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Lecture - 13
Data Fitting: Linear Fit

Today’s discussion on numerical methods and programming, we will focus on the
modeling data in using a fit. So last time, we discussed modeling data using interpolation.
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Data Fithing
Why do we need data fitting 7
We saw that ghven a discrebte setf of data polnts we
can "interpolate” 1o find the function in bebtaeen the
discrele values,

That is what we do when we have full confidence in
the accuracy of the data given

Many a times, the data may be “noisy and i may be
beneficial to "M a smooth curve through the data
podnts

In some other cases we expect the data o behave
like a with adjustable parameters..

So that is we do, so if, we have a set of points this is what we did last time, if you have a
set of points, let us say a function of x, variable x and then if you have a set of points and
then we would say that if the, we have got some set of points like this is some
measurement and if you have full confidence on the, on this data that is if you know for
sure that these data points are reliable all this variations in the data points are actually
reliable are actual variations and then we would have what is called an interpolation.

So then, we would have an interpolating data which would just go over all this data
points. So that is what we saw in the last few classes that how to construct a line which
goes through all these data points but let us say, in many cases we do not have, we do not
believe that these fluctuation in the data is actually real and all we want is an average line
which goes through all these points. So in that case, we use what is called data fitting. So
we have a functional form which we believe represents the correct data and we want to
just fit that function form into this set of points.
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So that is what, we would be using we will be discussing in today is lecture, how do one
do that there are two occasions, one is this data is not very reliable and so all these
fluctuations may not be real fluctuations there will be some measurement error. So the
reliability of each of these points has some finite, and an another case is that we know the
functional form many cases that happens we have the, we know the functional form and
we want to know, how that data would fit in. So as we saw in the case, that we could
have for example, if you have some curve like this we could have, if you have a
polynomial interpolation we would have some curve which goes like that, that would be
the a polynomial kind of interpolation.

If we believe that our function should go through all this points, that is what we use if
you actually believe that these fluctuations are real and if you want to evaluate of, if you
want to know what is the function value at any point in between here or here for example,
what is the function value and then we would use what is called the interpolation but, as |
said some cases, we know that this is not supposed to be fluctuating and we know these
are due to some measurement error or some numerical error, if the data comes from
simulation or numerical calculation or it is because of some measurement error, if it
comes from some experiments. So and we believe and all we want is just to get a smooth
curve which goes through all these points, so here is a smooth curve which goes through
all these points and that is all we are interested in, we are not actually interested in the
actual fluctuations of the data. So how do we do that? So that is what we would do with
the fit.
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So to summarize, so if you have a given set of discrete, given set of discrete points. so we
can either interpolate or we could fit. So that is what the two methods are and now we are
looking at is the fit, we looked at the interpolation and now, we look at the fit and use
mainly two cases mainly when we do not have full confidence in the accuracy of the data
given and another case that we know that it should look like a certain function with
adjustable parameters. So, if you know that the data should actually look like a certain
function with adjustable parameters then, this f of x let us say, this f of x actually has
some adjustable parameters a; a, az etcetera.

These are adjustable parameters of this and then we could actually try to get this curve by
adjusting this parameters and try to get the best curve which goes through all these points
or a function which best represent this set of data points. So that is the idea of doing a fit
to get this function, get a function with adjustable parameters and by adjusting those
parameters, we want to get the function which fits best to this data, which is the best fit to
this data, that is what we want to look at and the question is how do we get that and what
is the quantity which tells us that something this is the best fit. So that is what we would
be looking at into this lecture. So here is an example, let us say that there is a quantity eta
which behaves which we know as eta. We know it behaves like some constant times or
eta is proportional to t to the power of alpha and we only interested in basically what the
alpha is this is a very common occurrence in science.

So that we have some measurement eta some quantity which behaves which varies with
time or temperature or whatever some variable as eta to the power of, eta goes as t to the
power of alpha. So now, if you do a typical measurement for eta or typical simulation
calculation for eta you would get a very fluctuating curve. So then, from that now, if you
could plot now from that we need all, we need to do or all we are interested in the
experiment is to actually extract this alpha. So that is what | said. So you could have as |
said this function could be some you know a; x square plus by, a; x cube plus as x to the



power of 4 or something like this, some function like this, some polynomial function like
this and we are interested only in aj, a, and a3 values.

We know it is a polynomial. Let us say, we know it is a polynomial and all we are
interested in is aj, a,, as values. We were not actually interested in getting the full
functional form of the, we are not interested in getting the representing the fluctuations
and another case which | said here is that, we say f of t is equal to, let us say we are
interested in some a t to the power of alpha. We are interested in that and we are only
interested in this exponent alpha, we are not interested in this whole variation of this
quantity. So in that case how do we do this. That is the case which we look at it.
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So, if you actually do a measurement and what do we find is that in an actual
measurement this function might look like you know a set of scattered data points. So |
have taken f of t as or the function which I call eta in that particular case. So | we are
taking this function eta as a t to the power of alpha then, I am taking the log of that on
either side. So that would be equal to some log of a plus alpha log of t. So and | am only
interested so, | know that this goes like if I plot log eta versus log t, so | take log eta
versus log t then, that is the straight line this is a constant.

So if | take log eta and plot, if | take log eta on the y axis and log t on the x axis, | would
get it as a straight line that is what | would expect but, in a typical experiment what |
would get is a set of scattered data points. So | will get a lot of scattered data points and |
know that it should behave as a straight line.
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Let us say we expect in an experiment certain
quantity // to behave as , a5 a function of a
variable § (lemperature time eic.).

In an typical expenment of simulation if we measure
or cakculate the value of // as a funchon of | and peot
it on a bog scale what we get may look ke this;

So | try to fit a straight line through this, I try to draw a straight line and then what you
see Is that by visual inspection | cannot do this because there are, | have drawn 3 different
straight lines which all looks more or less going through this points. So that is not a good
way to do it. So we should have a correct, some quantitative way of measuring this that
which is the correct line which goes through this set of points. So that is what we should
be trying to estimate. So we should try to estimate an error and then we should to
minimize the error, so some quantity called a fitting parameter a fitting error, so that is
what we would be looking at.
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Three different lines can be fit to the data points,
and on visual nspection all look cormect

We need a method lo determing the slope
representing the wvalue with an estimale of
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So we will try to now quantify this a bit and then do this. So let us move, let us say that
we have a set of data points x; and y;.

(Refer Slide Time: 10:58)

Suppose we have N data paints | .. ¥ ) , and
we wish to fit a function /) through these points . If

) has some adjustable parameters ; 'S, we can ask
ourselves the following questions:
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Given a "real™ or "correct™ set of o's what is the
probabdiity that the data passes through the curde
given by the function /o) with an error of T

So y; is, so X; is the independent parameter, independent variable and vy; is the
measurement. So it is a function of time, this is a function, this is cubic time temperature
or something and this is some quantity which we would measure. So then, we need to fit
some let us say, some curve f of x through this. So the curve which you want to fit is f of
X, so if everything is true and if what the fit is there is no fluctuation and everything is
correct then what you would get is, y equal to f of x but, y is equal to f of x is the real
curve which we expect to get. So, but the measurement or simulation data gave us x; and
y so for each, so what we got y of X;, y; is the measurement and Xx; is the variable which
we changed and now, we want to fit in a curve through this and let us say we had have
adjustable parameters a;.

So our adjustable parameters are a;j, so that is the, so this is the real function, let us say
that is the real function and that is the measured value and we have &; are the fitting
parameters. So a ; is the fitting parameter that is what we have so, we have some function,
some variable set of data points and we want to fit in a function y equal to f of x type
through this data points and a; are fitting parameters, so the question again to formulate is
that, what is the values of a; which best represents this data.

The function is given to you, the function is already given to you. So that is nothing to
determine there except this parameters a;. So what are the values of a which best
represents this data or another way the question would be is that, if | write this function
with a set of a;, what is the probability that the measured values will be close to that
function that calculated value plus minus delta y? So these are two questions you can ask
one is given this data points what are the values of a; which best represents this function
which best represents this set of data points or we could ask that | give you the full



function with a set of a; and what is the probability that these measured values are y;,
what is the probability that y; which is f of x plus or minus some given delta y, some
small delta y what is the distribution of this delta y that is the two questions which we can
ask that is what we should try to do.
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So, again to summarize, so we are given a set of n data points x; and y; and we want to fit
a function f of x through this set of data points, we have some adjustable parameters a ;.
so the question we are asking is, if you are given a set of a j, so there are two questions
which we could ask, so that is how good is a given choice of a; that is, if | had given this
functions this values x; and y; and an adjustable parameter a ; we choose a set of a; how
good they are or in another words, what is the a; which best represents this data, if | put it
inside this function f of x or given a set of a;, if given a set of a;. Suppose that is correct
set of a;, suppose it is given to you a set of a; then, what is the probability that the data
passes through the curve given by the function f of x with this set of a; with an error of
plus or minus delta y. So these are the two precise questions which we can ask. So with
these two questions we can actually formulate keeping these two questions in mind, we
can formulate a method of doing a fit and now, this fit would be called chi square fit and
we will see what that chi square fit means in a few minutes.

So now, so what we are saying is the following that, if we assume that each data point y;
has an independent random error which is gaussian distributed around the true model f of
X. So what does it mean, so we have this model, this is a model so which I call real
function or that why I put it in quotes, it is real function in the sense it is a model this is
what we believe the correct function is and we now assume that the measured values
since, this is the real function the measured values that is y; are distributed around y in a
gaussian manner what | mean by that is, if | take if I actually plot the probability of y; the
probability of y;and then I plot it as a function of y; for different values of vy;.
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Chi square fit
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I Wi assurme;

each data point ', has an independent random error
that is Gaussian distributed around the “true™
model fivy,

The standard deviation of these distribulions
are same al all poinis

Then the probability thai the funclion /i) is still the
true model for the given data is given by

So this is, so that is this axis | plot the probability and then, if | put y; here, y axis and
then 1 would get some distribution like this, some distribution like this some distribution
like that, this is what | would get and the peak of that distribution would be y equal to f of

X. So that is what | mean by this that is it is gaussian distributed this is what | would
assume.
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I would assume that an independent random error is what happens, when | do the
measurement that is the true function is actually this is the real model for the function
model for the data and when 1, so | should have got for a given x;, | should have got f of
Xi as my y; value but I will not get | will get some value y; and that measured value and
because it is a random error, by random error it will always be gaussian distributive, that
is the assumption which we are going to make. So it is always gaussian distributive or
normal distributive, that is what we are going to say.

So, remember this is the, what | am plotting here is the distribution of the y; values, if |
take let us say x; represents temperature and this y; represents some quantity some
measured, some value which | can compute using conductivity, something resistance
something. So that is the temperature resistance and then | fix temperature and 1 make
many measurements of resistance of some object a wire and 1 plot the value of resistance
I get for different, the number of times | obtain a one particular resistance as a function of
resistance, if I plot that 1 would get a distribution like this, where the peak is, with the
peak corresponding to the real value.

So it is distributed around the real value in a symmetric gaussian way, so that is the
assumption. The reason for this assumption is that, we believe this error in this data is
some random error and by central limit theorem, what is called central limit theorem, we
should always get a gaussian distribution if you make enough measurements. So that is
what the assumption here is that is the first assumption which we make when we go
ahead and do that the fitting the first assumption that we make is that the error in the
measurement of y; is a random error and it is gaussian distributed around the true value
which is f of x.

Now we also assume that, the standard deviation of sigma of these distributions are the
same at all points for the time being we make this assumption that is, what we are saying



is now if | change this x of my temperature to some other value and so | would change
the y; ,if I change x;, I would change vy;, if I change x; will change y in the true model also,
so and the distribution around that value was also similar that is the same width and that
is also similar that is another assumption we make.

It is not a very hard and fast rule and we do not need to make this assumption and we can
do without this assumption but to simplify things in the beginning, let us make an
assumption that this distribution is the same irrespective of what the value of x we
choose, we choose another value of x the distribution will shift but it is only a shift and
the functional form will remain the same that is what we assume. So that is what has been
given here in short, we are saying that this probability for each of this x;, let us forget this
for the time being each of this x; the probability is simply given by this, so the probability
that.

So in short, what | am trying to say is that this probability is given by p of y or y; will be
is equal to exponential minus half, so f of x which I call y minus y of i, so that is what |
am going to write divided by sigma square, that is what | wanted to say, so that is the
function value which | wanted to get or the probability that 1 would find the y; value
between plus or minus delta y is given by this multiplied by delta y this multiplied by
delta y will give me the probability that in a given measurement, I would get a value
which is plus or minus delta y around the true value y that will be given by this.
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Whaen the function /() have adjustable parameters ;
to find the most suitable values of O 's for a given
¢t of data points eguation [1) must be maximized,
or the negative of its logarithm must be minimized

So remember, the question here is i give you a set of, I give you a real model f of x, now
the probability that my measurements y passes through or is close is within a distance
delta, plus or minus delta y from the real value f of x is given by this. Now given a set of
n points the probability that all this n points are within a distance plus or minus delta y
from the real value f of X; is given by this. So p is equal to, p is proportional to i going
from one to n of this, so n data points of this. So that is the function.



So now, what we need to do is this f of x as we said, now the full probability is what we
are writing now here as-, the full probability which we are interested in is p proportional
to phi, that is the product function phi 1 to n. So | will say this is as f of x;, so that is the
real value and that is the product which we are interested in and this is what we want to
minimize. So when | am given this, so now if I am given this data points x; and y; what |
want to do is | want to now find out this function f as adjustable parameters a;. | want to
find out those set of values a; such that this is minimal.

So that means | want to, this is the maximum that means | want to maximize the
probability that it actually goes through the real function y; that is what | wanted to do or
I want to actually make the negative of this logarithm minimized, negative of this
function minimized. So, | want to basically make sure that this is maximum that is why, |
said negative of this logarithm maximized that is what we want to look at this.

So we want to make sure that this goes through-, the probability that it goes through a
value plus or minus delta y from the real thing, real function should be maximized that
means this minus of this quantity in the bracket which I am writing here should be-, we
want to make it minimum. So that is what we wanted to do, so that is what we have
written down here so what you want to do is to do this. So, maximum probability would
mean that this quantity here, this whole quantity which is basically saying that | want to
make this, whole thing in the bracket a minimum.

So exponential of this quantity with this minus sign here, so when you minimize this this
function would be maximized, so that is what we wanted to do, so maximum probability
would mean minimizing this whole quantity so and then we remember this f have all the
adjustable parameters a;, S0 what we want to do is we have to take this function, we want
to take this function and minimize this with respect to the a; this is not a function if a;. So
basically what we want to do is minimize this particular function that is sigma i going to
1 to n y; minus f of x; which also contains the a; divided by 2 sigma square. We want to
minimize this function with respect to aj. So that is the essence of what we call the chi
square fit.

So now we are going to define the psi square as just that quantity in the bracket so
basically this is my chi square. So, this quantity is what | am going to call as the chi
square. So you can see that there is a chi square which | have written here, so it is, that it
is that, every point x; y; now we could assume, now we could get rid of even the
particular assumption that we made that each point x; y; had the same error, the same
standard deviation we can get rid of that and we can say that each point x; and y; had a
standard deviation sigma i and then | could define this now as y; minus f of x; divided by
sigma i the whole square i going from 1 to n and that is what my chi square would be,
what is called the psi square and now what | have to do is minimize this psi square with a
function of a ; and that is called the psi square fit.
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i sach data [‘.H:Ill'lt [ i | has s own known
standard devialion then we can modify the
above equation by putling a subscript ; on the
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gquantity called “chi-squane™:

So we would call that psi square fit and you would see this almost everywhere in science
and engineering. So now we can minimize this you said I can take this chi square.
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For & good it wihere w is the number of
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So what | am going to do is | am going to take this chi square which | defined as f of x;
minus y; the whole square divided by sigma i square that is what my chi square is now f
contains all the a; and I am going to minimize this so basically 1 would do del by del a; of
chi square is 0 to minimize this function for all a; and 1 would find out what the a; values
are. So now and then I find some a; values and | put it back into this function and | can
calculate this psi square, so how do I know which is, it is a good fit or not what is the



kind of thumb rule, so the thumb rule is that for a good fit we should have psi square of
the order of n minus m, where n is the number of data points and m is the number of
adjustable parameters in the fit, so that is the chi square rule.

So remember, that we if we did not know sigma i and if we only knew, if we knew the
real function f of x;, f of x and the measured values y of i, y; then we could have actually
computed the sigma as in this fashion, y; minus f of x; whole square sigma i going from 1
to n divided by n minus m. So that would be our standard deviation, by standard
definition. So now the question is, now we want to do this fitting, so we will take a
particular function and then do this fit, so now we need to know what is the functional
form of this, if we want to do this.
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Linear Fit

Now we conshder fitling a set ol * dala points
[X . ¥ )ioa siraight line model

The chi-square is now given by

So we just so far, we said some general model f of x contains some fitting, some function,
some parameters a; and we can define a chi square like this from the measured value and
the real function divided by sigma i square and | want to, I can minimize this chi square
with respect to all the a;, alpha i going from 1 to m. So | could minimize this m is the
number of fitting parameters which I have and I could write this equation and I could
solve this equation for the a; and then, | would get a model.

Now, so far we have not said what f of x is so f of x could be a non linear function, a
linear function it could be any of this. So now we will take a specific example and then
do this specific set of functions, so first we will do is linear function. So we will assume
that, f of x is a linear function of x and then we will actually solve this model and see
what is the, how do determine the a values are.
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That is what we are going to do now. So basic philosophy is now just this to do this, so
we have taken here a set of values f of x;, so we have f of x as ay plus b, we took this f of
X as ax plus b and now we can define the chi square as that and then we can minimize this
function that’s what we are going to do.

So we said f of x is a x plus b, so that is our function and we can define now the chi
square would be then equal to y; minus a x minus b the whole square divided by sigma i
square that will be our function sigma, actually this two does not matter. So that is what
you would have and then, we could just minimize this, so we can minimize del psi square
by del a that is what first thing we should do and then a x; and then we have to do del chi
square by, so if you do this we would get sigma y; minus Xx; divided by that is not.

That is what we get if | just um minimize with respect to a and then | have another
function which will be del chi square by del b so that will again sigma i, y; minus sign. So
that is the quantity which you would get.

So you want to equate these 2 to 0, if you do this and if you can solve this 2 equations, so
you have to sum over | going from 1 to n all the data points 0 to n minus 1 or 1 to n and
we want to solve these 2 set of linear equations in it is linear in a and b. So it is the set of
linear equation we want to solve and we want to get a and b that is what we are going to
do.

So that is summarized here so we just minimize with respect to a and b and we got these
functions which is written about here so it is y; minus a, X; minus b by sigma i square into
x;j and this two does not matter actually and then y; minus a, x; minus b by sigma i square
and then now we will just, what we will do is we would come with some parameters to,
we have to first compute y minus y; by sigma i square x; by sigma i square and y; into X;
by sigma i square X; square by sigma i square 1 by sigma i square and we sum each of



them from 1 to n similarly, here and then we would set, write it in terms of a set of
parameters on this fashion.
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It the arrors in are normnally distributed , then
the minimization of this funciion will give best
parameter estimate of o and & . (i s good to keep
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On minimizing the above equalion with respect to

rand [ we get the following equations.

So now that is given here, so this equations which we had now are, we will write just
concentrate on this, so this is, we would come with some new set of parameters which is
s as sum over i from1to n 1 by sigma i and sk as you know x; by this is sigma I, so we will
write all this functions here, so we would use y;, SO we want to have sigma i X; y; by
sigma i square. We want to compute that and then, we want to compute sigma i X ; square
by sigma i square and we want to compute sigma i 1 over sigma i square and we want to
compute sigma i y; by sigma i square, so and sigma i X; by sigma i square.

So all, that finishes all the quantities which we compute, we will first do that that will be
the algorithm first we will do this x; y; by sigma i square because that are all known to us
and x is square by sigma i square X; by sigma is square and y; by sigma i square and 1
over sigma i square and we call this as s y and we call this sy, and this as s and this as sy
and this as sx. So now | can rewrite these set of equations in terms of these parameters.

So I can write down | can use these this functions and then plug them in into my main
equation and write it, put it in this equation and write it in a different fashion. So I will
just substitute all that and then | will get a set of equations which are given by this. So if |
just do that in terms of Sy, Sxx, Sx, Sy, SSx and s, | can write it like that also two linear
equations and | can solve them and get a and b that is the algorithm. So it is easy to
compute in that way.
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Froemn (1) and (2) we get the following:
sy -y By i
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So for a general linear fit, we can compute it using these two linear equations and I can
solve for that and then | get a and b as s into sy, minus sy Sy divided by s into Sy, minus sy
square and the same denominator here and sy Sy, Minus Sy Sy divided by s, square minus s
into sxx. So | have defined a and b in that way, so I can solve this equation and then get a
and b. So then you know once you have this functions a and b then the next question
would be what is the, how reliable this a and b is and so we need to define what is the
error or what is the deviation in the a and b itself is so that we would get that would be,
that is what we would next go into but, before we go into that we will actually see the
implementation of this particular form of linear fit in a program.
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Lt us now try to gel an estimale of the emors in
parameters o and i obtained by such a it
Consideration of propagation of errars shows that
the variance in the value of any function will be ,

for the strmght line ths. varance woubd be

So that is what we will do next, we will now look at the implementation of this fitting a
linear function into a given set of data as we go along we will also pay attention to the
programming details.
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tinclode<math.h>
#include<stdio.h>

main()

{

int i,j,n;

float: x1,*x, *y,df,df1,x1,a,b,v1;
float 5=0.0,5x=0.0,5y=0.0, 5xx=0.0,

Syy=0.0,5xy=0.0,D;

FILE *FP,*fpl;

n=125;

x=(float*) malloc(n);
y=(float®*) malloc(n);
fpl=fopen("fit.data","r");
i=0;

1.2"5

So here is the program which would implement the following. So we have a set of
function values given at x; and y;. So instead of an array this program | am using a pointer
x and y and then as | said in the case that what we want to fit is a function f of x is equal
to ay plus b, so we had defined our psi square as y minus ax minus b whole square divided
by sigma i square and we have to minimize this chi square with respect to a and b and we



now, and then we get this set of equations and to program this equation, so to write an
algorithm for this solving this we first define y; by sigma i, 1 over sigma i squares and y;
by sigma i squares and X; by sigma i square etcetera in this set of functions s, Syy, Sxx, Syy,
Sxy €etcetera.
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We wrile these equations in a more convenient form
by using

And then, so we want to compute these quantities first so that is what we are trying to do
first so here is that code so we have defined them as all of them as floating point numbers
and we set they are all, set equal to 0 to begin with and then, now we want to read this x
and y the set of points x; and y; from some file data files I call that data file as fit dot data
and then | can open that file. so | open that file using this function pointer the file pointer
fp 1 but now I want to read that into an array which is x and y.

So before | can put it into x and y which is a pointer here | had to allocate memory to
that, memory for that pointers and that is what | am doing here using this malloc function
so, floating point, so I am allocating memory to that using float star malloc of n, so that is
what | am doing here. So we have gone through this before, so | am just showing the
implementation of that in a real program. So here is the x and y being allocated some
memory and then | use scanf function, the fscanf function after opening this file I use
scanf function to actually read this the values, so the function values are tabulated in what
is called fit dot data, so here is in this form | have tabulated this function values the x; and

Yi.

So | have them here. So | am just reading that off in this using this fscanf function, since
they are floating points | use percentage f to read them to read them into two variables x;
and y1 which | declared as floating and | store them in this arrays x; and y; which is now |
store them because, | have allocated memory into that x and y, so that is important we
need to allocate memory first and then | store them into that, so I just print that out when
I run the program | just print it out on the screen the x; just to see that everything is all



right and then I have the red values and then | again print them the x; and y; here so, just
to show you that what we have read is exactly the same as what has been put in just to
help us in debugging the program if there is any bugs.

So now that is a little programming detail then, we go into the calculation of s, sy, Sy. So
we have initialized all of them into O then, we compute the sigma in this data given to us
sigma has not been given, so we assume all the sigma to be 1 all the sigma is the same
because, we just assume them to be 1. So we could any number in this thing sigma all of
them are the same. So we assume them to be 1 and then we just-, so i just put them as that
itself, so we can just put s as s plus 1 s as 1. So I just have to sum over all the i’s, this is 1
and then we have sy and sy so sy being, since sigma is 1. | just said sy is x of i. So
remember sy is x of i by sigma i.

So this is sigma I, s x by sigma i but then sigma i is 1. So it is just X sy is X. Similarly, sy is
yi and Sy IS X j into X and syy is y; into y; and Sy is X; into y;. So this is just summing over
all the points, remember we have to initialize them first before you do this sum and we
have done in here in the declaration itself. Then we compute the denominator so first we
need to, this is the solution which we get, we know that we substitute all that we get an
equation like this and the solution is this. So we compute the denominator of this function
and then that is first and then we can compute a and b, so | computed the denominator
here and | can compute a and b like this function so that is what we will do and then we
will look at the fit of this function.

So that is what we will just run this program now. So we compile that and we run this
program and we get the a and b values as, so this is just printing out the x; and y; values
and the a and b values are “3.333” and “.069174” that is the a and b values which we
have got and we could plot this. So I just plot that now and that is the plot, so this is the
value and so that is the again the circular points here are the values which are tabulated
and the straight line going through is my fit for the given value & b;j. So then, we can
actually, so we have a and b and so we have a straight line.

So given for this spread of values with same sigma i’s, we said all of them are all the
points here have equal reliability and then we have this straight line which goes through
this points, which is the best fit to this point, best chi square fit to this point the set of
points, that is what we have now next question obviously is what is the error and how
good is my fit, so that is the question which you would ask now we have an estimate for a
and b we have got a and b, now can we can we try to estimate errors in the parameter a
and b given, obtained by such a fit. So then, we have to recall something which we
learned in the beginning lectures that if there is a function which is a function of x, let us
say and if there is an error in x given by some delta x and then how does that error in x
propagate to the function value itself.
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That is something which we learned before and we said that if there is a function of x and
x is a floating point representation in that context we had learnt that. So there is an error
in the representation of x which is given by delta x, let us say and then the delta f that is
the error in the function value f because of the error in x is given delta f is given by delta
X into derivative of f with respect to x that is what we have seen so same thing which we
can use here we are looking at what would be the sigma in the function and if given some
function f given that the variables had an error sigma i and then we would say that it is
you know sigma f square is sigma f would be given by sigma i into derivative of that
thing, we are taking square the here but derivative of that so sigma f would be sigma i
into derivative of that function with respect to i.

so here we are looking at the errors in a and b, a and b obtained now as functions of x ;
and y ; that is what it is finally. So the question is what is the spread in the y ; how does
that affect or how does that give us a spread in a that is what will be given by sigma a
sguare, so sigma a square is then sigma i square which is the spread in the y ;’s multiplied
by derivative of a with respect to y whole square. Similarly, the spread in the b sigma b
square would be the spread in the i, a spread in the y which is sigma i square into
derivative of b with respect to y square. That is what we would get as sigma a square and
sigma b square. So remember, we can actually if you go and look back, look at this you
see that a and b are actually represented as s, sxy and sy, Sy etcetera are these half functions
of y;.

So these are functions of y;, so we can actually compute the derivatives of a with respect
to i and derivative of b with respect to i from these functions and it is possible to compute
this values of sigma a square and sigma b square. So that is, | am having so because, we
can actually evaluate derivative of a with respect to i from that expression which we just
saw and second derivative of b with respect to i and so using this we can actually sigma a
and sigma b.
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The dertvatives of 4 and © with respect to can
be direct evaluated from the solution given in
equation [3):

So now, if you do that computation then we would find that sigma a square is simply
given by s over delta or delta is that syx minus sy square which we just saw so and sigma b
square is sxx by delta. So we can actually not only get estimates for the values for a and b
we can even make estimates for the error in a and b in sigma a square and sigma b.

Now, what is the implication of this is that if the spread of the data around the line is
similar in magnitude along the entire range of the data or the distribution of the points
along the line is normal, now if these two why | have set an, if here is because these two
have been assumed in our actual derivation of the data.

So this two have been assumed in our actual derivation of the data, so the derivation of
the, that is the spread is normal the y; is normally distributed that it is gaussian we assume
that. Then we can define a, now we can define a standard deviation for the regression line
that is fit for that we can define a standard deviation and it is called the standard error of
estimate.

So summarize, we see that we can not only compute this a and b, we can also compute
the errors in a and b, that is sigma a square and sigma b square and we can write them as
a very simple function of in terms of s and delta as s by delta and s« by delta and then we
can define what is called a standard error for the fit and that is given by chi square by n
minus two.
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That would Imply ,
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» The spread of the data around the line Is of similar
magnitude along the entire range of the data
«The distribution of the points about the line is
normal

Thien
wi can define a “standard deviation™ for the
regression line, called the standmrd efror of the
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Standard error is |

the spread In the data s given by

Now that is the definition of the standard error and this error is, we can define that only if
the y distribution is gaussian that is for a given x value if you make measurements of y
and if the y distribution is gaussian then we could define a standard error as given by
sigma s chi square by n minus 2 for the fit. So psi square is something which we get from
the fit and then the spread in the data, we can then we can define another quantity called a
spread in the data which is y; minus y average square by n minus i square, y average
would be for a given x as we said there is a spread which is um gaussian and you take an
average of that. So that is the y; and y; is one measured value and that gives you the
measure of the spread.



So now given these two quantities, so remember sigma d here is the spread which means
that for a given value of x that is fixed temperature. We make many measurements and
then we take an average and we will take many measurements we get a spread, we get
various different values of y; and that y; is we believe are gaussian distributed and that,
and then we can take an average of that and then the average at y ; minus y average whole
square divided by n minus 1 is what would be what we call the spread in the data.

So y; minus y average square, that is like mean square average, mean square distribution
mean square y value so given this chi square and sigma d square, we can define another
quantity called a correlation coefficient and that is given by sigma d square minus psi
square by sigma d square. So | am just giving you a set of quantities which is computed
as a standard thing, when you do a fit, so one is a correlation coefficient for which all we
need to know is the sigma d square and chi square and so then we can compute sigma d
square minus chi square by sigma d sigma d square and then we can also compute what is
called a standard error which is chi square by n minus 2 and we can then, we can
compute the errors in the a and b as sigma a square and sigma b square.
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Comparing with o, we can quantity the
improvement or error reduction due to describing
the data in terms of a straight line.

The correlation coefffcient is one such quantity. I
is given by

This is all apart from just computing a and b itself which is the fit to the given set of data
for a function f of x f is equal to ax plus b. So we can generalize this idea into a general
linear fit so now we had just done this particular quantity that f of x as ax plus b, we will
generalize this fit this algorithm into a general linear fit in the next lecture that is what we
will be looking at in the next lecture.
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Linear-point.c

#include<math.h=
#include<stdio.h>
main()
{ intijmn;
float x1,"x, *y.df df1 xl,.a,by1;

float 5=0.0,5x=0.0,5y=0.0,5xx=0.0,
Syy=0.0,Sxy=0.0D,

FILE *FF,*fp1;

n=125;

x=(float*) malloc(n),

y=(float*) malloc(n),
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fp1=fopen(fit.data","r");
i=0;
while(!feof(fp1))
{ fscanf(fp1,"%f" "% &x1 &y1);
x[i]=x1;y[i]=y1;

printf("%d %fn",i.x[i]);
i++}
felose(fp1):
n=i-2:
for(i=0;i<=ni++)
printf("%d %f %f\n" i x[i],y{i]);
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for(iI=0;i<=n;i++)

{

S5=5+1;
Sx=Sx+x[i],Sy=Sy+y[i],Sxx=Sxx+
x[i]*x[i];

Syy=Syy+y[I]"y[l];
Sxy=Sxy+x[i]*y[i];

D=5"Sxx-Sx"Sx:
a=(S"Sxy-Sx"Sy)/D;
b=-(Sx*Sxy-Sxx"Sy)/D,;
printf("%f %fn" a,b);



