(Refer Slide Time: 38:04)

So and then construct my polynomial. So | can construct my polynomial the first term
polynomial would “40.447" okay the next term would be “33.253” that is what the delta f
i is into s what is s in this case is we want to construct 3.9”. So s is if you want to do this
in “3.9 “ so at x equal to “3.9” s equal to 3.9 divided by minus x; is “3.7” so it is “.2”
divided by “.6” that is what we that is what we have s, okay we can construct that
polynomial so if you note down this then is easy we that we enter here okay the first term
in the “40.447” next term would be s into delta f ; which is 1 by 3. So 1 by 3 into
“33.253” that is our polynomial that is our linear polynomial.

So the linear polynomial is going to be in this particular case. So x “3.9”and we are
entering at 4 x4 is “3.7” okay, so s is 1 by 3 and the polynomial which we have order one
polynomial would be f of x4 so f of x4 plus 1 by 3 into delta f, that returns out to be what
we see here as “40.447” plus “33.25” 1 by 3 “33.253”that will be value evaluated p of x.
Okay now everything here is number here, this is set to x equal to x equal to p at we can
evaluate.
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So we do the polynomial or the p of x entering at we just f of x4 “40447” plus s by s into
“33.253” and the derivative of that polynomial which we know is lover h into dp by ds
okay that is simply 1 over s by so 1 over h into “33.253”that is what we have so that is
what we will get we will see that here.
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Okay so we could evaluated that etcetera “33.253” h is “.6” that is “33.256” by “.6”. So
that will be the error term what is the error in the term okay that is the next term in the
polynomial as | said.
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Okay next term in the polynomial would be s into s minus 1 by 2 into del 2 f; del 2 f4 in
this case okay that is the next term in the polynomial and so derivative of that would be s
minus 1 plus 1 by 2 del 2 f; into 1over h okay that is the derivative that is the error, okay
so we know that this value that is *33.253”
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by “.6” is not the correct derivative e to the power x e to the power 9 is not “33.253” is of
by 7. So this is there is definitely approximately 7. So this definitely wrong because we
just constructed a linear polynomial, so look at the error on this the error would be the
next term in the polynomial and | said the next term in the polynomial.
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So far only taken this the next term would be that term, okay the derivative of that with
respect is 1 over h 2 s minus 1 by 2 into del 2 f; and we know all the thing, we know what
del 2 fj is so del 2 fj is in the del 2 is del 24. So that is that is that is starting from four del
two is “27.337” okay, so the error term, the error term which | called e is then 1 over h
into 2 s minus 1by so error here is 1 over h into 2 s minus 1 by 2 right that is what we



have 2 s minus 1 by 2 into del 2 f 4 okay that is the error in the term. Okay so del 24 is |
am start from f 4 look at del 2, so starting from 4 is del 2 “27.337” and s we know 1 by 3.

So we can evaluate this this quantity, okay and write the error in that in this particular
example case as “27.337” by “.6” that is 1 over h into s is to by 32 by 3 plus 2 by 3 minus
1 by 2 plus s minus 1 by 2.0kay so we can compare this will give something order “6.5”
so we have very close to what the error which we expected to give.
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So here is the another problem which you could look at then compare again by doing this
evaluation, so notice that you can enter again in this particular example we had x4 has
because our data point which you want to get the derivative was between x4 and Xs. So
we entered at x4 constructed a linear polynomial and then we went to X to construct the
second order polynomial. So you could also do that by going backwards or you could go
back X3, X4, X5 and then construct a second order polynomial and then look at this error
again okay that is compare that value the second order derivative we get from the second
order polynomial by this form and entering making i as 3. Okay so we had 4 and then we
went to then we went to4, 5 and 6 points constructed this but we could make 3, 4 and 5.

Okay, so you have first enter at 4 i equal to 4 and use the linear polynomial and then enter
at 3 construct a quadratic polynomial and then again compare the derivative and see what
you get how much error you get.
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Okay so please note this function similar one and another function f of x log x okay and
then you could again evaluate construct a difference table taking h as point 3 for example,
and then between land 4 you construct that difference table and write a program to do
this and then use evaluate the derivative at x equal to “2.5” for example using polynomial
of difference order and then look at look at the error in the polynomial.

Okay so going to the next part we are used to doing numerical differentiation we are used
a formula called difference formula that is converting operator of this form d by dx of
some function, okay into discrete this is continues form okay p, of x is continuous
function and then we can write d by dx is p, of x. So when you have case of discrete
evaluate at disserted points or you want to write a computer program to evaluate this
thing okay one way is as you saw is to construct a polynomial and then takes the
derivative okay or another way to do that to convert this function itself operated by d by
dx itself in to a difference formula.



Okay the two things you can do one is to say that | take my set of discrete points okay
which | have a discrete data points | have okay | will make that into continuous function
by getting a interpolating polynomial and | take the derivative of that function at any
point | want and that is the best thing to do if you want to evaluate the derivatives at in
between points, given as set of tabulated points you want to evaluate the derivative points
in between the tabulated points and then you need to do something like this.
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with the correct answer,

Problem: Write a computer program to find the
derivative of the function fixh= xlopix -
Construct the difference table using h=7 in the
imterval (o= /o=, Evaluate the derivative and the
error in the derivative at «+=..5 by using a 4th order
polynomial. Enter the difference fable at different
points in the tabde, plot the error and derivative thus
obtained against the value at which you entered the
difference table.

Okay but suppose you want to evaluate the derivatives only at the tabulated points, okay
then there is another method available that would be to say that I will write this, this
whole operation derivative as itself as discrete operation.
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So I will make into discrete formula so I will not construct a polynomial but instead that |
will just this into a discrete formula that is can be done only when we are evaluating this
derivative at tabulated points okay that is d by dx of d by dx of f at x equal to x; so if you
want to evaluate the derivative of this function at any of this tabulated points okay then
you could and also you do that okay by making this whole thing into a discrete formula,
okay the whole process of taking the derivative into a discrete formula that is what we see
here.

So we notice that the when we enter at any of the points which are tabulated then any of
the points which are tabulated that is go back and look at whole form. We have the
polynomial and s in terms of s, s is x minus xs by h. So now if you want to evaluate this
polynomial at any of this tabulated points x; okay then s could 0 because x minus x; by h
equal to 0 okay that is if | want to evaluate the derivative of this set of data points okay at
least x » | want to find the derivative of this function at x, and | enter the difference table
X2, okay and then s is O that is O | enter at X, and | want to evaluate the derivative X, .So
pn Of X; here could be s equal to 0 okay that is the point.

So the function here would simply would be simply p, of x; that is way we constructed
that is obvious okay but then what will be the derivative that’s is what question is what is
p prime of x; at x; that would be x equal to O write s equal to O that will be 1 over h delta
fi plus minus del 2 f; by 2 etcetera. Okay so we have not O terms in derivative this
polynomial. So that is what one formula its one formula that gives one formula okay we
just take this okay then I can write it in this form the full expansion will be like this. So
what | have done want to evaluate the derivative, okay of the polynomial of the set of
data points.
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Okay at some one of the tabulated points and | enter the difference table at that particular
tabulated point and then I get s equal to O then I can write my derivative as 1 over h delta
fi minus del 2 f; by 2 plus del 3 f; by 3 etcetera up to minus 1. So we have alternatives 9
minus sign and we have minus 1 to the power minus 1 del n f; by and the error again
observes the order of next term would be of this form okay that will delta plus i plus 1. So
looks at this in the case of second order derivative if | take this by a second order
polynomial, okay at is physically say that terminate the set here and | take these two
terms only okay what | would get delta f; and then we have minus 1 by 2 del 2 f; okay
and del 2 f; is delta x, x; minus delta x; Xo, So that is the further difference.
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So | can substitute for this in to this table okay, and then | would get okay f prime of x; if
I substitute for delta f; ,so let me write this here.
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So what I am saying is, | can write my derivative p, of x; using order 2 polynomial then |
will get 1 over h into delta f; minus del 2 f;, del 2 f ; del 2f ; by 2 is equal to O, f equal to
s equal to 0 by 2 what is delta f; so we know delta f; f of x; plus 1 minus f of x; del 2 f; at
I, f of plus 2 minus f of x; plus 1 write minus f of x ; plus 1. Okay that is one term this is
the difference of difference f of x; that is what | get.
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Okay | can substitute into this equation okay and then I write p, prime of x into in to the
form given here that is what given here. Okay | can substitute for del f;, 2 del f; and I will
get it as 1 over 2 h plus 4 f of x; plus 1 minus 3, f of x; minus f of x; plus 2 order of x
square error in this okay so notice this thing, that here is the formula now given some Xx;
set of tabulated data points | want to find the derivative of the function at x;, okay I could
simply use this formula okay at this only involves points which are beyond x; that is x; if
I want to find the derivative at x;. | have to use the function value x; plus 1 and x; plus 2
okay at that this is called forward difference formula here is the forward difference
formula what we normally known as okay which actually comes from this polynomial
interpolation idea for equal difference points.

Okay say that if | want to evaluate the derivative of a function at given tabulated points
then | can use | can use only two case three functions value above which is after X; X;
plus 1, x; plus 2 okay and then I can write the formula as four f of x; plus 1 minus 3, f of
X; minus f of x; plus 2 by 2 h. Okay that is the formula which we can write, so now
simpler formula which is commonly used is use a first order term just f of x; plus 1 minus
f of x; divided by h as the derivative at that point. So now these are called difference
formulas, okay we will use this actually solving the differential equations especially
when you are doing the partial differential equation.

Okay we will convert the continuous differential equation in to a set of discrete equations
we will allow to write down all over derivatives in a discrete form and that is what would
be so now we can write this d f of x; by dx, df by dx at x equal to x; as discrete formula,
okay something that which we can use in the in the thing okay.
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order polynomial the arror is of third order and

the derivative is :
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evaluation this formulae s more sccurate that the
forward difforence formulae.
We will now ook at higher order derivatives.

So now to evaluate the derivative X; we can also do another thing that is to enter x; minus
1 which | said we need not this formula which we obtained here by is by entering is to
evaluate at x; derivative at x; by entering at i. Okay we could say | do not want to enter at
i would enter at i minus 1, okay and then again use two terms so this will be delta f;
minus 1 del 2 f; minus 1 by 2. I can do that okay and then, I can, then you will find do
that i minus 1and then my x, my s, now okay, if | enter at | minus one okay. So if | take at
I minus 1, so then s would be x minus x; minus 1 right. So that is what we will have, okay
X minus X; minus 1 x; divide by h that has to be 1.
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We will now look at higher order derivatives.

So if you enter at i, s is 0 and if i enter at i minus 1, s is 1, okay so then if you do that
okay s equal to 1, if i enter then will get my forward difference formula my difference
formula sorry not forward difference formula is in a slightly different form. Okay |
substitute for that here and then I will get my f prime of x; as 1 over h f; plus 1 my f of i
minus 1 by 2, now this is another difference formula and this is known as symmetric
difference formula, so we had a forward difference formula and we have a symmetric
difference formula notice that here only two values of functions are used and we have



order h square accuracy while in the earlier case we had to get h square accuracy we had
to use 3 values of the function 3 different values.
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We will now ook at higher order derivatives.

Okay that is the difference between these two formulas but both of them order h square,
okay we will look at, okay we will look at higher order derivatives in the using similar
ideas in the next class.
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Higher order derivatives

The dilfference operaior used in the previous
sections is defined as

Af(x)= Flx., )= Sfix)

ar

"I.jl.|: X)= flx+4 I} Jix)
we will now define a stepping operator by




