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Lecture No. # 16
Matrix Elimination And Solution To Linear Equations

Today, we will continue to you are looking at the last class that is is a general non linear

models and its implementation.
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So, we saw that, a non linear function if you want to fit, then non linear function to a
certain data points given to you. Then, we would declare as we have done for the case of
a linear function, a chi square which is the difference between function values with the
data points with the data given to you, a difference square divided by divided by sigma i

square.

There is a function, the non-linear function we mean non linear in the parameters a. So,
we saw and also in the parameters x, we saw that earlier when this function is non-linear

in parameters in the variable x; but not in the parameter a then we could still use a linear



effect. And our idea here was to find out this non-linear parameters a by minimizing the

chi square that is where we stop in the last lecture.

So, we said that we have a set of parameters aa ai’s, hereisaal,altoan. And we
which you would represent by a column vector a, and then we have a chi square a. And
S0, instead of straight a way minimizing thus and trying to find the solution to that set of
non-linear equations which we can do; if you write down a chi square, if (( )) full
functional form, we could differentiate chi square with each of this a a i’s (()) equations
non-linear equations, because f is non-linear now. And you could find the solution to the

set of (()) non-linear equations that is what to do.

So, one method of doing that in way is to actually do a iterative procedure instead of
doing a straight forward solution, we do a iterative procedure. There is we would assume
a value of a or set of values for all the a’s, that is call vector a 0 now; thatisa0,a0 1, a
0 2 up to a 0, n where n is the number of parameters. And then, we would expand the chi
square around that value, the chi square of a 0 minus Taylor expansion (()) because, this
a is a column vector; so, you have d is now vector containing all the derivatives of chi

square with respect to a k. So, that is with respect to a’s, that is the vector d.

And then you have matrix D, which is the second derivative, which is second derivative
of chi square with respect to two values, a k and a j. So, that is a Taylor expansion for chi
square. So, what is a idea here is that, if a 0 is a good assumption for the solution of this
minimization; and then, if | expand chi square around that a 0, this derivative should be

very small, because if it is a 0 actual minima then, all the derivatives should vanish.

And if it is not an actual minima, (( )) close to the minima then, this will be a small
value. So, | can actually expand it around that point and also by expanding this way, |
can go to the actual minima. So, that was the idea right. So, we go to the by expanding
chi squared around values which we assume to start with for a 0, we can go to the actual

minima.

So, as mean this chi square a we assume here what we get the chi square a is actual
minima; that is the derivative of chi square a with respect to a is should be 0. So, to
summarize, we are not writing down the chi squared here, we are not minimizing this chi
square straight away with respect to a and finding the solution; instead of that, we

assume a set of values a naught values for a, call a naught expand chi square around that



a naught; and then say that, this new chi square that is the value del a delta a, (()) from a
naught is the actual minima. So, then I minimize, | find the derivative of this chi square
with respect to a, and equate that to 0 and solve for delta a and thus go to correct minima.

So, that is what we were doing.
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And delta a thus obtained and from which we can get the a, delta a is obtained may not
be the correct one again. Because, we are going to say that, we are going to first of all
ignore higher terms here in the Taylor expansion, we kept only up to a second derivative.
So, that is going to be an assumption. So, what the delta a we have to get from this

solution, will still not be a correct solution.

So, what we have done in the process is to minimize it produces non-linear problem that
is a set of non-linear equation, which we would get if | differentiate this with respect to a
to a set of linear equations n delta a to solve. But, this delta a set of linear equation which
you obtained also because when approximation in the Taylor expansion we made. So, the
a naught the new a value we get we know may not be the actual minima of chi square, it

will not this new set a is may not minimize chi square.
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So, what we do now? We take that as a new a naught and go back and then, continue this
loop that is what we saw. And we saw a sample program which implements this too. And
we said that, this D’s elements of D’s which | call alpha k | here; and elements of this d
which | call beta k, beta here and thus the first derivatives and second derivatives. And
these elements again have to be determined as a second derivative of the of the chi

square and the first derivative the chi square.

So, we will again assume the second derivative of the chi square, which as actually we
saw yesterday were two terms, that is the second derivative of the function f with respect
to (()) and (()) a k and a I. And the product of the first derivative’s of chi square with
respect to (()) and with respect to a I. So, here again make an assumption that we will
not actually do a second derivative of the function. We just use the product of the two
first derivatives as elements of this.

This is something which we saw yesterday. And with that, we can actually solve for we
make that assumption, because any way we have making another assumption that, the
Taylor expansion can be (()) beyond the second derivative; and we are doing a iterative
scheme. And after all the correct solution should be something which should make the

first derivative (()). So, we could make the effort to make this assumption.
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And then solve for this thing. So, again the problem was that, if you not make the correct
initial assumption, then we may not get go to the correct solution. There is again there is
a, we are making an assumption here that, we make an approximation for a, and as a
naught. And we do this a iterative scheme, and we get a hope that we know we go to the
correct minimum, that is the chi square will get minimized; or the this iterative scheme
will lead to a, which would give me the first derivative as 0; or minimum in the chi

square, the chi square will reduced and go to a minimum that is that is our assumption.

But, that may not true if we choose a delta a a a value, which is far away from the
minima of the chi square. If you are, if you have a choose a new value, the value a was
far away from the values of chi square; then the new value we obtain, may not be
guarantee to be smaller than the previous one. So, that is something which can occur in
that kind of situation, instead of solving an equation using the second derivatives in this

form.

One would like to actually go to a either a new assumption for a naught or multiply this a
naught with the constants M go to new value. So, that is what we (( )) one possibility of
going to new set of a’s or we could multiply the set of a’s with a constant value and then,

go to new new value, that is the two possibilities.

And second one, where we take the delta a 1 we will take the constant multiplied by d 1

that is a you go to a new set of values which are constant times multiplied by the d 1 this



is the first derivative So, if you change in delta a 1 instead of solving that matrix times d
1 we would simply multiplied by constant, the first derivative and go to a delta a 1. So, if
you look at this, it is saying that basically saying in our Taylor expansion we would be
even ignore the second term and we will just keep this this term (Refer Slide Time:
10:40), that is what we are trying to say. So, we will just go to a new delta a value by
simply multiplying the present delta a value by as a present d value the derivative by a

constant. So, that is what we are going to do.

So then, the question arises that what is the value of a which you would choose, what
was the constant value which you would choose. So, then if (( )) the a is in the in the
function could have difference scale or different different dimension. So, we cannot take
the same constant for all the d values. So, the correct thing to do would be take the
second derivative in the second derivative (()) only the diagonal element, because they
are if you look at the diagonal elements of of this matrix delta k I; so, which is now will
be del f by del a k in del f by del k I. So, that is what this D k | would be this matrix.

So, if the diagonal elements of that is del f by del k into del f by del k. So, that would
have a correct scale for each of the a’s. So, we could use the instead of giving using the
full matrix which obtained from the second derivative, we could modify that matrix and
give the diagonal elements a little more weightage. So, that is the idea behind this

Levenberg- Marquardt method.
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So, that is what we would implement here. So, that is to say that we will take the matrix
elements and we will take the diagonal elements and multiply it by quantity called 1 plus
lambda and then, get a new diagonal element values. So, we will modify only the only
the the diagonal elements, the half diagonal elements when i naught equal to j is left as it

is in this matrix.

Remember, this matrix is actually the second derivative of the functions of the chi
square, there is approximated as product of the first derivative of the function f which we

want to fit in.
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So, now then what we would say is that, if we make an assumption a naught and in the
first step if the chi squares the new chi square we obtain from the new a values; by
obtained by solving that linear equation is less than the chi square in a previous step, then
we will continue with this matrix. Or if it is greater than that is going in the opposite
direction to the minima that we are not going down the value in chi square, but we are
going up; and in that case, what we would do is we would increase the value of lambda
and thus give more (( )) to the diagonal elements. That is what we would like to

implement.

That is in short a program for non-linear fit will now look like this. We will choose apart
from the a assumption a moderate value for lambda, which is the weightage which are

going to give for the diagonal elements. And then we will compute the matrix matrices D



and d that is the first derivative and second derivative the Hessian matrix. And we solve
the equation, equation 1 which is the equation which says that d times, delta a a is the ((
)) d and evaluate the matrix a. We solve a set of linear equations and solve evaluate a
new value of a that is and we would evaluate chi square at the new value at a naught plus

delta a.

And then will look compare this chi square with the whole chi square which we had at
chi square a naught or chi square. And then we would see, if the if this chi square is
increasing, then the (()) if chi square a new chi square values greater than the whole chi
square, then we would increase lambda by a factor of 10; that is this lambda is now
increased by a factor of 10. But, if it is less than, the new chi square is less than whole

chi square, then we will decrease it by a factor of 10.

And eventually, the lambda could go to 0 and so, diagonal elements would be just since
it is multiplied by 1 plus lambda it will remain as the Hessian the true Hessian. So, that is
that is a idea here that we will choose a moderate value of lambda and we will increase
the lambda if it is going away from the minima, and we will decrease the lambda if it is
going towards the minima. And then we go back to the step 2 and repeat the procedure
till d is small enough; that we will go back sure and then again continue this thing and till

the first derivative is small enough, the tolerance value specified by us.

Remember, this is an important procedure in numerical method, because it is only just a
fit a non-linear function, we could also use this to for any non-linear function
minimization. So, this is a general technique for minimizing a non-linear function, a
function of non-linear function of many variables. You could use this particular method,
this Levenberg method to minimize that that functions with respect to this parameters,
that is what we would be looking at.

So, we will now see an implementation of this scheme this lambda scheme which is very
important and before we go in to the more general idea for solving a linear set of linear
equations. Remember that, we have to actually solve this equation if you want to get the
a’s, we have to set this we have to solve a set of linear equations, there is this particular
equation for we have to solve basically (()) get the a new we have to do this quantity;

that is what the idea is.



And this we can do very simply if our case, because we are find the D inverse, we can
simply do this in the case of 2 by 2 matrix matrix; that is, if the number of parameters are
only 2, then we can very easily do this, that is what we would be we will check as a
program (()).

(Refer Slide Time: 17:11)
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#include<math . h>

#include<stdio.h>

iniu{}

{

int 4,],n;

float x[25],y[25],D02]1(2],d[2],al,a2;
float 5=0.0,5x=0.0,5y=0.0,5xx=0.0,
Syy=0.0,5xy=0.0,00,L;

float chisq,chisq_old;

FILE *FP,*fpl;

fpl=fopen(“non-linear.data”,"r");
i=0;

So, here is a program for that which we part of it which we saw in the last class, that is
we have the data points stored in the x and y; and we had a matrix a 2 by 2 matrix and
we have the first derivative and second derivative the Hessian here and first first
derivative in this matrix. And we have only two parameters to determine a 1 and a 2. So,

all of them are floating points and | have declared them as the floating points.
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I

int 1,7,n;

float x[25],y[25],D[2])[2],d[2],al,a2;
float S=0.0,5x=0.0,5y=0.0,5xx=0.0,
Syy=0.0,5xy=0.0,DD,L;

float chisq,chisqg old;

FILE *FP,*fp1ll

(CI T ]

fpl=fopen("non-linear.data”,"r");
i=0;

while( | feof (fp1))

{fscanf(fpl,"sf" "Nf" &x[i],&y[1]);

144;

18,0%1

So, this is the array for x and y, which x i and y i, here is matrix of the second derivative
matrix and here is the first derivative and here the two parameters, a 1 and a 2. And then
we need to state this chi square and chi square whole, because every time which change
the a we go through 1 step in the iteration, we need to store whole old chi square value,
because you want to compare to change the lambda. So, we will also have to have a
lambda, which I call L here; and this would be the determinant of this D matrix which

we would need to find its inverse.
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Syy=0.0,5xy=0.0,DD,L;
float chisq,chisq_old;
FILE *FP,*fpl;

fpl=fopen(“non-linear.data"”, “r");
i=l;

while( | feof (fp1)f]

{fscanf(fpl, "%f" "Nf™ &x[i],&y[1]);

144:

}
fclose(fpl);

n=1-2;




So, we will open a file and then using this file pointer which | have declared as here file
pointer f p 1 and I will use this to you should be now very familiar with this that is (())
use the open the file using the f open command and then it is for reading that file so r.
And | will read using this while statement, while till the end of file statement to read the
all the elements in that file. And we will just compute the number of points in that

number of lines in that file, which is now non-linear dot data.

(Refer Slide Time: 18:56)

i=0;
while( ! feof(fpl))
{fscanf(fpl, "Sf" "%f",4x[1],4y[1]);
4
}
folosalfpl);
n=i-2;

scanf("%f" "%f",&al,&al);
chisqg=0.0;
for(i=0;i<=nji++)

{
chisq=chisq+(exii(al*x[1])+
3.0%exp(a2®x[i])-y[1])*(exp(al®x[i])+
26,25 Z2%

So, having obtained that data in to x i and y i, remember the way to read as use the
ampersand sign, it is pointing to that particular memory location; and we read of that x i
and y i. Once you have that now, once you have data points when read off, then you now
need the initial guess for a 1 and a 2 and way this is simple program, which is have only

two functions that two values.
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fcloge(fpl);
n=i-2;:

scanf("%f" "ﬁf”.ial.ia:}:l
chisq=0.0;
for(im0jicen;i++)
{
chisq=chisq+(exp(al*x[i])+
3.0%exp(a2®x[1])-y[i])* (explal*x[i] )+
3.0%exp(a2®x[1]1)-y[i1);

22,34 Frk

And the functional form we are going to fit is this one that is exponential a 1 x of i plus 3

times exponential a 2 x of i. So, that is my f of x i, exponential a 1 x of i plus 3 times a 1

x of i that is my functional form. So, it is very simple function, only two parameters a 1

and a 2 (())- So, that we can do this we can find the inverse very easy.
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fclose(fpl);
n=i-2:

scanf("Sf" "Nf" &al, dal);
chisgq=0.0;
for(i=0;i<=n;i++)
{
chisqe=chisq+(exp(al®*x[i])+
3.0%exp(a2®x[1]1)-y[i1)*(exp(al*x[i])+
1 3.0%exp(a2*x[1])-y[i]);

d[0]=1.0; d[1]=1.0; L=1.0;
9,9

So now, we have to we need a initial guess for a 1 and a 2 which you have to type in, so

they will read off using this scanf function. And now you just remember this is scanf

function, while this was reading from the file using fscanf, so this is reading from the



terminal that is (()) screen. So, that is it will read both al and a 2, both of the floating
point. And | will set chi square equal to 0 and then go through all the points (()) from 0
to n to compute 0 to n is a number of data points which we have we will compute that
and obtain the chi square value. So, we are computing that basically f minus y that is f of
X i it is exponential a 1 x i plus 3 times exponential a 2 x i minus y of i; and the product
of square of that, so I multiplied by twice it is a product of x 2 again. So, it is basically
exponential a of x i plus 3 times exponential a 2 of x i minus y of i whole square y i y i
whole square, that is what my chi square is.

(Refer Slide Time: 21:14)
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chisq=chisq+{explal*x[i])+
3.0%exp(a2*x[1])-y[1]1)* (exp(al*x[i] )+
3.0%exp(a2*x[1])-y[i1);:

d[0]=1.0; d[1]=1.0; L=1.0;
while(fabs(d[0])+fabs(d[1])>0.01)
{

b[o][o]=0.0;

DLo1[1]=0.0;

D[1])[0]=0.0;

b[1][1]=0.0;

d[0]=0.0;

d[1]=0.0;

Sigma here is divided by sigma i square which we put it equal to 1. So, sigma i square is
1, because all data points are equally reliable that is what the assumption here. And then
I now need to compute the matrix elements, there is a next element, the next part of the
program; and | need to do this till my first derivative which has stored in the (()) the (())
O0and (()) 1 goes to 0.
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d[0]=1.0; d[1]=1.0; L=1.0;
while(fabs(d[0])+fabs(d[1])>0.01)

pLo][0]=0.0;
D[0][1]=0.0;
D[1][0]=0.0;
D[1)[1])=0.0;
d[0]=0.0;
d[1]=0.0;
for(i=0;i<=n;i++)
{ Projro)=brojrol+2*x[il*x[i]*
exp(2*al*x[110*(1.0+L);
DLOI[1]=DL0O][1]+6%x[1i]*x[1i]*
42,26

So, until the first derivative are 0 that means | have put a tolerance of 0.01 here, till this
elements of the d vector that is d of 0 and d of 1 the absolute value of that, that is mod of
that value d of 0 and d of 1 sum sum of these two; so, that is define as the error or that
should be that should be less than my tolerance, which is 0.01. So, if it is a less than this,

then it will stop program. So, till that it will continue the iteration.

So, initialize my d of 0 and d of 1 to 1, and lambda to 1 and then I go back here. So, I can
| can do that here. So, | do the D of 0 0 all the all the initialization is done here sorry all
the initialization of the vectors have done here. And then, | actually compute | compute
the second derivative; you can see the second derivative is computed as the product of

the 2 first derivative of the function.

So, the first derivative with respect to a 1, a’s x of i exponential a 1 x i, and the first
derivative with respect to a 1 again, because this is D 0 0; so, this is the product of the
first derivative with respect to a 1. Now, this is the diagonal element of the matrix, it is D
0 0 is it diagonal element of my second derivative matrix; so there as we multiplied by 1

plus lambda which is 1 plus L.

So, there is doing exactly what we are saying here. So, we will use this idea that all the
diagonal elements will be multiplied by 1 plus lambda (Refer Slide Time: 23:09). So,
multiplied by 1 plus lambda here, and this is the half diagonal elements, so that is not

been multiplied by lambda; so, just the same as the product of the 2 first derivatives



exponential a 1 x i and exponential a 2 x i (()) 3 times x of i into 2 times x of i. So, that

is that is half diagonal element.
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P[1][1]=0.0;
d[0]=0.0;
d[1]=0.0;
for(i=0;i<=n;i++)
{ p[ol[ol=p[o][0]+2*x[i])*x[i]*®
exp(2®al®*x[1])*(1.0+L);
D[0][1]=D[0][1]+6*x[1]*x[1]*
exp(al®x[i])"exp(a2®x[i]);
P[1][0])=D[1][0]+6*x[1]*x[1]*
exp(al*x[i])*exp(a2*x[1i]);
Dl1]1(1]=B[1][1]+2*x[i]*x[i]*0
*axp(2*a2®*x[1])%(1.0+L);
d[0]=d[0]=-(y[1])-Cexp({al*X[i] }+3.0%exp
(a2*x[1]1)))*x[i]*exp(al*x[i]]);
49,28-35 61%

Everything has 2, because we have absorbed one 2 into this derivative second derivative
here.

(Refer Slide Time: 23:43)

for({i=0;i<=n;i++)

{ bfo][o]=D[O][0]+2*x[i])*x[1i]*®
exp(2*al®*x[1])*(1.0+L);
plo][1]=D[0][1])+6*x[1]*x[1]"

exp(al®*x[i])*exp(a2*x[i]);
D[11[0]=D[1][0)+6*x[1])*x[1]*
exp(al*x[i])*exp(a2®*x[i]);
D[1][1]=D[1][1]+2*x[1]*x[1]*D
faxp(2*a2®*x[1])*(1.0+L);
d[0]=d[ 010y [1]-Cexp(a1*x[1])+3.0%exp
(a2*x[1]1)))*x[1]*exp(al®*x[i]);
d[1]=d[1]-Cy[i)-Cexplal®*x[1i] }+3.0%exp
Ca2*x[i1)3)*3*x[i]*exp(a2®x[i]);
}

49,13-20 65%

So now, then we have the d matrices which are y of i minus that is the function the y of i
minus the function times the derivative of the functions. So, that is what is been given

here, so that is been put in here. And then we have the, so that d of 0 and d of 1 is being



computed which we saw (( )); no change in this from the previous simple iteration

scheme, change comes here only the diagonal elements, where you put 1 plus lambda.

(Refer Slide Time: 24:14)

e ]

d[0]=d[0]-(y[i]-Cexp(al®x[i])+3.0%exp
Ca2*x[1])))*x[1])*explal®x[1]);

d[1]=d[1]-Cy[1i]-(explal®*x[i] }+3.0%exp
Eai'"'I[i];}J"E*I[i]"'miai’tlil}:

DD=D[1][1]*R[O][0]-PLOI[1]*RL1]I[0];

printf("%f %f %f Xf\n",D[0]1[0],D[1][0],
DloI[1],DC1I02]D;

printf("sf %H\n",d[0],d[1]);

al=al-(D[1][1]*d[0]-D[OR[1]*d[1])/DD;

a2=a2-(D[0][0]*d[1]-D[1][0]*d([0])/DD;

printf("n = %4 al = %f a2 =%

L = ‘nﬂlllhlal1azi1'};
chisq_old=chisq;

23,213-31 ik
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printf("%f %f %f %f\n",D[0][0],D[1][0],
pLo1[1],DL1I021D;

printf("%f %F\n",d[0],d[1]);

al=al-(D[1][1]*d[0]-D[0][1]*d[1])/DD;

al=a2-(D[0O][0]*d[1]-D[1][0]*d[0])/DD;

printf("'n = %d al = %f a2 =%

L = %f'\n",n,al,a2,L);

chisq old=chisq;

chisq=0.0;

for(i=0;i<=n;i++)

{

chisquchisq+(eXp(al*x[i])+3.0%exp(a2®

x[i]1)-y[i]1)*(exp(al*x[1i])+3.0%exp(a2"x[1])-y([1]

62,25 83%

And then, now I just find this step is actually to find the (Refer Slide Time: 24:19), if this
step is just to find the the determinant, so that is the determinant of this function (()) the
matrix D. And then | am just printing out the values of all the elements here matrix
elements here. Now, this is the solution of the equation that is the this is the this is the

inverse of the matrix, inverse of matrix times d that is what the particular expression is.



So, so inverse of the d matrix multiplied by D minus a 1 is my new a 1 value. So, new a
1 and a 2 is thus obtained, I can compute now the new chi square value, now | have the
new a 1 and a 2; so, | store the old chi square which | had into a think called chi square
old. And I set chi square equal to 0 again, and compute the new chi square here. So, this

simple and same as what we been doing.

So, | compute the chi square again here and now | say that, if chi square new that is chi
square is greater than or equal to old chi square, and then I will increase the L by a factor
of 10. On the other hand, if it is less then | will reduce it by a factor of 10 that is
multiplied by 0.1. So, that is the idea.

I print out the chi squared, the standard error and the chi square and the standard error we
print out that that is what (( )) in this program. Because, we can run this program and
then we can see what we actually get. So, here again | am printing out in this point | am
printing out a 1 once | get the new a 1 a 2 values, | will print out the a 1 a 2 values and
also the the new L value. So, a1 and a 2 and L | am printing out. And at the end, once

the loop is over, so this is where the this is where the while loop ends (()).

(Refer Slide Time: 26:13)

e o b b

3.0%exp(a2*x[1])-y[1])* (exp(al®*x[i])+
3.0%exp(a2*x[i])-y[11);
}

d[0]=1.0; d[1]=1.0; L=1.0;
while(fabs(d[0])+fabs({d[1])>0.01)

{

D[0][0]=0.0;
D[0][1]=0.0;
D[1][0]=0.0;
D[1][1]=D.0;
d[0]=0.0;
d[1]=0.0;
for(i=0:i<=niis+)

33,8

So, this loop will continue from here to calculation of the new chi square and changing
the L up to that, till I have achieved this particular accuracy (Refer Slide Time: 26:26),
which | have demanding (()) a demanding here. There is the d the sum of the d elements

has to go is to be less than 0.01. So, once | have done that I will print out this value and



the chi square and the standard error, (()). So, that is what we we will be seeing here.

So, I will compile this program here (Refer Slide Time: 26:46), and then I run this.

(Refer Slide Time: 26:58)

E i i i

L = 0,0010000
0.000000 0,000115 0.000115 4638.908535
.0D0035 973.678711
= 14 al = -T48,.595276 a2 = 0.1904702
L = 0,000L000
.000000 0.000000 0.000000 1741.323975
.D00000 371.1B6127
= 14 al = nan a2 = nan L=0.00
D100
Nan nan Dan nan
fan nan
n =14 al = nan a2 = nan L=0.00
o100

13 xhisq = nan Standard error = nan
[sunil@dali lectl6]$

So, itis (()) very initial value I gives some initial value let me give as minus 0.5 and 0.8
that that see, this particular case that is seem to work, because (()) going to any it did not
(()) it all it is just (( )) whole program. So, we will have to give some initial another
initial value minus 0.5 minus 0.2. So, this seems to converge, so again this program does
not seem to converge for all values that is something which we should we discussing in
the next section. So, why does not the program converge; so we will discuss that in next

section.

So, now here this particular value it did converge and then, we went to values of minus
1.86 and minus 1.132 these are a 1 a 2 values we have obtained. And | got a reasonable
chi square and reasonable standard error. And you can see, if you look at the L value, the
L values are (()) to 0, because it was converging; and if it was not, then it would (()) to

some last number. And then, we would program would eventually x L, because number

is (()) large.

So now, we could do this program here, because we could do this program here because,
we had used only two parameters. So, two parameters were easy to implement, because
we could actually compute the inverse by hand. So, but now let us say we have a

function with larger number of parameters, n parameters; and then how do we how do



we solve this. So, we we need to have a method to solve. So, now in this in this program
I need to go | need to put in something here, I have computed here the inverse of the
matrix by hand; but here, | need now a program a function, which would which would
tell me what the inverse of the matrix or what is solution of this equation is; that is my
set of linear equation, which | have obtained by finding the derivatives of the Tailor

expansion with respect to a.

So, what the solution of that equation is, | need (()) function to do that and then, | would
call this function from here. So, that is what | am going to do. So, that is what we will
see the next section and then, we will see what what case we can get the solution of that

and where we will that kind of such an equation could fail that is what we should look at.

(Refer Slide Time: 29:14)

Solution of linear systems

In science and engineering many times we come
across coupled set of linear equations. I we have »
livear equations in ~ unknowns then matrices
provide a concise notation for representing them.
For example often we come across system of
equations of the form

a4,.x +a,x,+...+a

| R L

@)Xy Tl Xy T Tl X,

So, in in short you could have a set of linear equations like this. So, we would have some
many parameters let us say now this x 1, x 2, x 3 are unknown, so the x n unknown; and
all al2 aln here are coefficients. And now, | need to solve the set of linear
equation. So, now in 1 or 2 class will discussed detailed, how do we go about solving
such an equation a numerically. And we have n equations and we have n unknowns

linear and so, and now we want to solve this linear equation.

We can see that, if 1 write it in this form which in the previous case problem of
minimizing the the chi square or fitting a non-linear function to a set of data, we would

get by finding the derivative of the Tailor expansion (()) square. Or in general, we could



have a set of linear equation and you want to solve them, there are many situations,
where this kind of problem arises. One example being which are what we just now
solved. So, our idea would be that to develop an algorithm for solving a set of linear
equation like this, and then put that back into our equation for finding the parameters

parameters of the non-linear function.

So, more than two parameters you should put this incorporate this program into that into
that function and | get a general program for either minimizing a set of non-linear
equations or fitting a set of non-linear function of many parameters into (( )) set of data
points. So, here is the matrix for that then we have this linear set of linear equations. And
we we can write this linear equations in a in a matrix form right. So, we write this in a

matrix form.

(Refer Slide Time: 31:11)

This can be written in the matrix form
that is

4 T

So, that is the first step to identify it is simple to see. That we have a set of linear
equations like this (Refer Slide Time: 31:22) and we can | can simplify write thisas a 1
1, amatrix which containsallandal?2,aln,a21,a22,a2netceteratoanl,an?2,
a n n multiplied by the column vector x 1, x 2, x 3, x n, x 1, X 2, X 3 up to x n which

givesyoub 1,b 2, b 3, b n as a column vector.
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We will see how o solve such an equation for the
unknown column vector ||

So, that is what we have here. So now, we have to invert this matrix and then, multiplied
by both side of equation by the inverse of this matrix a, then we could get the solution A

x that is what (()). So, basically idea would be either to find the inverse of this matrix or
some way solves this equation. So, that is what, so we will do.

(Refer Slide Time: 32:03)

The elimination method

A simple way to solve this equation i, which may
not be always the best, is to extend the method we
always use fo solve two linear equations in two
unknowns, the elimination method.

Elimination method is based on the fact
that the equations do not change if,

1) it we multiply or divide any row by a number ,

2} if we exchange the rows on either side of
BquUation of

3) replace one of the equations by a linear
combination of equations,

So, the first way to do that it is the simplest way is to use a very simple elimination
method, we actually saw that already in our function minimization sorry in our in our

data fitting the data the function, which we actually solved. When we are doing just for a



set of linear equations in the case of fitting a data fitting a function through a set of data
points, we (()) this elimination method in in practice. So, here we will do a in general
case what | mean by that is, if you look at this matrix equation, and if I can make this
into a upper diagonal matrix all the diagonal element, all the elements below the diagonal

element diagonal matrix.

If I make if 1 could make this diagonal all the elements below this diagonal matrix to 0
without changing the actual value without changing this equations or altering this
equations without changing its result; if | could do that and then, | can see that if | have
only this elements non-zero only upper diagonal elements upper diagonal elements non-
zero; and then, the last equation would simply read a n n and x n equal to b n, because
everything to the left of that will be 0 right.

So, last equation is simply a n n x n equal to b n. And then, I could solve xnasbnbyan
n. So, if I have a matrix here which is only the upper diagonal elements and (( )) below
the diagonal element, then the last equation be simply a n n x n equal to b n. And that
means X n equal to b n by a n n, once | obtained x n then | can go back to the equation
above that which will have a n minus 1, a n minus 1 and then a n minus 1 n; and that will
be contain that equation will contain x n minus 1 and x n. But, | know X n already, so |

can solve that for that. So, that is called back substitution.

Once we could if we could make this matrix such that all the element below its diagonal
element are 0, then I could solve it from the bottom that is by back substitution, I can
solve for all the x values. So, that is the idea of a simple elimination scheme; and that
relies on the fact that, if we multiply or divide any row by a number, equation does not
change, the solution of the equation does not change. That is if | could divide any row by
a number multiply or divide any row by a number with the solution of the equation do

not change.

Or if we exchange the rows on either side of the equation; so there are many things with
the three things we can do, we can either multiply or divide each row by a number. Or
we could exchange the rows on either side, the right and left hand side of the equation,
where is a simply making the 1 st equation to the n th equation or n minus 1 th equation
to the n minus 2 equations etcetera, we are just shifting the equation. So, there will not

change the solution we know (()).



We also know that, we have an equation f of x equal to a, then if I multiply either side by
a number it is not going to change the solutions. So, that is (()) as the first thing. Or we
could replace one of the equations by a linear combination of other equations that is next
method. What we will do? Take one of the equations and replace it by a linear
combination of the equations that will also not change either the solution. So, that is the

idea here.

(Refer Slide Time: 35:43)

Using the above arithmetic rules we try o reduce
the matrlx | to a tridiagonal form,

For example the step
i a,
b =5 —h
g S
for s and - L& will eliminale all elemenis in
the first column below the Nirst row.,

Similatty @, >, e ia, b=5

E .. : : g
would eliminate the elements in the second
column below the second row etc.

So, that is been summarized here in terms of what happens to each of the elements. So,
so these operations that is multiplied or divided by number or exchange each rows by an
either side of the equation or replace one of the equation by linear combination of
equation is, that is what we going to implement in this thing. So, what | mean is that,

what | am going to say is that (( )) equation again.

See, if | look at equation again (Refer Slide Time: 36:13), now if | want to make this
element 0 this particular element 0, what | could do is? I could take this I could subtract
from this row; | could subtract form this whole row of this row, this particular row
divided by the first element and multiplied by this element; that is what | am trying to

says.

If 1 take this row and divide this row by a 1 1; so every element in this row get divide by

all, b1l also divided by a1 1 that does not change my equation, and does not change



the solution of my equation. So, | could take this first row, first row of the matrix and

divide it by the first element of that matrix and that will not change my equation.

And then | multiplied that by this a 2 1, now | divide by this row by a 1 1 and |
multiplied by multiplied by a 2 1, so what what will happen is this will become this a 2
1; and then 1 subtract from this element are from this row this row, if I subtract if I do a

linear combination of rows, the solution does not change we know that.

So, the linear combination of this row this this row 1 and row 2, so | replace row 2 by a
linear combination of row 1 and row 2 (()) what I do as, | take the row 2 and replace it
by a row 2 plus a constant multiplied by row 1. And what is that constant? That constant
isa2lbyall. So, |take a2 1 the wholerowa2a?21uptoa?2n, and subtract from
that this row a 1 1 up to a 1 n and multiplied by a 2 1 and divided by a 1 1. So, all
elements of this row multiplied by a 2 1 divided by a 1 1 subtracted from this will give
me a 0 here and all this element will change. So, | replace this row by a linear

combination of these two.

And | continue for the next row next row again | will do that. So, the factor which I have
to multiplied will now become a 3 1 by a 1 1 and then | subtract from this; so, then this
will become 0 and by this procedure I could make all the all the elements below this a 1
1 go to 0. And then, I could repeat this process for the next element a 2 2. So, | could
make them again go to O that is idea of elimination method. So, that is what we have
done here.

So, j here is the is the row index and i is the column index. So, the first element would be
jequal to 1 and i going from 1 to n, (()) 0 to n minus 1. So, let us take to the index as 1
to n as we mark the columns in a program it would actually go from 0 to n minus 1. So a
j1,s0al1isthe first element and a 1 2 is a second element of the first row. So, j is the
row index and i is the column index. Remember this, j is the row index and i is the

column index.

So, what | am trying to what | am doing here is now, | take a j i the first in the first step |
will take all j’s which are below which below the first row all columns and I subtract
from the | replace that row by each element of the row, there is i going from 1 to n i
going from 1 to n for all j greater than 1 | do this operation. That is | take a j i and

subtract from that a j 1 that is the element of the row above that in the corresponding



column and then, multiplied by a 1 i and subtract by a 1 1. So, a 1 i is the element in the
first row in the column i and you divided by a 1 1, there is the first element and
multiplied it by a j 1 that is the first element of (()) column j. By this procedure, you can
see that, if for i equal to 1 for any j, i equal to 1 this would mean by a j 1 will go to 0. So,

that will happen for all all rows below 1 that is what | just show you before.

And the similar thing has to be done on the right hand side too, because (( )) equation
would change (()) prevent the equation from changing. So, we would the solution from
changing we have also do the on the right hand side. That is the exact same operation is
done on the right hand side. That is we subtract from b j for all j values greater than 1, a j
1byallintob 1. Hope this process is clear that is what we doing is a taking the first in
the first step we are taking making the first column below the first row to be 0O; all the
elements of the first column below the first row goes to 0. That is what this step would
do.

I guess this is clear for j greater than 1, j is the row index for all j greater than 1 all
elements i, we subtract from that the first row is the first row that isa 1 j i. The elements
of the first row multiplied by a j 1 by a 1 1 in this process | could make all the row

elements same.

Now, I could do this for the next element in this way that is instead of now 1 (()) to 2.
And then, now | will start from the second element right, because the first element of the
first second row is already 0. So now, | do the second element and | go down all the

elements; and that process | will eliminate all the (()) second row into 0.

So, in this if I continue this phases, | can make all the elements below the diagonal to 0, a
simple elimination scheme. So, that is what we are doing. So, we take the first row
divide the elements by its first element that is the diagonal elements; and second term
second step will do the second diagonal element divided by second diagonal element.
The second row we divided by this diagonal element and multiply it by the the element
below that is j greater than 2 this is be done for j greater than 2 the element below and
then subtract it from the column.

So, let me summarize that here. So, what we will be doing is. So, first once we make all
of them 0 and then, we come to this one and then we will take this column and divided

by a 2 2 multiplied by a 3 1 and subtract from this, now this will goes to 0, this will goes



to O etcetera. So, once we have done that (Refer Slide Time: 43:11), we have the
diagonal matrix and then, so in general that is what we will do as this this subtraction for

all elements.

And then we have an upper diagonal matrix. As we can see, this procedure will not work
if any of these diagonal elements go to 0. So, that is one example over it is bound to fail.
In this process of elimination, if any of the diagonal elements go to 0 then we will not get
a solution to this, because this will (()) and we will not be able to work with this. So,
already there is a there is an if there we have to make sure that, diagonal elements are

non-zero.

(Refer Slide Time: 43:48)

We willl then have
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So, if you succeed in doing this without any diagonal element going to 0 and then we
have a matrix like this in set of equation of like this, is the matrix would be you can see
the corresponding matrix for this would be 0 below the diagonal and non-zero above the
diagonal (()) you have this equation. Now, you can see as | said before, we can solve
this equation here x n as b n minus 1 divided by a n n, b n divided by a n n; now this this

upper index here to show that this has being changed n minus 1 times.

Each time we do a elimination, all the elements below that particular row gets changed.
So, the last row gets changed n minus 1 times by this elimination process, that is what
meant by this index (( )). (()) changed once and this will be changed n minus 1 times.

So, similarly on the right hand side too.
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Back Substitution

The above squations can be solved easily to obtain
solutions of the form,
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So, now we can solve this equation by back substitution. As | said, we can see written
the way previous one that X n as b n by a n n. Similarly, x n minus 1 is now b n minus 1
minus a n minus 1 x n by a n minus 1 n minus 1 (()). But, now we know x n from the

previous solution, so we can substitute that back here.

(Refer Slide Time: 45:05)
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@

Will this always work? Obwiously not when (I, = ()

So, we can write general formula for this and as x k is equal to b k k minus 1 minus sum
over jgoingtobe Otonak jk minus 1 x j by a k k. So, we can do this. We have to start

from k equal to n we have to we can do this solution starting from the (()). So, again will



it always work; obviously not, when you have the diagonal elements going to 0. So, we

will see and implementation of this thing.

(Refer Slide Time: 45:37)

The simple minded elimination method can fail due
to any one of the following reasons:

(1) One of the diagonal elements is very small: For
example we cannot use this algorithm to solve the
Tollowing system of equations in the given order

3x, tx, +4x;, =12

Ox, +2x; + x;,=13.5

X +4x, +2x, =

So, one of the let us take the matrix a set of equations like this, and then we could solve
this equation. And see, how do we what is the solution we get, this is also various special
equation that is why we shown here. That this equation this whole process also not work,

if one of the diagonal elements are goes to very small value. So, there is also a (()).

In the elimination process, we may not make any elements O diagonal element, but the
diagonal element could be go to very small value compared to other elements in the row.
So, we could have other elements in the row much very large, but one of the diagonal
element it could be very small; in that case, also we will have a lot of error (()) we get a

solution, where solution could be very (()).

So, we could have lot of errors in the problem and (( )) matrix called ill condition
matrices. And if we cannot eliminate that, there are ways of eliminating as such such
situations that is diagonal element going to very small value. But, we will discuss that
little later. First let us let us see the implementation of what we are discussed so far, that
is simple elimination scheme and to solve this equation. So, that is what we would just

look at now.
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d[0]=d[0]-(y[i]-(exp(al®x[i])+3.0%exp
(a2*x[1])))*x[1]*explalx(1]);
d[1]=d[1]-Cy[1i]-Cexp(al®X[i])+3.0%exp
| (a2*x[11))1%3*x[1] *explaz*x[1]);
. }
| pp=p[1][1]*D[0][0]-DLO](1]*DP[1][0];

printf("%f %f %f X\n",DL0O]J[0].DL1][0O],
Drojri],obrajrild;

printf("%f %fn",d[0],d[1]);

al=al-(D[1][1]*d[0]-D[0][1]*d[1]}/DD;

aZ=a2-(D[0][0]*d[1]-D[1][0]*d[0]}/DD;

printf("n = %d al =%f a2 =%

= %f\n",n,al,a2,L);

chisq _old=chisq;

(Refer Slide Time: 47:00)
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Lsunil@ddali lectlG]s
lsunil@dali lectlG)$
[sunil@dali lectlG]$
| [sunil@dali lectl6]$ 1s
|

non=linear.c
eliminate.c non-linear.data
| [sunil@édali lectl6]3
[sunil@dali lectl6]$ wi non-linear.c

[sunilédali lectl6]$
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#include<math. h>
#include<stdio.h>

maind)

{

int i,j.n,k,m;

float D[3][3],d[3],%,8[3];
FILE *FF,*fpl;

n=2;

projro

i

11,2-9
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#include<math. h»
#include<stdio. h>

maind )

{

int i,j,n,k,m;

float D[3][3],d[3],x,8[3];
FILE *FP,*fpl;

n=2;

D[0][0]=3.0;

DLOI[1]=2.0;

plojf2l=
D[1][0]=
D[1][1]=
pr1][2]=1.;
"gliminate.c” 57

2

1
6.0¢
.

1

L,

So, we have a program here which would do that job. So, we have a 3 by 3 matrix right.
So, we have a 3 set 3 unknowns x 1, x 2 and x 3 and we have 3 linear equations. So, we
have 3 by 3 matrix; so, 31462114 2 is the elements of the matrix. That is what (())
inhere32162621and14 2 are the elements of my matrix, it is a 3 by 3 matrix. And
the right hand side is 7.65, 13.5 and 16. So, that is what this equation is (Refer Slide

Time: 47:45), so that this equation this is what | am trying to solve.



So, we have that equations here and | am just printing out the matrix here, so that we can
see the matrix, in the matrix form and then I do the I do the elimination scheme here. So,
now here is what | am starting the elimination scheme. Remember, | go from index k to 0
to n, so that is n now in my cases 2, because this is program is goes from 0 to n minus 1,

son is 2 here.

So, there 3 by 3 goes from 0 to 2 and | take all the all the rows. So, | take the first row
here that is O, first first iteration in the elimination I will have 3 rounds to do, the first
round it was 0 and then | take. So, whatever the k value is start to elimination | have to
make all the rows which were below thus below this to O, all the the elements of that

column go to 0.

So, if it is 0 and then, all elements of this 0 th column which are below this k should go
to 0, that is (()) k minus k plus 1 onwards, | want to make them to 0. So, | defined this D
j k by D k k; so, | take the diagonal elements of that particular k value for the k row, the
k th row. So, | take the k th row and | take all the rows below the k th row and my idea is
to make all the columns start elements in the column the k the column go to O; all the
elements of the k th column below the k the row should go to 0. So, this is the

elimination process.

So, I have | have defined a parameter x here have which would be D j k divided by D k
k. So, | am doing exactly what is here, so my idea is to do this. So, | am doing that that
process here, so | have the D j k divided by D k k (()) call d j | divided byall;allajl
by a | | this is a is matrix here and d is the matrix in this program. So, that is what it is

here.

And as | multiply D k i by that is the whole elements of that row by this quantity and
subtracted from (( )) the value the whole element all element of the j th row right. So,
what we can see x into D k i would simply mean that, | take the i th element i th column
element of the k th row right multiply it by D j k that is the element the j th row the j th

row k th row column element that is what it is.

So and | would subtract it from this one. So, | am changing the j th row all the element of
the j th row by this process. And and you can see that, when i equal to k this will go to 0,

for i equal to k this will go to 0, because will D j k minus D j k divided by D k k into D k



k right. So, this will be x will be for the i equal to k for this x would be simply D j k
divided by D k k into D k k that is will go to O that is that is the idea.

And then | have to change the right hand side of the equations also. Then I will print out
the (( )) for every step I will print out this matrix. Just to see that, how each row by
column by column how do | change this. So, once | have all the matrix elements going to

0 below the column going to 0. So, we will see that first here.

(Refer Slide Time: 51:38)

3.000000 2.000000 @ 1.100000 7 .650000
0. 000000 =1.950000 @ =1.200000 =32, 40000
=0, 000000 3,333333 1.6833333 8.340009

3.000000 2.000000 1.100000 7. 650000
0.000000 -1.950000  -1.200000 -32.400002
=0.000000 0.000000 -0.417949 -102. 419228

3.000000 2.000000 1.100000 . B50000

0.000000 -1.950000 -1.200000 =32.400002

-0, 000000 0O, 000000 =0,417848 =102 .419228
The solution

2 245.052155

1 -134.185844

Let us let us look at this column by column. So, this is the 3 iteration (()) 3 by 3 matrix |
have 3 iterations. So, first iteration we can see that elements below the first row as gone
to 0. And the second iteration, the element below the second row as gone to 0. And the
third iteration, | have the element below the third row gone to 0. So, that is the procedure

that is idea | will do.

So, now this is the this is the procedure, so by this (()) I kept (()) this is only 3 by 3
matrix. So, | already have here a a diagonal an upper diagonal matrix | have upper
diagonal matrix and all the elements below that as 0, so it only (()) do here. So, upper
diagonal matrix and | have only the elements of the diagonal and the upper diagonal

elements being non-zero.

And similarly, I would make the changes on the right hand side also, right hand this is

the this this what is printed here is the right hand side of my linear equations. And then |



do a back substitution and I get the solutions of this form. And | am just showing there, if
I substitute this back solution, back into the equation | am getting the same answer that is
what | should be getting expected to get. This is actually the finding the solution of this

equation.

So, back substitution is implemented here as | go from now starting from bottom. So, |
start from n to 0, so I go from n to O to find the solutions again steps of minus 1 that is
the back substitution and | am using | am using this formula here which we have. Then |
just simply use this formula to get the to get my equation in this is general formula
written here (Refer Slide Time: 53:33). (()) take the formula and I 1 will go back I will
get the solutions here. That is the idea of the implementation of a simple elimination

scheme.

So, let us try to summarize what we done before we go into what are all the different

problems which can have. I will try to summarize what we have done, so in this courses.

(Refer Slide Time: 53:56)

To Solve

0. 1%, -02x, =7.85

Tx. =0 3x 193

03x -02x +10x, =714

So, here it is, so you want to solve such an equation of this form, some equation of this
form linear equation which has x 1 x 2 x 3 are unknown; and we have 3 3 linear

equations | have to solve.



(Refer Slide Time: 54:12)

And then, what we do? We write this equation in the form of a matrix equation. So, we
have this equation can be written in a matrix form the associated matrix should be this,

this multiplied by x 1 x 2 x 3 would give me this solution.

(Refer Slide Time: 55:25)

And then | will do this this operation that is | will subtract from this row, this row
multiplied by multiplied by find (()) divide by 3, so that will make you all of them 0. So,
that you that you will make all of my elements in the first element row, the first column

elements below the first row to 0. And then | repeat that, so that matrix would go in to



this, my equation is going in to this. And then I repeat that process again for the second
row. So, that would make my equations change to that form and equation change to this

form and my matrix change this form.

Now, | can solve for x 3 from here we can see and then, | can substitute that x 3 into this
and solve for a x 2 and once | have a x 2 and x 3 | can solve for x 1. So, that is my back
substitution process, so you can you get an idea. Then, so from this I can solve for x 3.
So, once | have that x 3 value I could just now solve for x 2 (()) from this equation, but |
have x 2 equation. So, | know the x 3 value | substitute that here and get the x 2 equation.

And then once | have the x 1 x 2 x 2 and x 3 then | take the first equation which has x 1 x
2 x 3 and | substitute for x 2 and x 3 and | get the x 1 values. So, that will be the
summary of the process, which we just follow. So, there are many many cases where it
can actually fail. So, that is what been listed here. So, there are many cases, where it can

actually fail this equation, this solution.

(Refer Slide Time: 56:09)

(2) Round-pff errors: Since every nmesult |s
dependent of the previous results the problem of
round off can be very important for large sel of
equathons.

(3} M-conditioned systems: Il conditioned systems
are one in which small changes in the coefficients
lead to large change In the solution.

For example solve the following sets of simdlar

looking equations and see how close the answers
ane

So, we could have round off errors coming on the way in our in our multiplication and
division; or it could have ill conditioned systems, where one of the elements is going to
be one of the diagonal element is going to very small value; whatever we do, we could
get one of the elements going to be a small value. So, in this kind of situations we we
have to do we have be little more clever and then change the change equations change

the set of equations appropriately. And that is using some technique called (( )) we can



actually set the we can inter change the rows such that, the diagonal elements are always

very large and that is something which you would discuss in the in the next class.



