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Today we are going to discuss error in the interpolating polynomial. Remember, we were
discussing a polynomial that interpolates a given a set of data points. So, today we will
discuss, what will be the error in this polynomial that is, what is the difference between
the value this polynomial gives and the actual function value that is what we will be
looking at today. So, we saw this yesterday that the polynomial, p, of x be a polynomial
of degree n which interpolates a real valued function f of x at Xo, X1, X2, X3 Up t0 X.

That is the function this polynomial goes through all this points Xo X1 X2 up to X,. So now,
what we are interested in is actually getting a value in between Xo and X,, any value which
IS not tabulated between x ¢ and x n. So let us say, x is such a point and f of x is the actual
value of the function at that point x between X, and X, then p, of x is the value that the
polynomial gives for that x. So p, of x is our interpolating polynomial that is an
approximate curve that passes through all these points and x is the value somewhere in
between which is not tabulated and then p, of x is the value of the polynomial at that x
value and f of x is the actual value of that function which we do not know.
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Error in the Interpolating polynomial

Let F(x) be a polynomial of degree  which
interpolates a real valued function fi(x)at x...x,,
it S(x)Is the actual value of the function at x,the
error In this Interpolation Is &, = f(x) - F,(x)

We will now try to estimate this error. Consider any
point different from x,....x, W F,(*) Isa
polynomial of degree » +| which Interpolates /(x)
atx..x, andat % ,then P (%)=/(¥)

So the error is f of x minus p, of x. So now, we should try to estimate this error, why is an
estimate because, we do not know f of x, that is why we need a p, of x. So we do not
know f of x, so we need to make an estimate for this error f of x minus p, of x. The way
we do that is to say that, let us consider a point x bar, let us consider come point x bar
between Xxp and X, and we say, we assume that we know the function value at x bar that



is, we know f of x bar we assume for the time being and then we can construct a
polynomial of degree n plus 1 now, which goes through x bar and we call that now as p ,,
plus 1, x bar and that will be equal to f of x bar and this is exact because, we define the n
plus one th order polynomial as one which goes through x bar that is it takes the function
value f of x bar at that point.

Remember, the way we construct a polynomial of degree n which goes through n plus
one points is to make sure, by making sure that this polynomial takes the function values
at all the tabulated points now, we added one more point to that tabulated set of points
which is x bar and we construct a polynomial p, plus 1 of x bar and that goes through that
f of x bar. So that is, and then we can define the polynomial p, plus 1 of x as p, of x
which was going through all the n plus 1 points.
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But according to newtons formula this can be written
as
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So remember, p , of x plus an additional term which will be now the n plus 1 th term, the
n plus 1 th term will be the j equal to 0 to n product x minus X; and the coefficient of that
will now contain x bar. And then, we know that this polynomial p, of x bar, p, plus 1 will
take the function value f of x bar there and then this will be p, of x bar plus fx 0 x, x bar
product j going to O to n, X bar minus Xx;. So now we see, what we were interested in is
actually f of x bar minus p, of x bar, so now from this we can see that the error f of x bar
minus p , of x bar is actually given by this term.

So it is given by this term, that is the next term in the polynomial of order p, plus 1. So
that, gives us an estimate of the error, the error is now like the next term in the
polynomial. So what we had done, we had a polynomial of degree n which went through
n plus 1 points and we wanted to know what is the error in this n polynomial and the way
construct we define this or estimate this error is by saying that. Let us say, there is a point
X bar which is in between this X and x; and then we construct a polynomial of order n
plus 1 which goes through this point and then we see that the error is actually the next



term in the polynomial. So therefore, for all x bar which is not equal to any of these n
plus 1 tabulated points the error is this.
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Therefore, for all X # X,,..., X,
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This shows that the error Is "Like the next term " In
the Newlon's Jorm. Le. Glven n+2 points we can
accurately determine the error In a polynomial
Interpolating n+1 of those points.

So given this n plus 2 points, we can accurately determine the error in the interpolating
polynomial, of interpolating n plus 1 of those points that is let us say, you have a set of n
plus 2 points, and then you construct a polynomial of degree n and then it is going
through this n plus 1 points of the n plus 2 points given to you. Then, we can accurately
estimate what will be the error because, we have an additional point here to estimate
which allow us to estimate error because we can use that term to construct the next term
in the polynomial and we can estimate the error, so that is the idea here. But, what
happen, if you do not know f of x bar at all, we do not have an additional point, so then
can we actually estimate the error still.

It turns out you can still do that by using this, what is called a mean value theorem which
tells us that given a function f of x defined in the interval a to b and if that is k times
differentiable then, if X to X« are the k plus 1 distinct points inside a and b within the
interval a and b then there is a value of x equal to “i” call zeta here, which is between a
and b, which is between a and b, such that this function this f of xo to Xk to x bar, that is
this coefficient of the n plus 1 th term is actually equal to the k th derivative of the
function evaluated at zeta divided by k factorial. That is what we are saying, trying to say
is that this is n plus 1th term is coefficient is actually equal to the k th derivative of the
function at some value zeta.
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There Is a theorem which state the following.

For any real valued function /(x) defined In |2, bland
k times differentiable in (a.b) I X% are k+1
distinct points In |4, 5] then there exists e (ab)
such that
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We are saying that there is a value zeta, which is between a and b such that this
coefficient is equal to the k th derivative of the function evaluated at that point divided by
k factorial. Again, we do not know what the function is so we do not know what the k th
derivative is but we have an idea that this error will be of the order of the k th derivative
so that gives us something.
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The derivative Mean value theorem
It states that if a function f(x) and Its first
derivatives are continuous over an interval from X, o
X1y then there exists ol least one point on the function
that has a slope, designated by (&) , that s paraliel fo
the line jolning /() te f(x,,). The parameter & marks
the x value where this slope occurs (fig).

A physical iNus of this theorem Is that, If you
travel batween points with an average velocity,
there will be at least one moment durng the course
of your trip when you will be moving with the
average velocity,

So here is just a illustration of the mean value theorem, which is explained a little bit
more for the first derivative there we are looking for the k th derivative, we are looking
for the first derivative. So the mean value theorem basically states the following that, if a



function f of x and its first derivative so we are looking for the first derivative mean value
theorem and it is continuous over an interval from x; to x; plus 1, then there exists at least
1 point on the function that has the slope designated by f prime of zeta such, that is
parallel to the line joining f x; to x; plus 1.

What we are saying, we are saying that, if there are 2 points x; and x; plus 1 and there is a
curve going through this point x; and x; plus 1, then along the curve at least at 1 point its
slope should be equal, at least at 1 point its slope should be equal to the line joining X; to
xi plus 1. That is what basically we are saying here. So that is, this point, this particular
point zeta marks the value of x at which, where the slope is. So basically, physically this
means that, if you travel between 2 points with an average velocity, so we travel between
2 points with some velocity there you can compute, what is the average velocity between
these 2 points then there is along that travel at least 1 point you were traveling actually
with that average velocity.

So that looks trivial, if you say this way that if you were traveling between two points at
in some variable varying velocities and then you compute the average velocity then this
theorem says that at least at 1 point along your travel you were traveling with the average
velocity. So that is, the statement of this theorem which is basically illustrated here. So
that is illustrated here, that is you are going from this point to this point and you are
traveling along this curve and the average velocity will be marked by this curve.

So this curve connecting these 2 points and you see that there are 2 points here, what the
theorem states is that there is at least one, where this slope is parallel to this one and here,
there are cases where you have 2 points, where you have this slope parallel. And then,
given this theorem you can actually estimate what that slope would be, you could just
take that as ro divided by h, that is the idea.
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So, we can say that that slope is actually given by rqy divided by h or you could say what
that ro is by doing this. So that is, so now this is juts a simple proof for the derivative
mean value theorem for the first derivative and this can be extended to the n th derivative
we do not go through the proof of here, but it is an extension of this arguments which
takes it to the n th derivative.
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invoking this theorem It Is simple to reailze that,
the slope /(5)ls equal to the rise 1, divided by the
run h, or

(Pl -5 _R{r
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which can be rearranged fo give
R,=f'(E)h
Thus we have arrived at the Terc order version of
the taylor serles expansion. The higher order

are merely the logical extension of the
used here, BACKE

So back into this problem, we were saying that the estimate of the error is actually given
by or this coefficient is f of f this k th derivative of f and divided by k factorial. So that
means, what is the error term the e n f, which I call the error in the n th order polynomial
at x bar. So now, that will be given by f of x bar minus p, of x bar which we just saw is f
of n plus 1, there are k points that is the k th derivative there will be n plus 1 points going
from 0 to n which in this function.

So, here it will be n plus 1 divided by n plus 1 factorial with j going from 0 to n the
product into x bar minus x; there are say it is a product of 2 quantities, one is the k th
derivative divided by n plus 1 derivative divided by n plus 1 factorial and then a product
of x bar minus x; that gives us some idea of how we could reduce the error in the
polynomial, one is that, it goes as one by n plus 1 factorial and the error is of the order of
n plus 1 derivative.

So, if you think the higher order derivatives are negligible in the, along the curve which
you are interested in then, we could construct a polynomial of order a larger n so we
increase the degree of the polynomial to just to reduce the error in this thing. So that is
one way, but that is not very convenient because that also increases this product, so we
will have more terms in this product and that is as we saw earlier is not a very good thing
to do always because you could have round off errors or other errors due to floating point
operation coming in. So increasing the degree of the polynomial though might help, but
not always good because this term might work against us.
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Hence the error In polynomial interpolation be
written as

e,(%)=f(x)-p,(x)=

fn”("a)n(x xj)
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Looking at the above formula we can easily identify
two ways of reducing the error:

a) Since the denominator increases with the degree
of the polynomial », increasing the degree of the
polynomial would help. But let us keep In mind
that this would alsc mean mone fams In

which ["_]l{.;l:“.\‘ﬂ work against us,

That is the idea and also increasing the n would mean more computer time. So a better
method would be to actually to try to reduce the 2nd term that is this term, why do not we
reduce the value of this term, that is remember we had two terms a product of two terms
here, which is this and this and we can increase the degree of the polynomial and reduce
this term may be, but that might cost more computer time and may be more errors in this
term. So another way to do this is just to take a finite small n but try to reduce this value.

So what does that mean, so that would mean that, we will choose the points x; in the
product close the x bar of interest to us. So that is what, we would do, what we would do
is, we will choose x bar at which the polynomial is to be evaluated, that is this X;’s, so x



bar is the point at which we want to evaluate the polynomial. So we will choose the X; is
close to that x bar, so that is one way of doing this, then we will reduce this error x bar
minus X j but then, if you have a set of points going from 0 to n, then it is not possible to
choose all the points close to x bar because these points are given to you, this x; is are
given to you and then x bar is the point at which you want to evaluate. so what is the idea
here is saying that, let us not take all, when you construct a polynomial there is no need to
take all the n points, all the n plus one points to construct a polynomial instead what do
we do is, we will choose a set of points which are close to x bar from the given set of
tabulated x; values, we choose a set of values which are close to x bar and construct a
polynomial of degree let us say m, which is much smaller than n.

So that is the idea behind piecewise interpolation, polynomial interpolation that is, for a
given set of points we keep constructing different polynomials for different intervals for
every interval you construct a polynomial and we will use that polynomial to evaluate x
bar. So that is the idea behind piecewise polynomial interpolation and that is what we
would be looking at.

So as a problem, probably one could look at this, that this construct a 6th order
polynomial interpolating, polynomial in the lagrange and newton’s form to estimate the
function x, e to the power of minus x between 0 to 10. so you take sample values at
1,2,3,34,5,6 and 7, so there are seven points here so you could construct a sixth order
polynomial with it.

So you have 1,2,3,4,5,6,7, so 6th order polynomial and then you construct a 5th order
polynomial by just taking any 6 points and then you could construct, estimate the error.
So there are 2 ways of estimating the error in this particular problem which you probably
should try out that is, one is you know the functional form here, so then you construct a
6th order polynomial going through the 7 points and evaluate at some value x which is
not tabulated here and then compare with the actual function and see what the error you
get and compare that with, the error you can estimate by making a 5th order polynomial
to go through this by choosing any 6 points of the 7 values here, choose any 6 points and
then make a 5th order polynomial and then find the difference between the 6th, the 5th
order and the 6th order polynomial at that value that will be an interesting exercise to do.

So coming back to the piecewise polynomial approximation. So what we do is, if you are
given a set of points say, n points here 1 to n so and we have the function values between
all these points. So what we do is, for every interval x; to X, X, to X3 X3 to X4 etcetera, we
will construct a polynomial. So we know that, these polynomials have to be kind of
continuous across this otherwise, it does not look, it is not correct.

So we have to make sure that this polynomials are continuous between the intervals,
continuous means that it should satisfy the function values, the polynomial which you
construct for the interval one to two and the polynomial you construct for the interval 2 to
3 should match at .2 and if, possible it is derivatives should also match at .2 then, we will
make sure that it is continuous that is what we are going to do here.
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b)We can choose s very close to the point v at
which the polynomial Is to be evaluated. This will
decrease the llll. Yoy term,
_J =] : i

This Is the basic idea bahind place wise
polynomial Interpolation.

Problem: Find the sbdh order Interpolating
polynomial in the Lagrange and Newtons form to
estimate the fanction  ye"  betwean =0 to o=/,
Sampile the function values at «=0.0.5,/.3.4.6.10
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Piecewise-polynomial approximation
Given a set of points ... x, and the value of the
function at these points fix,)...Mx,) we can reduce
the error In the interpolation by choosing a set of
polynomials [T (here n indicates the degree of
the polynomial)] between every Interval

L]
These plecewise polynomials has 1o be continues
across the Intervals,

if n=! the polynomial Is unique and we have no
freedom to ensure this continuity.

But if v = I we can have some freadom o fix the
continulty of the polynomial. This Is known as the
spline Interpolation

So if, you take the polynomial of degree one, if you say degree one, which for every
interval, so we construct a linear function which interpolates between 1 to 2 and 2 to 3
then we do not have much of freedom, only thing we can do is to make sure that they
match at the intermediate points. And if, you take a linear function to interpolate between
every interval let us say, 1 to 2 to 3 then, what we can make sure is that this polynomials
match at the .2 but its derivative we cannot do anything about it but, if it is more than n
and more than 1 then we have some freedom to adjust some parameters such that it is
continuous. So, that is the idea between the spline interpolation that is, you construct



piecewise polynomials to go through all the intervals and then every interval you have a
polynomial and every interval you have a polynomial of degree higher than 1.

So we have some freedom to fix the derivatives, a derivative continuity at the points
where these 2 polynomials join. So that is, the idea behind spline interpolation, so we
would match the function values and its derivatives at in between points we will see that
now. So for example, let us take the simplest case of a quadratic polynomial just before
that I just want to show you a graphical illustration of this and here, is a case here, is set
of points here given by blue curves and you have a linear curve, a linear piecewise
interpolating polynomial going through and the red curve, here is a cubic polynomial. So,
you have a linear function which interpolates between these two and you can see that
there are things at these points because, | cannot match the derivatives, you can only
make them go through all these points but when you have a cubic function which
interpolates all these points you have a more continuous kind of line.

So, we have chosen for every point a polynomial of order 3 for this red curve a
polynomial of order 1 for the black curve that is, what we have seen.
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The plot here shows interpolation using plecewlse
lingar function plecewisa cuble function

So to get an idea about, how do we construct this thing, the easiest may be to think about
is just look at a quadratic polynomial, so slightly better than n equal to 1 would be n
equal to 2, so typical quadratic polynomial which goes through x; is just written here. So,
this is a quadratic polynomial, so we will just see what, how do we construct these
polynomial piecewise so, i here would mean something which goes from i minus 1 to i.
So that would be the polynomial i or i to i plusl, one of this things we have to take.

So p j, i denotes the interval, which is either i minus 1to i or i plus 1 to i depending up on
what you fix it as. So we will see how do we construct a polynomial of this form. So we
have three coefficients a, b; and c; for each interval. So we will have the set of



coefficients, for every interval we have a set of coefficients, we have every interval in the
polynomial is different so for, every interval we have a set of coefficients. So how do we
determine these coefficients, first of course the polynomial i at x;. So we have constructed
here the polynomial which goes from i to i plus one as p;. So p; is a polynomial which
goes from i to i plus 1, then we would say that p; at X; should be the function x; and the p;
at x; plus 1 should be function x; plus 1 because, the polynomial has to go through, those
2 points because it is interpolating between i to i plus 1, p; is interpolating between i to i
plus 1.
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uadratic omial

Let us understand the concept of spline, by using
the simplast of them, quadratic spline. The objective
here Is to draw a quadratic polynomial between

every pair of points,
For example for n=1, we have the polynomial

P} =a,+b(x-x)+c,(x-x).
Y

So it should match the function value at i and i plus 1.And then, we have also we can also
demand that the derivative of the polynomial, at I, so this goes from i to i plus 1. So the
polynomial, the i th polynomial which goes from i to i plus 1. So this its value at I, that is
derivative at i should be the same as the i minus 1th polynomial derivative at i remember
the i minus 1th polynomial will go from i minus 1 to i. So this goes to i and this also goes
to i, so its derivatives at this point should match. So we have the 3 conditions at every
interval and this are the set of conditions which we are going to use to determine this
polynomial a;, b; and c;and this coefficients of the polynomial a;, b; and c¢; we will see that
now.

So we have, let us look at the simpler quadratic spline of this form. So f of i of x which
goes from i to i plus 1 as a; X square, b; X plus ¢; and then, that is the polynomial at every
interval. So we have n plus 1 data points going from O to n let us say, and that means,
there are n intervals. So for each interval, we have a polynomial. So that means, we have
3 n unknown quantities here, to evaluate that is the, a’s, b’s and c¢’s, 3 n unknown
quantities. For every interval there are 3 and there are n intervals, so there will be 3 n
unknown quantities. So now, we use the conditions that the function value at the
boundaries of each of this interval should match the polynomial value and its derivatives



should match the 2 polynomials and the two adjacent intervals should match the
derivatives at the intersection point so that is what we do.
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The coefficients (a,,5,,c,) ¢an be fixed such that,

P, (%)= f(x;)
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1.The function values of adjacent polynomials must
be equal at the Interior knots. This condition can be

raprasented
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for i=2 ro n. Because only Interior knots are used,
these equations provide n1 for a total In-2
conditions.

L

So we have these conditions that you know, the function the a ; the i minus 1th
polynomial should take at i minus 1, the function value i minus 1 and the i th polynomial
also at i minus 1 should take the function value i minus 1, given by i minus 1 and so this
will-, so this is matching the 2 polynomials and then that would give us, 2 into n minus 1
conditions that is 2n minus 2 conditions for each interval one, so there are n minus 1



intervals, so we get 2 into n minus 1 conditions. Remember, we have three n conditions
to solve we have 3 n unknowns to solve. So we will come back to this again.
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We have taken only the intervals and the in between interior points, there are n minus 1
interior points, 2 conditions and we have 2 boundary points, that we have, that is 2, that is

plus 2, we have 2 n conditions. Remember again, that we have 3 n unknowns to satisfy to
get.
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2. The first and last functions must pass through
end points, This adds two additional conditions:

a,x, +bx,+c, = f(x,)

ﬂir".: +'bn'tu + lTH = f{"tﬂ}

for a total of 2n-2+2=2n condition,
L]




So then we use the derivative, so we match the derivatives at that points, so we have the
derivative in the i minus 1th interval and, i minus 1th polynomial and derivative of the |
th polynomial matching at i minus 1. So the derivative of the i minus 1th polynomial and
the derivative of the i th polynomial will match at i, at i minus 1. So, that gives us n
minus 1 conditions again, because this is again interior points, all the interior points we
can match th derivatives of this polynomial, so we have n minus one conditions. So we
had now two n conditions before and we had n minus 1 conditions to it, so we have 3 n
minus 1conditions, but we still have, we have 3 n unknowns.

So we are short of 1 condition, so we need to put in some extra information to decide this
3 n coefficients and that is normally chosen as the derivative, the 2nd derivative at one of
the end points also we could just say that we could take a derivative of one of the points
and we would fix the derivative to be 0. So the functional values and that will give us
additional constraints and that has to be substituted into this thing.
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3. The first derivatives at the Interlor nodes must be
equal. The condition can be represented generally
as

2a,_x, , +b_ =2a,x,,+b,

for i=2 o n,

This provides another (r-I) conditions for a total of
Yrin-l=in.]. Because we have ju unknowns, we
are one short of one condition. Unless we have
some additional Information regarding the
functions or there derfvatives, we must take an
arbitrary cholce to successfully compute the
constants. For example,

So then, once we have that condition, then what we have is, so what we have is this
polynomial, here given by a polynomial of this form that f; x is equal to a; x square plus b
i X plus ¢ j and we will have all the function values here, so we could fix-, we have to
have this extra condition which tells us what the second derivative at the boundary is to
fix this extra-, at one extra coefficient which we cannot determine from the fact by
demanding that, the derivative of the piecewise polynomials match at all the interior
points and the polynomial themselves match at all the interior points. So the polynomials
match at interior points gives us 2 into n minus 1 conditions and the derivatives match at
the interior points give us n minus 1 conditions and the 2n points values for the
polynomials gives us 2 conditions so we get 3n minus 1 condition we need 3 n conditions
and we have to put in one extra condition.



(Refer Slide Time: 29:10)

Becausa the second derivative the function
fi(x)=gx"+bx+e

Is 21, this condition can be expressed mathematically
as a,= ]

Problem: Fit a quadratic spilne through the following

What Is more often used s a

pohymomial with s=1. In the next

section we will use /| to

1311 | represent this cublc polynomial
| 1.610 | Interpolating between | and (i+1).

And once, we have that condition and then we can actually determine the polynomial by,
we can determine the polynomial and then we will have a subject like this, so we will
have for each of this intervals a separate polynomial and it is graphically marked at here,
so intervals 1, 2 and 3, for interval 1,we have polynomial with coefficients a;, b; and c¢;
and interval 2, we have a,, b, and c; and then interval 3, a; bs and cs. So that is what, we
would have. So this is just a illustration of what the polynomial a piecewise polynomial
would mean, so that is we can actually express this we can try to construct therefore this,
given set of, such a polynomial for a given set of data points given here so you could try
that as an exercise and then we would have 4 points 1, 2, 3, 4, 5, 6 points, so that means
we have 1,2,3,4 interior points and 2 boundary points.
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Equating the derivatives

a,=0  b,=2a,x +b,
2a,x,+b, =2a,x, +b,

2a,%, b, =2a,x, +b,
2a,x,+b, =2a,x,+b,




So we will have, so we can equate the derivatives at this interior points and so that will
give us 1,2,3,4 conditions and this is the initial condition, 1 boundary condition which |
had put in and so we have this 5 equations here and then we could have the function
values for the 1 polynomial in the interval 1,2,3,4 to satisfy the function values at 1,2and
3,4 as this and then we know that we have the next polynomial also to satisfy the same
function values at x4, so the interval the polynomial going from 1 to 2 and the polynomial
from going from 2 to 3 should satisfy the function value at 2. So that is another set of 4
function values. So that will be this so that is polynomial going from 1 to 2 satisfying the
function value at 2.
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The function values

ax; +bx, +e¢, = f(x,)

a,x: +b,x,+¢, = f(x,)

a,x) +b,x, +e, = f(x;)
i

a,x; +bx,+e,= f(x,)
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The function values

11 a - &
a,x; +bx, +c¢, = f(x;)

%
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a,x; +byx, +¢y = f(x,)
axs +bx +e, = f(x;)




So you remember, the previous one was the polynomial going from 1 to 2 satisfying the
function value at 1 and going from 2 to 3 satisfying the function value at 2 etcetera and
this is the polynomial going from 1 to 2 satisfying the function value at 2. So we have 4
interior points here and then 4 function values and we saw 4, 4 into 4 8 function values
and then, we had one extra boundary condition and then, we had 4 derivatives to be
satisfied and then, we have 2 boundary values to satisfy, that gives us the full set of
points 15 points which we want to evaluate, 15 coefficients which we want to evaluate.

So what is more commonly used in the spline interpolation is instead of radix spline there
will be cubic spline that is, what more commonly used and that is what is used always
and this, we find that this is much more easier to evaluate too and the function now, we
have 2 conditions, so that is of course the function the polynomial going from i to i plus 1
would satisfy the, continuity of the functions that is p; into x; plus 1 should be equal to p ;
plus lat x; plus 1.

We know that whether it will be continuous across or other way of saying is p; of X;
should be f of x; and p; of x; plus 1should be f of x; plus 1 same as what we saw before.
And then, we have the derivative continuity this is also we just now saw and now we also
have the 2nd derivative continuity, so we say that p; double prime the 2nd derivative of
the function should satisfy all the polynomial in the interval i to i plus 1 should match
with that between i plus 1to i plus 2 at i plus 1.So we have an additional condition here
and because we have a cubic polynomial now.
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So now, since the p;i’s are cubic and their second derivatives are linear so the, we
construct this in much more cleverer way, this polynomial it is much easier to construct
this way, that we say that, the polynomial is cubic so its 2nd derivatives are linear, and
then such a linear polynomial the second derivative of the cubic polynomial can be
written down in this fashion.



So now, you can see that this polynomial, that is the interval from i to i plus 1 and the 2nd
derivative of that polynomial is given by f double prime of x, that is the 2nd derivative of
the function value at x;, some quantity which we do not know because, we do not know
what the 2nd derivative of the function value at x; is, we only know the function value at
Xi but let us write it like this. So this is an unknown quantity into X minus x; plus 1 by X;
minus x; plus 1 that is the lagrange’s form and f double prime at x; plus 1, x minus x; plus
1, x; plus 1 minus x;. Now, you can see that, let us evaluate this polynomial the 2nd
derivative polynomial at x; plus 1. So then, what do we get is this at x; plus 1, we would
get that as this goes to 0, x; plus 1 minus x; plus 1, this term goes to 0 and we would say
that p j double prime at x; plus 1 is equal to f double prime at x ; plus 1.

So the 2nd derivative of the polynomial going from i to i plus 1has f double prime at x;
plus las its value. Now, what will be the p i plus 1double prime of x p; plus 1 double
prime would be x; plus Iminus x; plus 2 x minus x ; plus 2 x minus x; plus 1 divided by x;
plus 2 minus x; plus 1 and this will be x; plus 1 this will be x; plus 2 and we can very
easily see that p; plus 1 at x; plus 1 will again give us f double prime at x; plus 1. So by
this construction, we have already satisfied that the 2nd derivatives are continuous by this
construction of the 2nd derivative, we have made sure that the 2nd derivative of the
polynomial at i plus 1, x; plus 1 polynomial i, at x; plus 1 and polynomial i plus 1 at X;
plus 1 are the same.
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So we know that. So, now if you integrate that linear polynomial twice we get, a cubic
polynomial and that is what | have done here. So we have a cubic polynomial obtained by
integrating that polynomial twice, so we have now x; minus X; plus 1 cube by 3. So, if you
differentiate this twice you get back that polynomial again. And then, we have x; minus X;
to the power 3 divided by 6 here and we have this additional terms linear terms a into x
minus X;j and b into x minus X; plus 1. So we have this polynomial. Now, this is our cubic



polynomial, so we have a cubic polynomial which goes through which is interpolating
between i to i plusl whose 2nd derivative is continuous. So we have already made sure
that.

And now, we can get this a and b values by saying that p ; at x ; plus 1 is equal to f of-, p ;
at xjisequal to fof x ;. Soais, bisfof x;itgetspiat x;p;atx;would mean that this
term will go to 0 and then we can construct this value from that. So, p j at X j is equal to f
of x;. we can construct from that the b function from this because this goes to 0 and we
will have this goes to 0 and we will have only these and these terms left and from that we
can actually construct the b term and then, we have p j at x ; plus 1 going as f of x ; plus 1
and from that, we can construct the a because this will go to 0 this will go to 0 and we
will have x; plus 1 minus x;, X ; plus 1 minus x ; square by 6 into f double prime of x;.
So we can construct that polynomial.

So having done that so if you put in those boundary condition that the function value so
we have constructed this cubic polynomial already in such a way that its 2nd derivative
continuity is guaranteed and then we fix this some coefficients by saying that its function
values, its values at the boundaries of those interval should be equal to the function
values, then what we have to fix now. So now, what we have to fix is this coefficients
double prime x; and double prime x; plus 1 that is the only thing which is unknown in this
now. We fixed a and b by demanding that this goes through p; at x; plus 1 is equal to f of
xiplus 1 and p;at x; is equal to f of x;. So we have fixed that and now we need to fix these
guantities.
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So for that we have this, if you substitute all that we got a polynomial of this form. So we
have the complete polynomial now, the only unknown in the polynomial now is f double
prime at x;, f double prime at x; plus 1, all the double primes are unknowns, we do not
know the 2nd derivative of the function because, we do not know the function itself now



we need to compute this f double prime of x; so what we are going to use is that 1 more
condition which is left to us.
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So that is remember in this equation we had this condition left that is p j at x ; plus 1 and p
prime at i plus 1 at x; plus 1 should be the same that is the 1st derivatives has to be
continuous that is, what we are going to use. So we can use that condition to get this
coefficients which are unknown in this polynomial and then we have fixed the cubic
polynomial.

So we will go ahead and look at that value now. So, this is the condition which says that
the 1st derivative | have just taken the previous function phi of x and finds it is derivative
pi at x; plus 1 and p; plus 1 at x; plus 1, the derivatives of this 2. I just match them here.
So | get this equation, so that is an equation this is coming from p; at X p; prime at X; plus
1 and this comes from p; plus 1 at x; plus 1. So these two conditions, these 2 derivatives
have been equated and | have rearranged the terms into this form. You can see the right
hand side of the equation is all known functions and the left hand side, we have the
unknowns f double prime of x; f double prime of x; plus 1 f double prime of x; plus 2.
And this equation has to be written for all n minus 1 interior points and you would notice
that this, so you will have n minus 1 such equations to solve and the right hand side of
this equation is completely known.

we know the function values we know the x; values so right hand side of the equation is
known, these coefficients x; plusl minus X, X; plus 2 minus X;, X; plus 2 minus x; plus 1
are known. So what is not known is the derivative at x;, i plus 1 and i plus 2. So each
equation such n minus equations each of these equations will have 3 unknowns and they
are the 2nd derivatives at i, i plusl and i plus 2. So, if you write down this equation from i
going from 0 to n minus 2, if you write down this whole equation and then you will get a
tri diagonal matrix form.
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So that is, what you would get so we can use some shorter notations, we will use z, 2nd
derivatives are represented by z; and we will call in this equation we call this as d;, x; plus
1 minus Xx; as d;, Xj plus 2 minus X; as ej and x; plus 2 minus x; plus 1 as h; and this whole
right hand side as r;. So if I use this short notation r ; is the right hand side and | use this
notations 2 x; plus 2 minus X; as ej and i plus 1 minus i as d;, i plus 2 minus i plus 1 as h;
and then | can write down this in a very short form d; z; minus 1 plus e; z; plus h; z; plus 1
is equal to ri. So in this form | go from | going from 1 to i should go from 1 to n minus 1
that is what you will have. So you will have n minus such interior point equations.
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So you will have a tri diagonal form. So there will be but we have n minus 1 equations
and we have n plus 1 unknowns because, we have n plus 1 unknowns but we have only n
minus 1 equations. So we need to fix this two remaining conditions remember what are
our unknowns, our unknowns are our 2nd derivatives at every point, 2nd derivative at
every point and we have n plus 1 points, we have n plus 1 points so we have n plus 1
unknowns.

So in the cubic spline interpolation with the unknowns are the 2nd derivatives at every
point and we have n plus 1 points, we have n pluslunknowns but by this equation, we are
getting only n minus 1 such equations, so we have 2 points to be fixed we need two more
equations or we need to fix these 2 points and these 2 points or these 2 values are fixed
by demanding that f double prime of x, and f double prime of x, are 0, that is the 2n’s we
say this their 2nd derivatives are 0 and this is known as natural spline.This is not the only
way to fix it you could fix it by some other way but this is the standard practice and that
is known as the natural spline.
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So when you see a standard algorithm a program which gives a polynomial interpolation,
a cubic spline interpolation, it is most probably using this particular boundary condition
and that will be natural spline interpolation. So now, let us say we have this problem
which we discussed earlier, so we want to find out a spline interpolation through these set
of points that is, we have 1 spline going from this to this that is 1 and then 2 and 3,4,5. So
we have to find out 5 splines, 5 cubic splines, so 5 cubic polynomials which we have to
find out.so then, as | said the i is 0,1,2,3,4,0 that is the interval.

Now, we can construct the ej’s di’s and h;’s and ry’s at this point | have computed it for
this points, this values, so ej remember is 2 times x ; plus 2 minus x; and d; is, x; plus 1
minus x; and h; is, X; plus 2 minus x;. So | constructed all that here and r; is the right hand
side which was come known function, in terms of the function values that comes on the



right hand side. So in terms of this equation, this is set of equations | showed you here
these equations now, can be actually written down for this particular data for the set of
data in this form so for every internal point interval, | can write down this equation and
then I will get this n minus two equations

So, there are 6 values here 1, 2, 3, 4, 5, 6. So | have n is n minus 2 such interior points
and | have this n minus 2 equations here. And | can solve this n minus 2 equations, you
can solve them by elimination method you can multiply as you said you can multiply this
equation by d ; and divide it by e ¢ and the whole equation and then, and subtract it from
this equation and multiply this by d , and divide this by e o and subtract from here and
that way, you can eliminate this row and similarly by doing such elimination method you
can actually solve for all the values z, z,, zzand z4 here again, we have used zpand zs as 0.
So we have used that condition z; is 0 and zs is 0.
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So | can do that and then, that means we have actually used this boundary conditions for
also for this, so we can do this and for this case and actually solve this polynomial and |
can quickly show you a program which implements this. So here is a program which
would actually implement this method, so | have this tab again, | have this x f e. So |
have the arrays declared here as X f e d h and r and this z, all this arrays declared here and
then I have put in all this function values into this arrays x f and x and f and then | have
1st constructed this e h r d i have this e, evaluated here as x; plus 2 minus Xx; into 2 for all
the intervals and h; as, x; plus 2 minus x; plus 1 and then d i as, x; plus 1 minus x; and then
I computed ;.

So | have got all the known values from the data. Basically, | made this table inside this
of the program, so that is simple enough, so you can see, it is very simple to construct this
and then | have done this elimination as | said, the eliminating this row.



(Refer Slide Time: 47:04)

But this neads two additional points. X, .., 80
we use "Tree-and” conditions

P,"(a)=P,"(b)=0

It is also possible to determine the 5.5, Insuch

a way that the resulting polynomial Is even twice
differentiable .The requirement is such that

(Refer Slide Time: 47:32)

#inclode<math. h>

#inclode<stdio, h>

maini )

[

1t 1,70}

float x1,.x[6].f[&],el6].4{&],0hL6&],.x[&],
z[6],y,df ,dx, x8;

FILE *FP;

FP=fopen {“data.dat™,"w"):

x[0]=.1;:;x[1]=.4:x[2]=2.5:%2[3]1=3.5:x[4]-
5.1:x[5]=6.0:

fl0]=-.233;:f[1]=-. 407 ;L[ 2 T28:f[3]=1.
322;f[4]=1.810;f[5]=1.751;

n=Jx;

So | had taken the first row, | will take the first row divide that by eq and then multiply it
by di and then subtract it from this and then divide this by e, and multiply it by d, and
then subtract from this, that way | can eliminate this row. So that is what is done here, So
I goes from 0 to n minus 3, | have taken d; and divided by the e; and then | have
subtracted it from the rest of the thing that way, | eliminate all that thing and then I can
back substitute this. Once, | have eliminated all the d’s actually I should actually write
this this is d; so | have to eliminate d;, d; and ds.



So | have there is a small mistake here, this should be ds. So this should be ds here, so if |
eliminate all this rows and then | have a simple equation here, from this I can solve for
24.S0, once | solve for z4 because this whole row is eliminated | can solve for z4, once |
solve for z4, | can substitute that here and solve for zz and then, once | have zsand z3 | can
substitute that here and solve for z, and then z;.

So | can solve all this by back substitution as it is known. So once first task is to eliminate
this row, this whole column that is the d column, I eliminate this d column and then |
have a modified value for e; and then a modified value for r; because, | am going to
multiply this and subtract from this and once | have done with that value and then | can
compute z, from that and once | have this z,4 in this there is no d, here | have modified e;
and | have modified h, and | know z, and | modified r».

So from that I can compute z3, so | can go back like this and that is, what the next loop is
implementing. So here is, | have eliminated the d function values and here | am doing the
back substitution | start from the bottom that is from n minus 3 and go all the way to 1
and evaluate all the z values. So, z equal to the first 2 values have been put in as z equal
to 0 and z equal to 1 as O that is been put in here z equal to 0 and z equal to 1 as 0 and
then | can actually construct my cubic polynomial, that is simple for every interval, | am
evaluating what | am trying to do is for every interval, | am trying to evaluate.

So there is in this program, so | have now for every interval a cubic spline and | am
saying that you take each interval going from i equal to 0 to n minus 1 for each interval
and within each interval you construct you take 5 points and try to evaluate this spline
and that particular spline at that point. So that is what this is doing and | will show you
that, so here is the polynomial then.
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So again these points these are the points tabulated these square points the square
symbols are the points which are tabulated and this circular discs are the points which are
evaluated using the cubic spline for each interval 1 and you can see that this is pretty
continuous and | can get this function values in it every interval satisfying. So again to
summarize this point this program, so let me again go back and then say that so what we
are doing here is, we have the function values tabulated here and I first construct these
numbers that is e;’s, d;’s, h;’s and r;’s which are as you saw has been given in this from
here as here, so this can be easily programmed and this r;’s can also be programmed
because all of them are known in this interval and then we have this set of equations and
that is what is shown here.

So we have this set of equations and then in this equations, | can eliminate this whole
first array of points for the d;’s, | can eliminate by, so if I write this all the z; coefficients
because, this z; coefficients can be eliminated by multiplying this dividing this row by eg
and multiplying d jand this z, coefficient can then be evaluated by, can be eliminated by
dividing this row which now does not have a d; by e;and multiplying by d, and the z;
coefficient can be eliminated by multiplying this row dividing this row which now does
not have d, and dividing it by e, and multiplying by d, etcetera.
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So you can continuously you can do this and then you can eliminate all this rows all this
columns and then you will have z3, e4 is equal to rs as the equation all modified values of
this coefficients e; and r4 r3 and from that you can compute z4 and then you can continue
back substitution and then get the answers which we wanted to get all the coefficients we
wanted to get and then once you have that coefficients, we can construct this polynomial,
once we have the coefficients we can construct the polynomial so we have this
polynomial and all the function values all the coefficients are then known and then we
construct this polynomial and evaluate the values in between every interval using a
polynomial for that particular interval.



So, when you actually write a program, we need to be given some value x, we need to
know what polynomial to choose because, we have now n minus one um polynomials so
we have to choose one of the n minus one polynomials. So we have to know which
interval it fits into and then choose the appropriate polynomial and then evaluate the
polynomial at that value.
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Cubic.c

#include=math_h=
mnclude=staio. h>
maini)

{

intijn
float x1,x[6].18],e{6),4(6), h[E]. 1], 2(6],

y, df dx, xs;
FILE *FF,
FP=fopen ("data.dat’,"w"),
x[0]=1,x[1]=4,x(2]=2.5,x[3]=3.5;
x[4]=5.1.x[5)=6.0;
f{0)=-233;1[1]=- 407.1[2]=728,
f3]=1.322. 4]=1.810:5])=1.751
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n=3s,

for(i=0;i==n;i++)

i

fprintf{F P, %%f %61 \n" xi], M1]);
}

fclose(FP);
for(i=0i<=n-2;i++

e[i]=2.0* (x[i+2]-x{i]):

for(i=0i<=n-2;i++)
{

h[i]=x{i+2]-x[I+1];
!
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for(i=01==n-11++)

{
dlij=x[i+1}-x{i];

for(i=0;l==n-2,i++)
[

i [{]=6*(1]i+2}-1[i+ 1]/ [1]-B*(f[i+ 1 -]l

printf{"%6f 61 56f %61 \n® efi],d{i]. ki), dil);
'
for(i=0:i<=n-3;i++)
{
df=d[i}/eli];
a[i+1]=e[i+1]-df*h(i];

(Refer Slide Time: 55:28)

rli+1)=r{i+1]-df*r{i];
}
tor{i=n-3,; 1<=L; =)
{
df=h{ilfeli+1];
i+ )=ri}=r{i+1]"df,
4

for(i=0i<=n-21++)

{

z[i+1]=rijeli]

]

ZI0]=0;

z[n]=0,

FP=fopen ("cubic.dat”,"w'");
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for(i=0;i<n, i++)
{
de=(x[i+1]-x[i]}f5.0;
xg=x[i]+.1,
=i+ 1] x1=x1+dx)
{

y=-2{1]"powl (x1 -x{i+1]),3)/(6.0°d[i])+

Z[i+ 11" pow((x1-x{il), 3) 1 d[i]i+
(F7i+ A Ya[i]-z[1+ 1] *di]/8.0)*(x 1 =x[i])+
(=fT)A(i)+ 2[i)"afi) . 0) (x 1-xfi+1]),
fprintf(FP, "% %60 \n" x1, v}
}

fclose(FP),




