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Lecture - 47
Covariance Method for Linear Prediction

Ok. So, in the last class, we talk about the calculation of o value using the autocorrelation

function. So, autocorrelation | have explained all those things in autocorrelation.
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There are L-| i-k| non-zero terms in the computation of M’.a!] for each value of ik

Then ¢,li,k]=R.[i-k] short-time autocorrelation
L-1+k

R [k]= ZS,,[m}s;,[mk]

m=0

From equation (2)

P
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Minimum mean-squared prediction error can be written as
»

E,=$,000]-) a4,[0k]
k=1

So, we are here to say that we have derived this equation. So, what is the equation? We
said that the equation is this one o. This one is equal to Rn i. Now, if | want to represent
this set of equations in matrix form, | can say that k varies from 1 to p, so let us say i equals

0. So, i equals 0 minus 0 minus k equals 1, so minus 1.



(Refer Slide Time: 00:56)

B/ RV R [2Jeeeoe 4

/1] RLO] R o R[],
[Z]M o [=| R3] <=
i [p 1] R[p-2] R[p-3] R [0] a,] |R,[p]]

Na 1) - sni
%:‘er 7\ 2@@“ i

Ris a pxp Toeplitz Matrix => symmetric with all diagonal
elements equal

matrix equati in.method

So, | can say that RO, R1, R2, Rn p minus 1, which is nothing but a multiplied by the ol k
equal to 1, means al. So, al, then it is nothing but a 1. So, I equal to | said I equal to 1.
So, 1 minus 1 is equal to 0. So, it is RO, then say that 1 minus 2. So, mod of minus 1; that

means mod means 1.

So, this is R1, then R2 Rp minus 1. And that is equal to multiplying by al, and that is Rn
1 1 equal to 1, then I equal to 2, | equal to 3, I equal to 4. I will get that, and that is the
matrix form of this equation. So, | can say this matrix so, this is matrix let us say capital
R; capital R into a equal to small r. What is capital R? It is nothing but an auto-correlation

matrix.

R n 0 is nothing but a signal multiplied by the same signal, which is nothing but the energy;
Rn 1 just shifted by one sample. So, if | know all R, if I know this Rn 1, Rn 2, this one,
then I can easily calculate the o value. So, this is the procedure and that procedure is called

the Levinson Durbin method. So, this matrix is solved using Levinson Durbin methods.
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The set of optimum predictor coefficients satisfy

P
Y aR[i-k-R[i]=0 1<i<p
k=1

with minimum mean-squared prediction error of

) ]_iaL;Rn[k] = EW»

Now, another one is that the minimum mean square error E n is equal to ¢ n 0 0. So, | can
say that minimum mean square error can be expressed using the same procedure now if |

want to represent this one in a matrix form.
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ROV R[1} R [2]seeeeee R.[p]
ROT RJO] RI] oo R[p-1]
Ri21 R[] R[O] -ooeveveveee R[p-2]

Rlp-11 R[p-2] R[p-3] -R[0]j\-
Expanded matrix is still Toeplitz and It can be solved iteratively by incorporating new
correlation value at each iteration and solving for next higher order predictor in terms of
new correlation value and previous predictor 7%

i" order solution can be derived fro

given o/, the solution to

we derive solution to =

So, I can say this is nothing but RO, R1, and R2 multiplied by 1. | get RO, which is equal

to E p. The Rest are minus al, minus a2, minus a3 I multiplied and which are equal to 0.

That means when my predictor is 100 per cent correct, then the error is equal to 0 OKs.

Now, I can solve this matrix iteratively. What are the iterative methods? That means the



ith order solution can be derived from'"* order solution. So, physically what we are doing,
let us say we are calculating the error for a first set of a; al, a2, o p. Then I know that

when | am predicting nothing to a signal, the prediction error is maximum.

Now, when | go, the order increases. So, when | say the 1st order, | am predicting, that
means | am predicting all Oth samples and the 1st sample, which will be an error, will be
maximum, and when the order is gone, then the error will be minimum. So, | can say that
| can say that | 2nd order prediction can be derived from 1st-order prediction. So, Rn'! ai

minus 1 is equal to E n™! ok.
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The (i -1)st solution can be expressed as:

(RO RO R[2)- -'1 .

R[] R[0] RI] ceeeeeeeee R [i-2] o 0
R[2] R[] RJ0] «oeveveerees R[i-3] (Z;H) -lo

[RLi-1] R[i-2] R[i-3] ~R][0] |

So, now, if | say that, then | can say, what is minus 1? What is a solution? R0, R1, R". So,
it is nothing but an E n'* a1 a2 i. So, 1st set of predictions, then 2nd iteration, then 3rd

iteration. So, once the iteration is going on, that error will be minimized.
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Appending a 0 to vector o and multiplying by the matrix R, gives

[R[0] R[I] R[2]-wweeeeeeees rpm U B ]
R R[0] RJI] evvseeeens Ri-1] [-a""] |0

RM2] R[] RJO] wooveveeeees R[i-2]] -at™]| |0

RE-1) Rfi=2) R-3) R0 | —g¢b| [0
RI] RG-1 RE-2) -R(O) [o | [,

Now, | can say that this is the iterative method that I used to solve this matrix. So, if I solve
this matrix, | just show you that because this is mathematics, you can see that matrix
solution by going through the books. So, mathematics we can give. So, now, | append 0 to
a vector a and multiply by Rn'L,
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Toeplitz matrix has special symmetry we can reverse the
order of the equations

[R[0] R[1] R[2]wsseeeeeees RIill "k@ 1 [y
R[] RIO] R[IJ +weeeeees Rii-1] |-a"]| |0
R[2] R[] R[O] «ereerseene Ri-2] | -t 0

R[i-1] R[i=2] R[i=3] R[] | _qen| |0
(R 0] R[i-1] R[i-2] ~-R[0] | £

So, | am append 0 and multiplying by Rn™%. | get this one, sorry, so, 1 0. Now, appending
0 in here. So, if this is multiplied by column 0 0, nothing will happen. So, I can multiply

this one and append a 0 vector here, which is nothing but a sigma'"*; let us use this side.



So, this can be solved from this matrix: sigma | minus psi** is equal to Rn | minus j equal

to 1 to"! this one, then | can reverse because it is a symmetry matrix.
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Combine the two sets of matrices with a multiplicative factor k;
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Choose of ! so that vector on right has only a single non-zero entry,

‘ Z a VR [i- j]
S

So, whether it is reversed, the order does not change it. So, | can change the reverse order,
and then | can write in this combination. From this combination, | can say that k i is equal
to sigma psi*L. This is, sorry, y" divided by E". So, y"* | have already done that divided
by E™, I have done that. So, | can say k i is equal to Rn i j equal to 1 to™*. So, this is one

equation | can get.
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The first element of the right hand side vector is now Ve
D)0 &

The k; parameters are called Partial Correlation (PARCOR) coefficients

So the vector of order /" predictor coefficients is

1 1 0
(i-1) 1 1
_al’ IZ;I ) allr )

-a; =@,




Now, once | get the k i, | can calculate that E n I, E n i is nothing but an E n'! minus K i
this y"%. So, it is nothing but an E n*"* 1 minus k. So, | can say the energy once the prediction
order is increased iteration increased energy will be minimized by multiplying by Kk |
square Kk I square and that K i is called the partial correlation coefficient or PARCOR. So,
k i is called the partial correlation coefficient, then I solve for ith predictor, and I can solve

for ai j.
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A. The final solution for order p is:
a,=a l<j<p
B. with prediction error
ES = E,[01T (- k2) = R,[01T1 (1- k2)
m=1 m=1

C. If we use normalized autocorrelation coefficients:

R [k]
k = n
L] R, [0

D. normalized prediction errdr
vO =TI (1-k2) 0<vP <l ~1<k, <1

So, ultimately, I can say there are four equations | have to solve for calculating the o value
1st equation is this one. So, the 1st equation is this one, the k i is equal to this one, the 2nd

equation is this one, the 3rd equation is this one and the 4th equation is this one.
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So, let us say | want to implement it using a program. So, what can | do? | can calculate
that. Let us say | copy these whole four equations on one page. Now, let us say | want to
implement these four equations in a program. So, what is required if you see what is
required from the 1st equation? From the 1st equation, what is the requirement? If | want

to calculate k 1, let us say i is equal to 1. So, | require R1, I require E 0, | require R.

So, i equal to 1. So, i equal to 1 means j is equal to 1 to 1 minus 1. So, j is equal to so, 1 to
0. So, that term will not be there. So, I require k 1 to calculate k 1, and | require R1 and E
0. So, what is R1? What is R1? R1 is nothing but an autocorrelation coefficient shifted by
1. So, | can suppose | have given a signal. Let us say | give you a signal that | have a

speech signal.

Let us say the speech signal is recorded with an 8-kilo hertz sampling frequency, and then
| take a window size of 20 milliseconds. So, I have 160 samples in my speech signal. So,
from 160 samples, | have to calculate this RO, R1, R2 autocorrelation coefficient. So, what
is the equation? | know R is Rk is equal to k equal, so let us say n equal to 0 to n minus
capital N minus 1 or capital L minus 1. This is L, x[n] multiplied by again x[n+Kk]. Let us
say.

Outside the window L, the signal is 0. So, when | say RO, that means k is equal to O; that

means | am multiplying x[n] with x[n]. So, each sample will multiply its own sample. So,



it is nothing but x square of n, so that means nothing but the energy of the signal. So, it is
nothing but an E 0. So, if RO is equal to E 0, then what is R1?

R 1 is nothing but a shift of the signal by one sample x[n] multiplied by x[n] plus 1, R1 |
can calculate. So, let us say | calculate RO and R1. Then I know what k i? K is i is nothing
but an RO; RO I know my divided by so, R1 I know I divided by E 0. So, E 0, | know RO
is equal to E 0. So, k 1, I know. So, similarly, if I want to calculate k 2, then you can see |

required R2, I required R1, and | required E 0.

So, I require R2, R1, and E 0, and then I will use the same equation | am implementing.
So, I will vary from 1 to p, and k I will be k 1 and k 2 to k p. Now, once | calculate k 1,
this for loop will be executed for i equal to 1 to p ok. Then I know a j i is equal to k i ok.
Then, if | see this loop, then | can calculate E n i because when | say k 2, | require E 1.
What is E 1?

E 1 is nothing but an E 0 minus k 1 square 1 minus k 1 square into E0. E O | know k 1 1
know. So, | can calculate E 1; E 1 is required for k 2 calculation ai i. So, al 1 is equal to
k1al.So,iequaltol2.So, al 2,03 1. So, iteration is 1 first iteration. When | said, then
| equal to 1 to p. So, in the first iteration, 1 get al 1 al 2. So, 02 1 a3 1.

So, the upper one is the iteration, and the lower one is the a different a value. Now, once
| get that, then | know if I am equal to 1, then nothing is there; if I am equal to 1, but if the
because it is a1 0. So, more than 1. So, j is equal to 1 to'* when | say, then | can say. So,
al I cannot iterate. So, from the second stage, | can iterate.

So, | can say the j is equal to 1 o2 let us say. So, j equal to 1 a2 is nothing but a j equal to
1 ol minus k 1 into al 1 understand and modify the energy. So, when | equal to 1, this
portion will not enter. So, it modifies the energy and goes back to here, and for i equal to
2, the k 2 will be calculated, then the a1 1 will be 1 2 will be calculated.

That way, this whole equation will be implemented. So, | ultimately get al p. So, what I
am saying is that | am calculating o value based on the iteration value. So, if you use this
for loop implement in a C program and check for any recording of sound, let us say record
your name and implement it take a frame and then implement it to calculate that a value.

Outside the window, your signal is 0.



First, you have to calculate all autocorrelation coefficients, and then you have to do it. So,
that is the one method for the calculation of the linear prediction coefficient using the
autocorrelation method. What is the assumption? Outside the window, the signal is 0, and
the error is maximum at the beginning of the window; at the end, the error is maximum
ok.
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Covariance Method for Linear
Prediction
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Can find values of a, that minimize by setting
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0=2Y (s,0m]- Y ays,[m - k)5, [m - )
0 k=1

is"[m—i]s”[m]:;:akisn[m—i]Sn[m—k] I<i<p (1)
lell s

gl k1= S, [m-ilS,[m-k] 1<i<p

then !

¢,[i,0]= ZP: a,¢,[i,k] i=12,..,p (2)

leading to a set of p equations in p unknowns that can
solved in an efficient manner for the {a,}
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Changing the summation index gives

IN
=
=}
IN
=

L-i-1
¢, i k] = Z S, [m]S, [m+i-k] 1<
g Likl= Y. S, [m]S,[m+k-i] 1<i<p 0<k
m=-k

key difference from Autocorrelation Method is that limits of summation
include terms before m =0. i.e window extends p samples backwards

since we are extending window backwards, don't need to taper it using
window function since there is no transition at window edges
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Now, there is another method called the covariance method. instead of going to
autocorrelation, | can directly calculate. So, the ¢ matrix is the same. So, this is the
derivation of the ¢ matrix, which is the same here also. So, once | get this ¢ matrix. What

IS ¢ matrix? It is nothing but a covariance.

So, instead of replacing the covariance with an autocorrelation coefficient, | can directly
calculate [ 1, 1], I can directly calculate ¢[1, 2]. I am saying the signal is not 0 outside the

window. So, | am not taking the signal as 0 outside the window.

| am taking. | am saying | have a signal. | take a window. So, outside the window, the
signal is not 0. So, when I calculate the error prediction error for this sample, | do not
predict from O; I predict from the original sample value. So, that error is not maxima at the
boundary edge. So, I directly calculate all the covariance. So, then, that means | know the
¢ matrix. | so, once | know the ¢ matrix, | can calculate the o matrix by simple matrix

decomposition method.
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the solution of the matrix equation is called the Cholesky decomposition, or
square root method

& Matrix is symmetric but not diagonal elements are same
¢=ADA

Where A = lower triangular matrix with 1's on the main diagonal; D=diagonal matrix

determine elements of A and D by solving for (i, j ) elements of the matrix equation

What is the matrix decomposition method? Let us say | have a matrix ¢ is a matrix
symmetric matrix because if you see o¢[1, 1], ¢[1, 2]. So, all diagonal elements ¢[1, 1],

0[2, 2], o[p, p] ok. So, all diagonal elements are the same; that means o[1, 1] is not the
same, but there are diagonal elements are there.

And those are the, but if you see this portion of the matrix and this portion of the matrix is

same. So this is called the upper triangular matrix; this is called the lower triangular matrix.
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Let p=4 and matrix element ¢, (i, j) = ¢, bf 0( o/(,\
’ \




So, | can say that let us say, for example, let us say | have a 4th order 1 2 prediction 4th L
al to a4 al 2 3 4 1 want to predict. So, what do | know? | know o[1, 1], ¢[2, 1], ¢[3, 1],
¢[4, 1], 0[2, 11, 9[2, 2], ¢[3, 2], 9[4, 2] understand.

So, now, | know all those things. So, I can say that all one is a diagonal element, one is an
upper triangular matrix, and one is a lower triangular matrix. So, let us say | decomposed
this matrix into a lower triangular matrix, diagonal matrix and upper triangular matrix. If
I multiply these three matrices, | will get this one. Now, if you see that if | do that, if |
solve this matrix. So, | can say that d 1. So, first, you multiply this one by this column.

So, d 1 then this the I can say that this column with this row. So, | can say d 1 is equal to

o[1, 1] only else are 0.
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So, 9[1, 1] isequal tod 1. Then what is d 2? d 2 is nothing but a ¢[2, 2], d 2 is nothing but
a ¢[2, 2] minus A21 square into d 1. And if you see A21d 1 is equal to ¢[2, 1] A21d 1
come in here. A21 multiplied by d 1 is equal to ¢[2, 1] ok. So, | can say that ¢[2, 1].

So, I can say A21 is nothing but a ¢[2, 1] divided by d 1. So, | know d 1 | know o[2, 1].
So, I can calculate A21, I can calculate A31, I can calculate A41. Sincead 1 is known and
all ¢ is known. So, first step, what is the first step? The first one, d 1, is equal to ¢[1, 1].

This is the generalization.



Rest cases | can say that A. So, if | generalize this one, A21, so, 2 1 means, let us say, A i
1. So, this is 1, which is fixed; only say the 2, 3, and 4 are varying. So, i from A1l is equal
to d 1. So, diagonal, I can say that ¢ i is equal to 1 2. So, A ¢[1, 1] divided by d 1. So, |
can say that A21. So, | can say that @il is equal to ¢il divided by d 1 else. Only the case
of Allisequal to @[1, 1] divided by d 1.

Else I can say that Ai j Aij A2l is nothing but a ¢ i j minus this one. So, first you just do
for this one and then you go for if you see that A32, A42 | can calculate like this one. So,
| just implemented that in C programming. So, once | know the d p A matrix and the d

matrix | can, | can calculate it from there from a given ¢ matrix.
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for(i=1; i<=p; i++)

So, A and d | know. Let us say this: A matrix multiplied by Y is equal to this one, ok? So,
now let us say this one multiplied by this one is equal to this one. Then you generalized it
if I multiplied it: Y 1 is equal to this one, Y 2 is equal to this one, Y 2 this one minus this
one, Y 1. So, what is Y 1? | know what it is Y, then | can calculate Y 2 because A21 |
already know. So, A21 is knownas Y 1. So, | can calculate Y 2, Y 3, Y 4. So, | write down

the program.
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Now, like once | know that, what can | do? | can say the A D, D A transpose because if
you see that if the A this one is A, what is A transpose? Nothing but an upper triangular
matrix. So, A transpose a is equal to D inverse Y. So, what is D? D is nothing but a
diagonal matrix. So, what is the inverse of the diagonal matrix? This one multiplied by Y

is equal to A transpose a. Now, I calculate for a value 04 o3.

So, if you see that order, | get a4 first, a3 second, o2 third and a1 first. So, it is in reverse
order. So | can write down the program in reverse order. Maybe the programming will be
reverse-ordered. Now, instead of forwarding the order, it will be reversed. Not forward
order. This program is wrong. This is in forward order. It will be 1 equal to p 2 I less than

p plus and p I minus.

So, then I get 04; a4 isequal to Y 4 divided by d 4 Y 4 | knew from the previous slide and
d 4 1 can calculate here d 4; d 4 1 know. So, I can calculate a4 then a3, a2, al this is known,
this is known, this is known. So, this is a mistake; here is a mistake: if you see this for

loop, it will be p i equal to p 2 less than p i minus less than equal to p i minus minus.

So, this is the matrix decomposition form. | can calculate that o value using matrix
decomposition form, but what do | have to calculate? I have to calculate covariance. Is that
okay or not? But, if you see in the case of autocorrelation, what do | have to calculate? |

have to calculate the R matrix and the autocorrelation coefficient matrix. In the case of



autocorrelation, | have to calculate the R matrix. In the case of covariance, | have to

calculate the ¢ matrix.

So, | can say the autocorrelation and covariance methods are two-stage method; in the first
stage, | have to calculate autocorrelation case of the first stage, | have to calculate
covariance. In the case of autocorrelation, | have to learn the Levinson recursion to find
out the o value. In the case of covariance, | have to do the matrix decomposition to compute

that o value.

So, in both cases, the second stage is iterative, and the first step is a calculation of the R-
value and ¢ value. So, in both cases, what is the computational complexity in the case of
autocorrelation methods and covariance methods? For the autocorrelation method in the
first stage, | have to compute the autocorrelation, which requires computational
complexity. Similarly, in covariance methods, | have to compute that covariance. So, that

requires a computation.

So, if the L is equal to 160 samples, | have to calculate RO R. So, if | want to calculate the
16th order LPC, then L will be there every time, and p will be 1. So, 16 into L number of
multiplication I have to do. In covariance, we also have to window length by that time. So,
in both cases, computational complexity is in two stages: the first stage is the calculation
of autocorrelation, the second stage is the calculation of the covariance, and the second

stage is the iteration.

So, now, people are thinking, can we have a solution to find out the single-stage solution;
that means, let us say auto correlation iterative methods will not be there that | do not have
to compute that autocorrelation. So, can I directly compute that o value, or can | directly

compute the k value? If | know the k value, | can compute the a value

So, that method is called lattice formulation. So, for part of the next lecture, 1 will cover

that lattice formulation for linear prediction.

Thank you.



