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Phasor Estimation Algorithm -1V

So hello friends, in the previous lecture we have discussed regarding the half cycle DFT.
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And in that we have seen that the phasor value that is to be estimated for any harmonic
component or fundamental or dc term that is given by the equation:
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After that we have also discussed one example of half cycle DFT and in that example we have
seen that whatever phasor number of samples we considered is practically half the value of full
cycle DFT, then also the phasor value that is to be estimated are almost equal to the same value
as estimated by full cycle DFT.

After that we have discussed the comparison of full cycle DFT and half cycle DFT. So, in this
comparison we have done based on three important parameters. So, the first parameter is the
accuracy. And we have discussed that as the number of samples required per window in case of
full cycle DFT that is higher than the number of samples required in half cycle DFT. So,
accuracy of full cycle DFT is better compared to the half cycle DFT.



Then we have considered another parameter for the comparison of performance of full cycle
DFT and half cycle DFT that is computational complexity. So, as the number of samples
required in full sample is DFT is higher compared to half cycle DFT, so computational
requirement reduces if we use or if we go for half cycle DFT for phasor estimation. So, this is
also another important parameter. So, that is computational complexity.

And the third thing is the rejection of harmonics. So, this is also an important parameter for
comparison. So, we have discussed that if we consider the full cycle DFT, then this algorithm is
capable to reject both even as well as odd harmonics, whereas half cycle DFT is not capable to
reject even harmonics. So, this we have discussed.

After that we have discussed the limitation of DFT whether full cycle or half cycle. And we have
discussed that if decaying dc component is involved in the acquired signal and this is the case
when fault occurs. So, when we acquire the samples from fault current signal, then decaying dc
component is present. So, in that case the DFT is not capable to accurately estimate the phasor
values.

After that we have discussed another algorithm that is cosine transform. And in this transform we
have discussed that the sine component we can replace with the cosine term. So, the sample
calculations required for cosine transform that can be reduced. However, the unavoidable time
delay is included when we use cosine transform. So, it requires N+N/4 samples compared to the
DFT which required N samples.

And after that we have discussed the application perspective of cosine transform. And that we
have discussed that cosine transform compared to the DFT whether full cycle or half cycle how
effective we can utilize the cosine transform algorithm for phasor estimation of the signals.
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& Recursive DFT (R-DFT)

* The Recursive DFT is an observer based computation method to
acquire the DFT components of a signal.
* It recalculates the sine and cosine filter values for every new incoming

sample in a in;inngaow. L@ 7
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Now in today's class let us extend our discussion and let us discuss about the recursive DFT. So,
recursive DFT is an extension of our conventional full cycle DFT and in this DFT an observer
based computational algorithm is used to acquire the components or the samples from the signals.
So, in this algorithm the re-calculation of sine and cosine filter values for every new incoming
sample in a particular window that is to be carried out.

So, if we consider here you can see there are two windows. This is the first window. And this is
the second window. So, when in the first window you know that the samples from i; to ig are
available and when you use these 8 samples in window 1, then you can easily estimate the phasor
value. So, phasor value of window 1 is already available.

And now when you move from first window to the second window the only change is that the
first sample that is i1 that is discarded and the new sample ig that is to be included. So, for
window 1 sample number varies from i1 to ig whereas, for window 2 the sample number varies
from iz to is. So, the only change that is going to occur in window 2 that is the sample number ig
and sample number i1. So, this clearly indicates that there is no need of calculation of samples i
to ig because that we have already done in the first window or the previous window.
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Recursive DFT

= The recursive DFT for the fundamental (k=1)can be defined as
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Example-Recursive DFT

*  Calculate phasor value of fundamental component of i(t), which is sampled

at 800 Hz (£,=50 Hz).

n m
i(t) =2+ 10X cos(2mft) + 3 X cos(3 X 2mfyt + -) +1x ms(s X 2nfot + ,—)
~ p i R s 4 ) 2

Sample

P2 |3 |4 | S |67 [ 8 [ 9 [10[n[R2)13[ {15 16417|18]19])20)21 22|23 24
number

i(n) 10| 92 | 68 | S0 50 (13| 44109100 | 82 |28 L1 [ 0.9 (2.7 [ 84 [149014.1| 92 [ 6.8 | S0 | 31| 13| 44[-109
1

*  The phasor value of 1** Window
* The phasor value of 2 Window

X, =[X, +Clx(17) - x(1)]]e s

So, to understand the recursive DFT for any fundamental phasor, so assuming k=1
mathematically we can represent the recursive DFT as

X1 =X, +C[x(N+71) —x(?')]]e(_jjv_n). Now here r is nothing but the window, a particular
window.

So, here you can see the two windows | have shown. This window is your r'" window and the
next window that is your (r+1)" window. And as | told you as | explained earlier that when you
move from first window or r'" window to the (r+1)™" window then only the two samples that is i1
and is you need to consider. The remaining samples are same with reference to the previous r"
window.



Here, you can see that N is the number of samples in a cycle. So, that is also here in this case
these samples are 8 in this case. So, if | consider in this case for example let us calculate the
phasor value of fundamental component of this signal i(t) which is given by some dc value let us

2 with some fundamental component 10240, some third harmonic term 34% and the fifth

harmonic term that is 12 3 or 1290°.

Here this signal when we acquire the samples the fundamental frequency is 50 Hz and the
sampling frequency is 800 Hz. Whatever value we acquired for respective sample are given in
this table. So, you can see that sample Number 1 to sample number 24 are given. And for each
sample the acquired value that is also listed in the table.

Now using this if we calculate the phasor value of the first window, so here as the sampling
frequency fs is 800 Hz and fundamental frequency fo is 50 Hz so your number of samples in a
cycle that is 16 fs by fo. So, if you consider the first window from sample number 1 to sample
number 16 and if you calculate using this 16 samples in a window or in a cycle, the phasor value
that value is given by X; and that value you can obtain that is 10£0. And this is for fundamental
component. So, here you can see that for this first 16 samples the phasor value of fundamental
component comes out to be 10£0.
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Now when you move to the next window that is the second window, the second window is from
2 to 17. So, your first window that is from 1 to 16 samples and your second window is from 2 to
17 samples. So, the only difference that is for sample number 1 that is, that needs to be discarded
and sample number 17 that is to be included.

So we have already calculated the phasor value X: for fundamental component that is 1020 for
first window when we considered 1 to 16 samples. Now when you want to calculate the phasor



value for second window which contains sample number 2 to sample numbers 17 then using this
equation:

Xpor = X, + C1x(17) — x(0]eF)

So, here let us consider r =1. So, when | consider r = 1 this value that is Xr+1 So, X2 for which
second window we want to calculate the phasor value that is Xr and r is 1. So, this is X1. So, X1
we have already calculated the value that is 10 £0°. The C that is 2 by N and X(N)+r, so N is 16
and ris 1 so this is X 17 that is 14.1 value and minus X; so this is X1 so that is 14.1 again.

So, when you calculate the phasor value for second window:

2

Xy =[x, +2[141 - 14.1]].9(‘1?) X, =10,22.5°

Now if we further proceed let us say third window that is from sample number 3 to sample
number 18. So, when we consider the third window and if we calculate the value of X3 then the
equation IS

X, =[x, +3[9.2-9.2] e(‘f%r). So, you can see that when you take new window then the only
N

difference that comes out to be here that is in the phase angle.
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8 Advantages and Limitation of Recursive DFT

* Reduced computational requirement

* As this method is similar to DFT, it faces problem of inability of
computation of phasor in the presence of decaying dc.

So, we can say that when we use the recursive DFT computational requirement reduces because
when you move from one window to other window you have to consider only those samples
which are available. So, new sample as well as the sample which needs to be discarded.



Moreover, as this method is similar to DFT so it also faces a problem of the inability of
computation of phasor when decaying dc component is present in the signal. So, when fault
occurs, fault signals normally contain decaying dc component. So, when such component is there
and when you acquire the sample for estimation of phasor value then recursive DFT is also not
able to accurately estimate the phasor value.
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e |
Phasor Estimation Algorithm

88 Least Squares Estimation Technique (LES
* The LES technique reduces the mean square error between the
assumed and original signals.

* Based on the Fourier series, a measured voltage/current signal can be
modeled as a summation of the dc, fundamental frequency
component and other harmonic components.

* For power system applications, the LES technique is helpful in

estimating the phasors of the fundammuency

components of currents during the presence of decaying dc
component,

Now let us move to the next phasor estimation algorithm which is known as Least Square
Estimation or LES algorithm. So, this LES technique reduces the mean square error value
between the assumed value and the original values. So, when we consider DFT that is Discrete
Fourier Transform algorithm and when we acquired samples of either voltage or current signals
for the estimation of dc term or fundamental term or any other higher order harmonics, then in
that case when decaying dc component is present in the acquired signals specially in case of fault
LES technique performs better. We will see how it performs better.

So, when decaying dc component is present, then instead of utilizing DFT or cosine transform or
any other recursive DFT or any other extended version of DFT algorithm, we must go for the
LES technique.
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* Let us consider a current t signal having a dc value, fundamental

e B e
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where, T l

* i(f)is the instantaneous value of current at time /.

* I, 1, 15, and [ are the magnitudes of the dc, fundamental, 3 and 5*"
harmonics, respectively.

* (), 0, and (s are the phase angles of the fundamental, 3" and 5%
harmonics, respectively.

* @), is the fundamental angular frequency of the current signal.

Now let us see how the LES technique works. So, let us consider a current signal i(t) which is
given by i(t) = I, + I, cos( wyt + 6,) + I, cos( 3wyt + 63) + Is cos( Swyt + 65).

So, this equation of current it has a term lg that is a dc component. It has a fundamental term Is. It
has a third harmonic term that is this one, I, cos( 3wyt + ;). And it also has as a fifth harmonic

component that is I cos( 5wyt + 65).

So here, you can see that this i(t) is nothing but the instantaneous value of current which changes
with reference to time. The lo, I1, I3 and Is are the magnitudes of dc component fundamental third
and fifth 6harmonics respectively. If I consider the theta 1, theta 3 and theta 5 then these are the
phase angles of fundamental third and fifth harmonics respectively. And w, is nothing but the
fundamental angular frequency of the current signal that is i(t) for which we are acquired the
samples.
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= Using trigonometric identities, the sinusoidal components in i(f) can

be expanded and represented as o4k *P) -
1(t)= 1+, costy |Jcosayt =(I, sinf), |sin oyt Cﬂ((ﬂP—S"“(S"P
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* Substituting 1 = nT. ,where, I, =/-and nis the sample number

- $

i(t)=1,+(1,cosO, jcosonT,=(I, sind, |sinonT
) "\ Sk
4 " . .
+(1,cos8; |cos3on T, (1, sind, Jsin3on T
050, 5|y8InG s

t(15cost jcosSan T, ~( I sin . |sin 5w T
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Now if I use the trigonometric identities then we know that the equation of cos(« + £ )that is
given by (cos « cos ) — (sine asine f3). So, if | use this then we can say that the earlier equation

in this equation the term Iy coswyt + 61. So, we can extend this coswyt + 01 In terms of
cos(e + ). So, where a is w,t and 3 is 01.

So, if | extend using this then we have i(t) = I, + (I, cos 8,) cos w, t — (I, 5in 8,) sin w, t.

Similarly, if | again extend this term with reference to cos of alpha plus beta this equation, then
we can have (I, cos 8;) cos 3wyt — (I3 sin6;) sin 3 wyt.

Same way you have (I cos ) cos 5wyt — (I sin ) sin 5 wyt.

Now here in this equation if | substitute t = nTs where n is this sample number which varies for a
particular window. If | have 16 samples in a window then n varies from 1 to 16, like that. And if
this Ts is nothing but your sampling time which is nothing but the reciprocal of sampling
frequency that is 1/fs.

So, if I replaced t = nTs in this equation, then we have the value of i(t) that is given by

i(t) =1, + (I, cos 8,) cos wy nT, — (I, sin 8,) sin wy nT,
+(I; cos 6,) cos 3wynT, — (I3 sin 83) sin 3 wynT,

+(I5 €05 65) cos 5 wynT, — (I5 sin 6;5) sin 5 wynT,
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* Assuming a total of p consecutive samples (1 varies from 1 to p), the equation
for all the p samples, is represented asshown, ~ vekin | Koy

AR v & v v l, v

1 cosayl sinep [, cosdey | |||“4|I o8Byl sinSey [ l.cosd |¥ i(1)

1 M;‘I u\n.il\uhb{_ﬂ -sindey 21, uvﬁ«:xll —xu\jf'[‘.‘l Ilﬂn,," v 12)

1 cos vl‘l ~sinep 31, cos3ap3l, ~sindep31, cosSey 31, ~sinSe31 Al cosalv = [1B)
[Sine,
[<ostl i v

1p)
I nnrl 4 rd

. W

* There are seven unknowns (/y, /,, I, I, 0, 0, and ()5), and for the accurate
estimation of these unknowns, a minimum of (p 2 7) samples are necessary.

Least Squares Technique (LES)

* Using trigonometric identities, the sinusoidal components in (/) can

be expanded and represented as Cos ﬁ‘)
r. oS
iff=1,= | st [cosayt =1 sm ) Ilhll oK CB -3
\ 1) osayt=1,sin6, |s s p-sEmh
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' Substlﬂutlng/ nl where, I -f—andnlsthe sample number

Now this equation if | write down in the matrix form then we have the term that is this 1, cos 8, .
We have the term I, sin 8,. We have the term I, cos 8;,and we have the term I, sin 6,. Similarly,
we have I; cos 8sand we have I sin 85 and we have the Iterm. So, these are the unknown values.

On right hand side the known values that is nothing but the samples which we are acquiring for
this current signal. So, that sample varies from i(1) to let say i(p) where p is nothing but the
consecutive samples. So, that value of p that is variable in that case n varies from 1 to p.

So, if | have 16 samples then this n varies from 1 to 16. So, in this equation if | replace this or
rewrite in terms of matrix form then we have the term you can see here lg is there. So, if | take lo
on unknown side and this becomes 1 so we have the 1. Then we have the term that is this term



that you have here cos w,, N we are putting as sample number 1, so here we have cos w,, n is 1,
into Ts.

Similarly, we have here sinw, , n'is 1, into Ts. So, we have this term cos w, Ts here. Similarly we
have sin w, Ts With negative sign. So, we have this term that is sin w, Ts. Same way if you write
down cos 3 wynT, and sin 3 wynT, SO you have the term, this one and this one, and similarly you
have this term. Now this is for n is equal to 1.

So, if you again put n is equal to 2 then you have 1 cos w,2Ts, again sine term again this term. So,

similarly if you extend you will have the last row in which you have these elements that is

coswypT, —sinwypTl. cos3wypT, —sin3wypl, cosbwypT, —sinbwypT, and so on. So

this matrix which is nothing but px7. The 7 number we will explain because we have the 7
unknowns that is why this 7 number comes here.

And on right hand side we have this samples which are known that varies from i(1) to i(p). So,
size of this matrix is p x 1. So, if | called this matrix as A if | called unknown as matrix X and if
I call known value of samples that is matrix B then the size of B is p cross 1. The size of X that is
7 cross 1 because we have 7 unknowns. And the size of A that is again p cross 7. So, here you
can see that the unknown values are I, and I, cos 6, sin 8,. Similarly, I, cos 6,and sin 6,. And we

have I. cos 8.and I sin 8. So, the total unknowns we have that is 7.

So, for any equation if we want to estimate the unknowns then the Thumb rule is that we need
minimum that many samples for the minimum unknown values. So, here unknown values are 7.
So, we need at least 7 samples. So, here these samples vary from Iz to, up to 7 values. So, 7
samples 11 to 17 we required. Or maybe we have higher samples. That is also okay. But a
minimum of 7 samples are needed.
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Least Squares Technique (LES)

* |n general, if the total ‘H" harmonics are present in the signal then the size
of all the three matrices is given by

iy jmwx; X} onapa =18l
it — S

* In above equation, for accurate measurement of phasors of all the ‘H’
harmonics present in the signal, a minimum of 2H+1 samples are needed.
Maee SOV AL

* So, for solution of the matrix ‘X",

p2(2H+1)

———

So, in general form if | write this equation that is [A] into [X] that is equal to [B] , then I can
write A which size is you know p x 7. So, 7 | am replacing with the term 2H +1 where H is
nothing, but the total harmonics present in the signal. So, here you can see in the earlier signal
harmonics dc value and the other harmonics are fundamental, third and fifth, two values for each.
So, 2 into 3 6 plus 10 that is 7. So, that is why this 2H+1. So, 1 indicates the dc value, H indicates
the harmonics. So, this is how the size of A matrix is available.

Similarly, the size of [X] you can see here that is unknowns that is 7 cross 1. So, 7 | am replacing
again with 2H +1. And same way we have the B matrix that is p cross 1. Now in this above
equation you can see that for accurate measurement of phasors of all the harmonics present in the
acquired signal so minimum we need 2H + 1 samples.

So, as | told you we need at least 7 samples if 7 unknowns are there. That is why the solution for
[X] we need p that is the number of samples which is always greater than or equal to 2H + 1. If it
is less than, then we are not able to calculate the or find out the unknown values.
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Least Squares Technique (LES)

o Practicality of LES Technique
* In actual practice, the sampled values of any signal might have some

obse_rva_ti_opa_l/fn_aa_surement errors. CP > (M.ﬂ? {

* |n such a situation, LES is the best-suited algorithm when the considered
equations (p) are more than the number of unknowns (2H+1).
== P o= znﬂ
* Due to this, matrix ‘4’ becomes non-square matrix, and the inverse of such
matrix is possible by pseudoinverse technique.

fA':'_i[A]fA' ][AI‘

Least Squares Technique (LES)

T 1
* Wehave |A| =|[A]'A| [A]

R ———

3 it -1
A_ ‘[/‘]I\f“.“f,“/\w‘l.'/ﬂ |\ [A]}\Jif )y

[A] [[A]'A]LTLMIAI&

[/‘@ [[A] /\],IH A oy

P——

* The size of matrix [4] comes out to be (ZﬂLI_):_/)‘ ————-‘fl)
@
Now let us discuss practicality of LES technique. So, in actual practice we know that wherever
we acquire the samples then your signals may contain some errors like measurement errors or
observational errors. So, in such a situation if I use LES algorithm for estimation of phasors then
this is the best technique. How? So, when the considered equations, samples p available are more
than the unknowns so when the value of p is greater than 2H+1, minimum is p is equal to 2H+1

but if the samples are more than the unknowns, then in that case LES algorithm performs better
compared to the earlier algorithms.

Now let us discuss one important point. When we consider the matrix A and when the number of
samples available that is same as 2H+1 so if we have 7 unknowns and if 7 samples are available,
then the size of this matrix A that is a square matrix. And we can easily find out the inverse. But



when we have the value of number of samples available that is greater than the 2H+1, that is
more than the unknown values, then the size of the matrix A that becomes non-square matrix.

And inverse of this matrix is possible by pseudo inverse technique. So, here if | consider pseudo
inverse of [A]*, that is nothing but [4]* = [[4]74] *[4]"

So, if I write down this value that is pseudo inverse A* here same equation, then we can say that
[A]" size is (2H + 1) x p. this we have already discussed earlier. So, the size of [A] that is

px(2H+ 1), so size of [A]" that is reverse (2H + 1) xp. So, that is here available.

Again, [A] that is px (2H +1) and whole inverse into [A]" that is this value. So, if you combine
these two then you can have, you see the size that is (2H + 1)x (2H +1). So, your matrix

becomes square. And then you have the [A]". So, finally the pseudo inverse of [A] that is A plus
it has the size that is (2H + 1)xp which is given by this thing. As I told you the size of the [A],

pseudo inverse of A] that is (2H + 1)xp. So, this is really important equation which we need to
remember.
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* With the help of matrix A", the un-known matrix X" can be calculated.

|X]|'.2H.nv.1 “’1].]
S

(ummyx |B|V”
i

/

* The elements of matrix 4 are functions of the sampling period (7.) and
sample number (n). As these are constant values, which are selected in
advance, the pseudoinverse of matrix (4°) can be established off-ine

LS
(calculated once only).
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X] M B

2H+1)x1 | L™ Jpt
v 2H+1)xp

* This will give you the value of matrix ‘X" and which can be compared with

b

[, costh 7

,sinf,

X:“_] = | cost),
1,sinf,

[,costl,

% e

|, siné), ot

» Now in this example dc, fundamental, 3“ and 5"" components are present.

Least Squares Technique (LES)

* Now, to calculate the phasor value from matrix X.
I

KX”B : ‘
\ | sinfl,
N~ I, cost),

|.sindl ,}

A, Z0=A,,co8(0)+ 1A, sin(0)

m

* The phasor is represented as 4, 0.
——————

* The 1* row represents the value of dc component. Real and imaginary part
of individual harmonic component can be achieved from X.

Now if I use this pseudo inverse of A, then the unknown value of X that can be easily calculated
and size of this pseudo inverse of A that is (2H + 1) x pand size of B is [B],.;.

So, we have the unknown matrix X and its size is (2H + 1) x 1.

Now the important point is the elements of this matrix A depends on two parameters. One is the
Ts sampling period and another is the sample numbers. And these values are constant. So,
whenever we consider or when we calculate the pseudo inverse of matrix A we have to calculate
this matrix once only. There is no need to calculate this matrix again and again for each and
every iteration.

So, our final equation of unknown value of X that is given by this equation:



I,
I, cos 8,
I, sin &,

Xonux1 = [lac056;
I3 5in 6,

I cos 85

L[ sin 65

TZHX1

So, here you can see that when you consider the value of this X unknown size of which is
(2H + 1) % 1, so in that case if we wish to calculate the phasor value then phasor is normally

represented by 4,. ~6. So, here you can see that if | want to calculate, phasor of this then Amcos
@ is nothing but your I, cos#, 1 and your I,sin g, is nothing but A,,siné. So, I, cos 8, +j
1, sin 6, that is nothing but the phasor value of this term.

Similarly, you can calculate the phasor value of third and 5" harmonic. So, that you can easily
calculate. So, here you can see that in this first row represents the dc value whereas the real and
imaginary part of other harmonic component that can be achieved when you obtain the value of
X. So, in this class we have discussed initially what is the equation of recursive DFT algorithm.

And we have discussed that when we want to use recursive DFT then there is no need of
calculation of several samples except the new sample and the discarded sample. So, we can
tremendously reduce the computational requirement when we use recursive DFT. We have also
discussed one example of recursive DFT and thereafter we have discussed the new phasor
estimation algorithm that is LES technique.

We have discussed how mathematically LES can be represented and how we can obtain the
phasor value of LES technique when the number of unknown or samples are greater than or
equal to the unknown values that is 2H+1. Thank you.



