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Hello, welcome to the video Iectureseries on Digital Image Processing. In a 3D coordinate
system where the coordinate system and the camera coordinate system are not perfectly
aligned, in that case what are the set of transformations which are to be applied to the points
in the 3D world coordinate system which will be transformed in the form as seen by a camera
then followed by that if we apply the perspective transformation then we get the image
coordinates for different points in the 3D world coordinate system.

So what we have seen in the last class is
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* Inverse Perspective Transformation

* Generalized Imaging Geometry where World
Coordinate system and Camera Coordinate
system are not aligned

* Transformations involved in such generalised
Imaging setup

- How to find image coordinate for any arbitrary
point in 3-D world coordinate

* lllustrate with the help of an example

once we have the image points in an image plane,
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how to apply the inverse perspective transformation to get the equation of the straight line so

that the points on that straight line map to a particular image point on the imaging plane Then

we have seen a generalized imaging geometry
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* Inverse Perspective Transformation

* Generalized Imaging Geometry where World
Coordinate system and Camera Coordinate
system are not aligned

« Transformations involved in such generalised
Imaging setup

- How to find image coordinate for any arbitrary
point in 3-D world coordinate

* lllustrate with the help of an example

where the world coordinate system and the camera coordinate system are not aligned and we

have also discussed the set of transformations
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which are involved in such generlized imaging setup and then
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* Inverse Perspective Transformation

+ Generalized Imaging Geometry where World
Coordinate system and Camera Coordinate
system are not aligned

* Transformations involved in such generalised
imaging setup

« How to find image coordinate for any arbitrary
point in 3-D world coordinate

* lllustrate with the help of an example

we have also seen how to find image coordinate for any arbitrary point in the 3D world

coordinate system in such a generalized imaging setup and the concept we have illustrated
with the help of an example
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» On completion the students will be able to

» Explain how to calibrate a camera under a
given imaging setup

» Explain the concept of extraction of 3-D point

from stereo images

In today's lecture we will see that given an imaging setup, how to calibrate the camera and
then we will also explain the concept of how to extract the 3D point from two images which
is also known as stereo images.
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» Camera mounted on
a Gimbal

»Pan 8 Tilt a
» Displacement of

Gimgal center from
origin W,

» Displacement of
image plane center
from Gimbal ceter r

So in the last class that we have done is we have given an imaging setup like this while the
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3D world coordinate system is given y capital X capital Y capital Z. In this world coordinate

system we had placed a camera while that
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» Camera mounted on
a Gimbal

»Pan 0 Tilt «
» Displacement of

Gimgal center from
origin W,

» Displacement of
image plane center
from Gimbal ceter r

camera coordinate system is given by small x small y small z and we had assumed that
camera is placed, is mounted on a gimbal where the gimbal is displaced from the origin of the

world coordinate system
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by a vector w naught and the center of the camera
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» Camera mounted on
a Gimbal

»Pan 0 Tilt «a
» Displacement of

Gimgal center from
origin W,

» Displacement of
image plane center
from Gimbal ceter r

EE

is displaced from the gimbal by a vector r, the camera is given a pan of angle theta and it is
also given a tilt of angle alpha and in such a situation if w is a point in the 3D world
coordinate system we have seen that how to find out the corresponding image point

corresponding to point w in the image plane of the camera. So for that we have done
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t W in world coordinate, how to
ponding image point C

» Bring the camera and the world
coordinate under alignment by applying
a set of transformations

 Then apply perspective transformation
to obtain the image point coordinate for
any world point

a set of transformations and with the help of the set of transformations what we have done is
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we have brought the 3D world cooriﬁgfe system and camera coordinate system in alignment
and after the 3D world coordinate system and the camera coordinate system are perfectly
aligned with that set of transformations then we have seen that we can find out the image
point corresponding to any 3D world point by applying the perspective transformation. So the

type of transformations that
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rmation Steps

* Displacement of gimbal center form
origin byw,

« Pan of x axis by®
* Tilt of z axis by @

* Displacement of the image plane with
respect to gimbal center by r

we have to apply is first we have to apply that transformation for the displacement of the
gimbal center from the origin of the 3D world coordinate system by vector w naught
followed by a transformation corresponding to the pan of x axis of the camera coordinate

system by theta which is to be followed by a transformation corresponding to a tilt of the z



axis of the camera coordinate system by angle alpha and finally the displacement of the

camera image plane with respect to gimbal center by vector r. So

(Refer Slide Time 04:48)

cosf sind 0 0 0

cosa sina 0
-sina cosa 0
0 0 1

the transformation, the first transformation which translates the gimbal center
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from the world, origin of the world coordinate system
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cosO sin® 0 0 0
-Sin®@ coso cosa sina 0

0 -sina cosa 0
0 0 0 1

by vector w naught is given by the transformation matrix g which is in this case 1 0 0 minus x
naught, 0 1 0 minus y naught, 0 0 1 minus z naught and 0 0 0 1. The pan of the x axis of the
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camera coordinate system by an angle.theta is given by the transformation matrix r theta

where r theta in this case is cosine theta sine theta 0 0, then
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cos® sinb

1 0 0 0
-Sin® cosH 0 cosa sina 0
0 0 0 -sina cosa 0
0

0 0 0 1

minus sin theta cosine theta 0 0, then 00 1 0 and 0 0 0 1 Similarly the tilt, the transformation
matrix corresponding to the tilt by
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angle alpha is given by the other transformation matrix r alpha which
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cos® sind 0 0 0

-Sin@ coso cosa sina 0

0 i -sina cosa 0
0 0 0 1

in this case is 1 0 0 0, 0 cosine alpha sine alpha 0, then 0 minus sine alpha cosine alpha 0 and

thenthen 000 1.
Then the next transformation we have to apply is the transformation of the
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center of the image plane with respect to gimbal center by the vector r So if we assume that r

has the components, the vector r has componentsr 1, r 2 and r 3 in x y along the x direction, y
direction and z direction of the 3D world coordinate system then corresponding

transformation matrix with respect to this translation is given by t equal to
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100minusr1,010minusr2, 001 minusr 3, and then 0 0 0 1 We have also seen in the
last class that the rotation matrices
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r theta and r alpha can be combined together to give a single transformation matrix r which is

nothing but the product of r alpha and r theta. Once we get these
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transformation matrices
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mapped
as giv by the transformation

¢, =PTRGw,

P is the perspective transformation

then after the transformation first by the
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translation matrix g then by the rotation matrix r followed by the second, second translation
matrix what we do is we align the coordinate system of the camera with the 3D world
coordinate system. That means now that every point in the 3D world will have a transformed
coordinate as seen by the camera coordinate system. So once we do this then finally applying

the perspective transformation to these
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three-dimensional world coordinate systems gives us the coordinate



(Refer Slide Time 07:56)

of the point in the image plane for any point in the 3D world coordinate system So here you
find the
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final form of the expression is like this, that both of the world coordinate system and the
camera coordinate system, in this case they are represented in the homogenous form. So w h
is the homogenous coordinate corresponding to the world coordinate w and c¢ h is the
homogenous form of the image coordinate c. So for a world point w whose homogenous

coordinate is
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represented by w h here you can find tat I can find out the image coordinate of the point w
again in the homogenous form which is given by this matrix equation that c h is equal to
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» transformation

p trgand w h And here you note that each of these transformation matrices that is p, t, r and

g. all of them, they are of dimension
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4 by 4 So when | multiply all these matrices together to give a single transformation matrix,

then the dimension of that transformation matrix will also 4 by 4. So what we have now is of

this form. So after doing this
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transformation | can find out the image coordinate of the corresponding point w where x and
y coordinates will be given by these expressions.

So after doing this what
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c, =PTRGw,

PTRG=A

Estimate the element values of A for a given
imaging setup

| have is | have an equation, a transformation or a matrix equation so that for any world point

w | can find out what is the homogenous coordinate
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of the image point corresponding
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c, =PTRGw,

PTRG=A
Ch 7 Awh

Estimate the element values of A for a given
imaging setup

to that particular point w Now the transformation which is involved that is
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Y.

p, t, rand g, as we said each of these transformation matrices are of dimension 4 by 4. So the

combined transformation matrix, if | represent this by a matrix a then this matrix a will also
be a 4 by 4 matrix and now the inter-transformation equation in matrix form will be ¢ h is

equal to
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c, =PTRGw,

PTRG=A
Ch = Awh

Estimate the element values of A for a given
imaging setup

a into w h Now find that given a particular setup
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the transformations t, r and g, they depend on the imaging setup. So g corresponds to the

transformation of the gimbal center from the origin of the 3D world coordinate system, r
corresponds to the pan angle and the tilt angle and t corresponds to translation of the image
plane center from the gimbal center. So these 3 transformation matrices depend upon the
geometry of the imaging system where as the other transformation matrix that is p or
perspective transformation matrix, this is entirely a property of the camera because you will
find the components of this transformation matrix p has a term lambda which is equal to the

wavelength the focal length of the camera.
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c, =PTRGw,

PTRG=A

c. = Aw

h h

Estimate the element values of A for a given
imaging setup

So it is possible that for a given camera for which
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the focal length lambda is known | can find out what is the corresponding perspective
transformation matrix p where as to find out the other transformation matrices like t, rand g |
have to do the measurement physically that what is the translation of the gimbal center from
the origin of the 3D world coordinate system, what is the pan angle, what is the tilt angle. |
also have to measure physically that what is the displacement of the image center, image
plane center from the gimbal center. And in many cases measuring these quantities is not
very easy and it is more difficult if the imaging setup is changed quite frequently. So in such

cases it is always better that you first have an imaging setup and then try to calibrate the



imaging setup with the help of the images of some known points of 3D objects that will be
obtained with the help of the same imaging setup.
So by calibration, what I mean is as we said that now | have a combined transformation

matrix for the given imaging setup which is which is nothing
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c, =PTRGw,

PTRG=A
Ch = Awh

Estimate the element values of A for a given
imaging setup

but the product of p, t r and g So this being a 4 by 4 matrix what | have to do is | have to

estimate the different
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element values of this matrix a So if | can estimate the different element values of the total

transformation matrix a from some known images, then given any other point in the 3D, | can
find out what will be the corresponding image point. Not only that if | have an image point, a

point in the image, by applying the inverse transformation I can find out what will be the



equation of the straight line on which the corresponding world point will be lying. So this
calibration means we have to estimate the different values of this matrix a. Now let us see

how we can estimate
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Camara Calihration
vamera calipratiol

c, =PTRGw,

PTRG=A

Ch = Awh

IEstimate the element values of A for a given
Simaging setup

these values of the matrix a So here you find that we have this matrix equation which is of

this form that is ¢ h is equal to a into w h where we have said
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that w h is the world coordinate of the 3D point
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put in homogenous form and c h is the image point on the plane again in the homogenous
form and a is the total transformation matrix So here if the world point w
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has the coordinates say X y an z, the corresponding homogenous coordinate system will be
given by w h is equal to some constant k times x, some constant k times y, some constant k

times z and the fourth element will be k. So this will be the
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homogenous coordinate w h, corresponding to the point w Now without any loss of
generality | can assume the value of k equal to 1 So if | take k equal to 1 and if | expand this
matrix equation then what | get is | get the componentc h 1, ch 2, ¢ h 3, ¢ h 4 this will be,

now | expand the matrix a also
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so a will have the componentsall,al2,al3,al4;a21,a22,a23,a24;a31,a32,a
33,a34,thenadl,a42 a43, a44intothe homogenous coordinate of the point in the 3D

space which is now x y z and 1. So you remember that we have now assumed
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the value of k to be equal to 1 So | get a matrix equation like this

Now from this matrix equation | have to find out
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or | have to estimate the component valuesal1,al12,al 3andsoon. Now here



(Refer Slide Time 16:39)

a, al-._ ql‘; alq

Ay 0yp %2y %y
G, Ay, %33 %34 (17

Qg % %3 %aq !

owude |85« Gl ASIADOEA T [Elewss (G

once | have the homogenous image coordinates c h 1, ch 2, ¢ h 3 and ¢ h 4, then we had
already discussed that the corresponding Cartesian coordinate in the image plane is given by
x equal to ¢ h 1 divided by ¢ h 4 and y is given by ¢ h 2 divided by ¢ h 4. So this is simply a

conversion
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from the homogenous
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coordinate system to the Cartesian coordinate system. Now here, if | replace the values of ¢ h
landch2
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by x times ¢ h 4 and y times ¢ h 4 in our matrix equation then the matrix equation will look
likexch4,ychd4, thench 2 letitremain as it is and finally we have c h 4 this will be equal

to
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allal?2al3,al4da2l,a22,a23,a24,a31,a32,a33,a34,a4l1,a42,a43,a
4 4 multiplied by the 3D
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point coordinate in homogenous form whichisxyz 1
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So if expand this matrix equation what | get is x ¢ h 4 will be givenbyallxplusal2y
plusal3zplusaldi,
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thenych4 will beequaltoa2 1 xplusa22yplusa23zplusa24andchd4isgivenby a
41xplusad2yplusad3zplusaisd.
Now find
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that while doing this matrix equation or while trying to solve these matrix equations, we had
ignored the third component in the image, image point That is because the third component
corresponds to the z value and we have said for this kind of calculation the z value is not

important to us. Now from these given 3 equations, what we can do is
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we can find out what is the value of ¢ h 4 in terms of x y z and if replace these values of c h 4
in the earlier two equations then these two equations will simply be converted in the form a 1

1xplusal2yplusal3zminusa4lxsmallx capital x minus a 4 2 small x capital Y
minus a 4 3 small x capital Z plus a 1 4, this is equal to 0 and
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a 2 1 capital X plus a 2 2 capital Y plus a 2 3 capital Z minus a 4 1 small x, small y capital X
minus a 4 2 small y capital Y minus a 4 3 small y capital Z plus a 2 4 this is equal to 0.
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These two equations are now converted in this particular form.

Now if you study these two equations you find that
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x and y, small x and small y are the coordinates in the image plane of a point in the 3D world

coordinate system whose coordinates are given by capital X capital Y and capital Z. So if |
take a set of images for which a point in the 3D world coordinate system, that is capital X
capital Y and capital Z are known and also find out what is the corresponding image point,
image coordinate in the image plane, then for every such pair of readings | get 2 equations,
one is the first equation, other one is the second equation. Now if you study this particular,
these two equations
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you find that there are 6 unknowns. The unknowns are thereisall,al2,al13,a41,a42,
a43,al4,a21l a22 a23thenyouhave a2 4. So the number of unknowns we have in

this equation are one, two three, four, five, six, seven, eight, nine, ten and eleven. So there,



eleven or twelve; one, two three, four, five, six, seven, eight, nine, ten have | missed
something sorry there should be one more term minus here there should be one more term
minus a 4 4 x and here should be one more term minus a 4 4y, so this a 4 4 this is another

term
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so there are twelve unknowns. So for solving these 12 unknowns, we need 12 different

equations and for every known point in the
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3D world, I get two equations. So if | takesuch images for 6 known points then I can find out
thank you.



