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Prof. Debapriya Das
Department of Electrical Engineering
Indian Institute of Technology, Kharagpur

Lecture - 22

Characteristic and Performance of Transmission Lines (Contd.)

Next you come to the voltage regulation right. So, voltage regulation of the transmission
line may be defined as the percentage change in voltage at the receiving end of the line

right.
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Expressed as percentage of full load voltage, in going from no load to full load; that
means, that is your percentage voltage regulation it can be given as this magnitude load
everywhere, magnitude is there wherever we take it will take magnitude only, but again
and again I will not say magnitude magnitude, I will just simply I will say receiving end
sending end like this right. So, it is actually V R N L that is the receiving end no load
voltage magnitude minus this is receiving end F L there is a full load voltage magnitude,

divided by with respect to your receiving an full load voltage.

So, V R F L magnitude into hundred; that means, where V R N L everywhere mod is
there. So, magnitude of no load receiving end voltage and V R F L magnitude of full load

receiving end voltage right. Now this is that percentage voltage regulation right. So, it is



defined as the percentage changes voltage at the receiving end of the line in going from

no load to full load that means that at no load right.
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I R is equal to 0, at no load I R is equal to 0; that means, you are just one minute just

hold on. So, at no load when I R is equal to 0; that means, this equation you put I R is

equal to 0.
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e v - Emy pe o — = — L= T mew T

Lives,

—

YTV S T

Tk is Cconvenierk Ao Yebresent o krovsmiction line by Yee

AR0 = botk ek, Lihevein  Xhe Aen&vg-e.x-d velknge
V. and cnayete I o veoked Yn ke Yecuiving-
S |

e&d Vilkege Vo ond autvent Tg Unyoveh A B, C ok D

borowndhers
= AV + BT Viks -
L=C,+D

i wokrix Kotm,

In equation 1say then you will get and at I R is equal to 0 V R is equal to V R no load.

So, at this equation put I R is equal to 0 and here you put V R is equal to VR N L no



load, then you will get V R N L is equal to V s upon a this is equation 8 right. Though
this is understandable from this equation, you will put I R is equal to 0 and V R is equal
to VR N L. So, you will get VR N L is equal to V R V s upon a this is equation 8 right
therefore, this V R no load is equal to V s upon a you put in the previous equation; that
means, this equation this equation 7 right; that means, in this equation you took VR N L
is equal to your V s upon a right. So, once you took V R N L is equal to V s upon a. So, it
will put and simplify little bit it will be magnitude V s this is V s minus magnitude a into
V R F L divided by magnitude of a into V R F L this is equivalent to 100 right. So, this is
equation 9; now for this short line you have seen that A is equal to 1. So, mode A is equal

to 1, mode A is equal to 1 and for a short line V R full load is equal to V R right.
(Refer Slide Time: 03:23)
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Then this diagram for a short line, V R full load is equal to V R. So, if it is so, then
percentage voltage regulation can be written as that V s minus V R upon V R all are
magnitude into 100 right. So, this is equation 10. Now using equation 10 and 6 you will
get right that means, in this case that where we go back to equation 6; that means, this

one just hold on this one.
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This one that is equation 6, it is magnitude V s is equal to this one V magnitude V R plus
this term; that means, magnitude V s minus magnitude V R is equal to magnitude I into R
cos delta plus x sin delta. So, in this expression equation 10 magnitude replace
magnitude V s minus magnitude V R by this term that magnitude I into R cos delta plus x
sin delta right. If you put it then it will this equation will become that percent volt
regulation will become magnitude I R cos delta R plus x sin delta R upon magnitude V R
into 100.
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This is equation 11, in the above derivation delta has been considered delta R has been
considered positive for a lagging load right. According to our phasor diagram, we have
considered that your lagging load delta R is positive this is delta its positive right. So,
and delta R will be negative for leading load therefore, for leading power factor load, this
magnitude I R cos delta R minus x sin delta R because if delta R is negative then cos
minus delta R cos delta R sin minus delta R minus sin delta. So, minus x sin delta of a
magnitude V R this is equation 12 right. From equation 11 and 12 it is clear that the
voltage regulation is a measure of line voltage drop, and depends on the load power
factor because this is basically it is a line voltage drop either this term or this term this is
basically line voltage drop, because magnitude V s minus magnitude V R is the line

voltage drop is equal to magnitude I into this term right.

So, this is basically your what you call that is line voltage drop and it depends on the low
power factor right of course, it depends on the low power factor because you have to this
thing what you call because delta R, this delta R actually it is low current angle because
this is your this is the current I this is basically current is going to the load right so; that
means, this current is this current is going to the load. So, that is angle and its angle is
delta R right this green color delta R; that means, this depends on the your load power
factor right. So, basically its load angle and not current angle delta R, and the receiving
voltage right; that means, it depends on this equation 12. So, this is for short line what
will do? You will make all this mathematical expression long line, medium line and short

line medium line and long line after that will see that numericals right.
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Next is the medium transmission line. Generally we call the 80 kilometer line, long more
than 80 kilometer and below 250 kilometer right length is a basically we call medium
length lines, and the line charging current becomes appreciable and the shunt capacitance
must be considered for the such a long line right. So, in that case you have to consider
the charging capacitance or shunt admitted is this thing you are admitted you have to

consider.

So, now in this case suppose this is a medium long line and representation by a nominal
pi representation right; that means, whatever your charging admittance are there total
charging admittance are there, you lumped on both side half half; that means, this side Y
by 2 and this side Y by 2. So, this is called a pi network and this is the transmission line
Z is equal to R plus j x and this is the load right. So, sending end voltage is V s receiving
end voltage is V R right and here what you call and this is your sending end current I s
right here I C 1, I C 2 not shown right current through this is a I S this is I L and again
this receiving current I R this is going to the load this is I L. I L stands for not load for
line right and receiving in current I R this is actually load current right and I L stands for
I line this is line, this are representation this is the representation this way you represent
and this is the load and this is the voltage V R there is voltage across the load is V R
right.



(Refer Slide Time: 08:38)

5 winel TV
o end volage o Lyt for the WO
rnne scaml\aﬁ ” fow a6,
oddh  oxe shhained o5 Aalleqs: | !
e cuoresh {n Xhe Sevies Tnpeda

F’:'ﬁ\ V\al'"‘) ’
desigroked by T 18

.= T‘V""'-l;:\/g ~-{3)
Evom KWL, khe sendvy end volkege s
Vo= Ve & 2Ll - --(14)

Fon eaw{14) oM (18), we wk
ne

- ==-115
VS: LL%" _2__;:-\)\./'?_-‘.- 1 NY

i

Now, if you now go for this what you call this sending end voltage now you have to find
out sending end voltage and current for the nominal pi model, and in the form of ab c d

parameters right.

So, from KCL the current in the series impedance designated by I L is. So, I L is equal to
right this is this apply it actually at this point where you have to apply R for law I L is
equal to I R and current through this is this is that Y 2 that shunt admittance, Y 2 into V R
that is why there from the K C L this line current I L is equal to I R plus Y 2 V R this is
equation 13 right you are applying K C L here this point.

So, from K V L the sending end voltage is; from K V L the sending end voltage is in this
loop to apply K V L right. So, your V s is equal to we become basically Z into I L plus V
R. So, V R we writing fast this V R actually writing fast. So, V s is equal to V R plus Z
into I L equation 14 right. Now this expression for I L. you substitute here you will
substitute here the expression for I L here. If you do so, you will get V s is equal to like
writing from equation 14 and 13 again V s is equal to 1 plus Z Y upon 2 V R plus Z into I
R this is equation 15. So, relationship the sending end voltage here with V R and I R we
got this is equation 15.
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Similarly, the sending end current is I s is equal to I L plus Y into V s, where is the
diagram this diagram. So, sending end current this apply your K C L here at this point
curves of half we apply here. So, this is I s this branch current I L plus Y by 2 V s right Y
by 2 into V s shunt admittance into this voltage V s right. So, in this case you will get I s
is equal to I L plus Y by 2 V s. Now from equations 16, 15 and 13. So, I substitute here in
this expression you substitute for in this equation 16, is a function of I L and V s you
substitute I L is equal to this one in this equation and V s from this expression you
substitute here if you substitute and simplify right you will get I s is equal to y into 1 plus

Z Y upon 4 into V R plus 1 plus Z Y upon 2 I R this is 17.

So, V s I' s (Refer Time: 11:24) if you got in terms of V R and I R. Now put in matrix
form. So, VsIs1plusZ,Yby2ZYinto 1 plus Z Y upon 4, 1 plus Z Y upon 2 VR
upon I R this is equation 18. So, this is a, this is b, this is c d, a is equal to your d right.
So, this is that a b c d parameters for your what you call for medium transmission line

right. So, next is.



(Refer Slide Time: 12:08).

'W\ \
o twclfc;e, the Apcyp boromedecs dor
Wedel axe aivem “'5‘ e e
A= (i -+ ZY\ .
—_ E = Z

B

czY(H ZTYJ ; b=(4_+ z_?\;)

Mw

= :
e : i::tea and ediun lengh lnes, oceurols Wodelg
urged : 5} wwmmg the line poyamelers = be
n Ema. the lined ave ™MOre lran LS50k |
Qecwrall™ Sdukions the bororedzvs '

dickvibutel uni ; "k be. tayen o
“"fm’m(} O-Lﬂ’f‘g the E‘E}r‘%{‘k 04 O Yegult of wha,

1

ey
vF]

So, the a b c d parameters a is equal to 1 plus Z Y upon , b is equal to Z c is equal to y
into 1 plus Z Y upon 4 and d is equal to again a, 1 plus Z Y by 2. So, we gota b cd
parameters from the medium what you call transmission line, next is that long
transmission line. So, for short and medium length lines accurate models were obtained
by assuming that line parameters are to be lumped. For short line in any way we have not
considered anything, for medium line we have consider that admittance are long both
side half half, another thing for then using that pi method pi model. Only one thing I
would like to tell we do not call use that t network. Suppose if you suppose I am just

showing you suppose you have suppose you have transmission line right.
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Suppose you have a transmission line and these side is Z by 2 and this side is Z by 2 and

if you put y here and this side is your V s right plus minus.

This side load is of course there, but this side is a we are not showing the load just draw
this and this is your Y, this is your Y and this is Z by 2 then what will happen this side if
you put a 18 is (Refer Time: 13:33) to R, then what will happen you are creating one
additional node right so; that means, your problem will become more complicated; and
line impedance we have made half this side half this side total is Z, this side Z by 2 Z by
2 and if you put y then only problem is that that you are creating one more node; that
means, in trans power system. So, many nodes bass bar are there right. So, so many lines
are there, and for each line then one additional bass bar you will create and this will
increase the dimension of the problem. That is why we do not use t in way to R for this
carry or what you call for line modeling we will use pi method right. So that means, for
long transmission is there or what you call in case the lines are more than 250 kilometer
long, and for accurate solution the parameters might be taken as distributed uniformly
along the line length right. So that means, at every point that voltage and current will

vary from point to point right it will be distributed uniformly along the line length right.
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And in that case that voltage and currents will vary from point to point on the line. Now
in this section what will do this expression and volt expression for voltage and current at
any point on the line will be obtained, then based on the these based on these equation
we try to find out a pi equivalent. First you will go for exact one, then the pi equivalent
right. Now before going to this first you look at this diagram right this is a long
transmission line, then this distance actually we are measuring from the receiving end to
the sending end. This is sending end voltage V s plus minus where it is shown this is V R
this dash dash means is a long line and from this side we are measuring the distance right
now. So, what we are doing from the receiving end total line length from here to here is |
total line line length is 1. So, from receiving end at a distance x we are considering a
small distance that is delta x; say small small in very small right. So, we are considering
delta x. So, at a distance x this voltage that means, this is x and this is your x plus delta x
right. So, in this case here, here we are writing the at a distance x voltage here is V x
right and for this small length delta x that it is small y again, it is not total admittance it is
per unit length initially when I was giving the nomenclature I told you small Z means it
is per unit it is impudence per unit length and y is small y is impudence per unit length
and delta x is the length in per meter right. So, this small y into delta x that means, this
small increment we have taken pi model, and at a distance x the voltage is V x there is a

pressure quantity.



And at a distance x plus delta x this voltage is V x plus delta x right this voltage and at a
distance the current here is I x plus delta x. This up to this if it is understandable to you
then everything is understandable right; that means, length if we measure from the
receiving end, at a distance x we are considering this small instrumental length to delta x
right and therefore, for this one that if you go for this small this incremental thing in pi
representation for example,. So, this is small y into delta x at a distance x voltage is V x
and x plus delta x is V x plus delta x, here the current here at a distance x here in this
section small incremental section this I x right and this is small z into delta x small only
for small this section this is impudence z is per unit in impudence per unit length
multiplied by delta x, and this side is I x plus delta x right this current. So, and this is V s
so, but these say anyway this is not the sending end, sending of this is small distance x at
a distance x is small sending end is far away similarly this is dash; dash shown means

this one is also far away right.
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So, now, with this explanation; now, this is the figure 4, I told you everything right. So,
this one phase of the length this is actually balance system right the phasor voltage and

current on both side of this segment are shown as a function of distance right.
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Now, in this case we apply K V L. If you apply K V L this thing, if you apply K V L then
this voltage is V x plus delta x that is this voltage actually right. This is V x plus delta x
right and this is actually V x right. So, if you apply K V L here, then V x plus delta x will
be its small Z into delta x and plus your V x right. So that means, V x plus delta x is

equal to small Z into delta x into I x plus V x.
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So; that means, V x plus I a V x plus delta x this is the voltage here, across this is equal

to small Z into delta x into I x plus V x right. So, this equation is written; that means, V x



plus delta x minus V x upon delta x right is equal to small z into delta x. This is equation

nineteen right so that means, if delta x tends to O right.
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This equation if delta x tends to O this equation can be written as no d v x upon d x is
equal to your small your what you call your this thing, here no I have missed one thing
that is V x is a delta x actually it is I x, it is I x writing here it is small z into I x right. So
that means, that d V x upon d x then is equal to small Z into I x this is equation twenty
when delta x tends to O right similarly. So, this is equation 20, similarly if you apply K C
L then I x plus delta x will be if you apply K C L, then I this is I x plus delta x this is the
current here apply curves of fast flow here, here at this point. So, I x plus delta x will be
is equal to your I x; that means, this current I x this branch current I x this segment

current I x plus y into delta x into V x plus delta x.

So, plus Y into delta x into V x plus delta x. So, you are applying curves of your what
you call fast flow here. So, I x plus delta x will be current through this is I x plus, this is
shunt admittance y small y into delta x into V x plus delta x right. So, this is your current
equation. Now then or you can write I x plus delta x minus I x, divided by delta x is
equal to y into V x plus delta x. Now as delta x tends to 0, you can write d I x upon d x is
equal to y into V x right. So, delta x tends to 0. So, this is equation 22 right. Now next

you take the you differentiate equation 20 right.
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If you take if you differentiate equation 20, just hold on if T where I kept the page
number here what you call 13, 14 anyway does not matter right. If you take the
differentiate equation 20, right and substituting from equation 22 we get d square V x
upon d x square is equal to z small z into d I x upon d x. And this d I x upon d x right you
take the derivative of this equation d square V x d x square is equal to z into d I x upon d
x and whatever d I x upon d x is here you substitute in this expression right. If you do so,
you will get that z small z small y, V x right; that means, d square V x upon d square

minus small z small y into V x equal to O this is equation 23 right.

Next you assume gamma square is equal to z y small z small y that is gamma square, this
is equation 24 right. Therefore, this instead of z y in this equation you replace equation z
y by gamma square. If you do so, d square v x upon d x square minus gamma square, v X
is equal to O this is equation 25 right. So, this is secondary differentially equation right
now general solution of this equation this secondary differentially equation. So, general
solution of this equation right is equal to you can write in general V x is equal to C 1 e to
the power gamma x plus C 2 e to the power minus gamma X, this is equation 26. C 1, C 2

all can be obtained by putting initial conditions we will see just later right.
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So, this is equation 26. So, gamma actually known as the propagation constant and is
given by gamma is equal to alpha plus j beta is equal to root over j y; because gamma
square we have taken z y. So, gamma is equal to root over j y sorry z y; that means, your
gamma is equal to alpha plus j beta is equal to root over z y. This is equation 27, it is
called propagation constant. Now real part alpha is known as attenuation constant and
the imaginary beta is known as the phase constant, and beta is measured in radian per
unit length right will see later on alpha beta if numerical comes at that time will see that

right. So, this is next is that your

So, now you have to find out the C 1 and C 2 this constant right constant you have to
find out, now from equation 20 that means, from this equation just hold on from equation

20 means from this equation that d V x upon d x is equal to z into I x from this equation.
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We can write I x is equal to 1 upon small z into d V x upon d x right therefore, this one
your what you call that d V x upon d x that V x expression we have got expression for V
x we have you have got this one you have got. So, you take the derivative of this
equation d V x upon d X, you can take the derivative of this and substitute here and you
take the derivative of this one with respect to x, and you and you substitute here right.

So, I am not showing derivatives they are understandable very simple thing.

If you take the derivative and substitute, then you will get I x is equal to gamma upon Z
C 1 e to the power gamma x minus C 2 e to the power minus gamma x right. Now that
gamma is equal to root over y z we have just seen therefore, I x is equal to root over y
upon z right because it is z means root z into root z 1 root z we cancel. So, root over y
upon z, C 1 e to the power gamma x minus C 2 e to the power minus gamma x right.
Now or we define I x is equal to 1 upon Z c C 1 e to the power gamma X, minus C 2 e to
the power minus gamma x where Z c is known as the characteristic impudence right and
given by this is root over y upon z small. So, Z c is given as your root over your what

you call Z by y because reciprocal is taken it is understandable right.
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So that means, just before moving next that Z c actually root over. So, small z by y is

equal to root over z multiply numerator and denominator by 1 length of the line, is equal

to basically capital Z root over capital Z by capital Y.
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Because it is per unit length multiply 1 1 it will become capital Z by capital Y right
anyway. Now this is called characteristic impudence of the transmission line Z c, next is
now note that when x is equal to 0 V x is equal to V R look at this diagram. This distance

is measured from receiving end right. So, when x is equal to 0, so V x will be V R that is



V 0 is equal to V R that is here therefore, when x is equal to 0, V x is equal to V R and
from equation 26 we get V R is equal to C 1 plus C 2 right. So, this equation where x is
equal to 0 right when x is equal to 0 your V x is equal to V R that is C 1 plus C 2 is equal
to VR. So, C 1 plus C 2 is equal to V R this is equation 30. Now also when x is equal to
0, I x is equal to I R. So, when x is equal to 0. So, this is the receiving end current. So, I x
is equal to I R therefore, your equation 28 right. So, if then equation 28 in this equation
when x is equal to 0, I x is equal to I R you put it. If you do so, then you will get I R is
equal to 1 upon Z ¢, C 1 minus C 2 right. So, solve equation 30 and 31 this for C 1 and C
2.
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If you solve it, you will get C 1 is equal to V R plus Z c into I R by 2 this is equation 32
and C 2 is equal to V R minus Z c into I R by 2 this is equation 33. So, C 1 and C 2 both

the constants are evaluated right.
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Next this values of C 1 and C 2 substitute equation 26 and 28 right because then only
you will get the expression of V x and I x. Equation 26 the expression per V x and
equation 28 expression per I x. So, we are substituting C 1 and C 2 value. So, this is
equation 34 and this is equation 35, here you are substituting C 1 C 2 here also C 1 C 2
right. So, then this 2 equation you rearrange this equation for voltage and currents can be
rearranged. So, first you rearrange the equation of V x. So, V x can be made it like this
that e to the power gamma x plus e to the power minus gamma x by 2 into V R plus Z ¢

into e to the power gamma x minus e to the power minus gamma x by 2 into I R right.
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Similarly, I x also can be rearranged, this equation can be rearranged if you do so, I x is
equal to e to the power gamma x, minus e to the power minus gamma x by 2 Z c into V
R plus e to the power gamma x, plus e to the power minus gamma x by 2 into I R this is
equation 37. That means, V x and I x you got in terms of V R I R right by making all this
initial putting all the initial conditions right and we got this expression you know V x and
I x in terms of V R and I R with some constant right therefore, this term actually cos

hyperbolic and this term actually sin hyperbolic.
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That means this thing can be written as V x is equal to this term actually cos hyperbolic x
right gamma x, and this is sin hyperbolic gamma x right. So, this equation can be written
as V x is equal to cos hyperbolic gamma x into V R, plus Z c sin hyperbolic gamma x
into I R this is equation 38. Similarly I x is equal to 1 upon Z c sin hyperbolic gamma x
into V R plus cos hyperbolic gamma x into I R this is equation 39 right. But our interest
is the relation between the sending end and receiving end of the line right therefore, but

when x isequal tol, V1isequal to Vsand I L is equal toIs.

So, distance is measured from here this is the total line length 1. So, distance is measured
from the receiving end to sending end right here it is when x is equal to 1, your V 1 is
equal to V s right. That means, when x is equal to 1, V 1 is equal to V s and this side also

when x is equal to | at this point your I L will be is equal to I s.



So, I L is equal to will be I s. So, here we write this equation when x is equal to 1, V x is
equal to Vsand I L is equal to I s. So, V s is equal to then instead of gamma x it will be
cos hyperbolic gamma | into V R, plus Z c sin hyperbolic gamma 1 into I R this is
equation 40. Similarly I s is equal to 1 upon Z c sin hyperbolic gamma 1 into V R, plus

cos hyperbolic gamma | into I R this is equation 41 right so.

Thank you for this.



