An Introduction to Information Theory
Prof. Adrish Banerjee
Department of Electronics and Communication Engineering
Indian Institute of Technology, Kanpur

Lecture - 2B
Problem Solving Session-I

Welcome to the course on an Introduction to Information Theory. In this lecture, we will

try to solve some problems. So, this is a session devoted to problem solving.
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Conditional Entropy

@ Problem # 1: Give examples of joint random variable X and Y

such that
i) H(Y|X = x) < H(Y)
i) H(Y|X = x) > H(Y)

@ Solutions: Suppose that the random vector [X,Y Z] is equally likely
to take any of the following four values: [0,0,0],[0,1,0],[1,0.0] and
[1.0.1]

@ Then Px(0) = Px(1) = 1/2 so that H(X) = H(1/2) = 1 bit.

o Note that Py ,x(0/1) =1 so that H(Y /X =1) =0.

o Similarly, we have Py x(0/0) = 1/2 so that

H(Y /X = 0) = h(1/2) = 1 bit

@ Since Py (1) = 1/4, we have H(Y) = h(1/4) = 0.811 bits. Thus we
have
i) H(Y|X = 1) < H(Y)
i) H(Y|X =0)> H(Y) |

So, let us start with the first problem. So, give examples of, joint random variable X and
Y, such that the conditional entropy of Y, given a particular instant of X, is less than
equal to uncertainty in Y. And uncertainty in Y, given a particular instant of an event X
that has happened, that entropy is greater than entropy of Y. So, let us take an example, to
illustrate this. So, we have seen in the lecture, before that, conditioning cannot increase,
and conditioning under random variable, cannot increase entropy; However, as you can
see from this example, conditioning on a particular event, can result in increase in

uncertainty.

So, let us take an example. So, let us take, we have a, let us consider, we have a random
vector X Y and Z, and it takes 4 possible values. And what are those 4 possible values? 0
00,010,100and 1101, then, whatis X, X is 0, 0, 1, 1. So, then, probability of X
being 0 is, so, it is 2 by 4, similarly, probability of X being 1 is, 2 by 4. So, this is half.



Then what is the uncertainty in X? That is basically, given by, H of half, which is minus
half log half, minus half log half. So, that is 1 bit. So, uncertainty in X is 1 bit. Now let
us consider the uncertainty in Y, given X is 1. So, when is X 1? X is 1 in this case, and X
is 1 in this case. Now what happens to Y when X is 1? We can see here, when X is 1,
here Y is 0, and here also Y is 0. So, uncertainty in 'Y, given X, is 0. Because when X is 1,

Y is always 0 in this example, right?

So, uncertainty in Y, given X equal to 1 is 0. Now similarly, let us try to calculate,
uncertainty in Y, given X is 0. So, when X is 0, this is X is 0, this is X is 0. So, what
happens to Y, when X is 0? In one instance it is O, in other instance it is 1. So, with
probability half it is 0, and probability half, it is 1. So, what is the uncertainty in Y, given
X equal to 0? That is basically this quantity, and again this is minus half log of half,
minus half log of half, which is 1 bit. So, what have we shown so far? We have shown
that uncertainty in Y, given X equal to 1 is 0. Uncertainty in Y, given X equal to 0, is 1.
Now let us compute uncertainty in Y. So, what is Y? Y is 0, Yis 1, Y is 0, Y is 0. So,
probability of Y being 0 is half, so, probability of Y being 0 is 3 by 4, and probability of
Y being 1 is 1 by 4. So, then what is the uncertainty in Y? That is given by this. So, this
will be minus, 1 by 4, log of 1 by 4, and minus 3 by 4, log of 3 by 4. And that comes out
to be 0.811 bits.

So, you can see in this particular example H of Y, is 0.811 bits. Now given, X equal to 1,
uncertainty in Y, given X equal to 1 is 0. So, then H of Y, given X equal to 1, is less than
H of Y, correct? And what is this? H of Y given X equal to 0 that is 1, which is greater
than H of Y. So, hence we have shown that, condition on a particular event, it is possible
that uncertainty in Y, may become more than uncertainty in Y without, conditioning on
this event, or, that is this case, or the conditioning on a particular event, can reduce the

uncertainty in Y.

Please note, however, this is always true. You can work it out from here also, we know
that uncertainty in Y given X equal to 1, should multiply by probability of, X equal to 1
that is half. And what is the probability of X equal to 0 that is also half. So, if you
compute uncertainty in Y given X, that is uncertainty in Y given X is given by,
probability of X equal to 1, into H of Y given X equal to 1, plus probability of X equal to
0, multiplied by uncertainty in 'Y, given X equal to 0. This quantity is half, this quantity is
0, this quantity is half, and this quantity is 1.



So, this comes out to be 0.5, which is less than H of Y. H of Y is 0.811 bits. So, hence we

have shown, with an example, with an example, that these both conditions are possible.

(Refer Slide Time: 07:27)
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Mutual Information

o Problem # 2: Give examples of joint random variable X, Y aad™2
such that H(X/z—) = HX

i) 1(X.YIZ) < I(X:Y) %
(X Y[Z)> (X.Y)
i) Solutions: Let X, Y and Z form a Markov Chain

X:Y.Z) = I(X:2Z)+I(X;Y|2)
= I(X:Y)+I(X;:Z]Y)

@ We note that /(X; Z|Y) = 0, by Markovity, and /(X; Z) > 0. Thus,
I(X;Y|Z) < I(X;Y) (1)

ii) Let X and Y be independent fair binary random variables, and let
4=X+Y.
T

=0
@ Then I(X; Y) =0, but I(X;Y|Z)=H(X|Z —‘H(XiY,Zg:
H(X|Z)|=P(Z =1)H =1) = 5bit

Now, let us look at another problem. So, given example of Joint Random Variable X Y

and Z, such that, this condition holds, the Mutual Information between X and Y,
condition on Z, is less than Mutual Information between X and Y, and Mutual
Information between X and Y condition on Z, is greater than Mutual Information
between X and Y. So, to prove the first case we will take an example, let us assume that,
X Y and Z, forms a Markov chain. So, X Y and Z, forms a Markov chain, then

probability of Z, given Y and X, is equal to probability of Z, given Y.

Now, when X Y and Z forms a Markov chain, let us first write the Mutual Information
between X and Y Z, using chain rule. So, this is an application of chain rule, for mutual
information. So, using chain rule for mutual information, | can write this as Mutual
Information between X and Z, plus Mutual Information between X and Y, given Z. Now
| can apply chain rule in another fashion. So, if | apply chain rule again, I can write the
same thing, as Mutual Information between X and Y, plus Mutual Information between X
and Z, given Y. Now what is this quantity? Mutual information between X and Z, given
Y; now since X Y and Z, forms a Markov chain. So, given, given, given Y, Mutual
Information between X and Z is 0. Because if | know Y, | have complete knowledge,

basically I do not need X. So, Mutual Information between X and Z, given Y is 0, and



this is because X Y and Z, forms a Markov chain correct.

So, then what we can write here, here is, Mutual Information from this, lets call it A and
B. So, equate A and B, what we get is Mutual Information between X, and is equal to
Mutual Information between X and Z, plus Mutual Information between X and Y, given
Z. Now, what is Mutual Information? Mutual Information is divergence between the joint
probability distribution, and the marginals. So, Mutual Information between X and Z,
would be divergence of, joint distribution of X and Z, and marginals between that, and
the marginals P X and PZ. Now we know that divergence is always greater than equal to
0. So, this quantity is greater than equal to 0. So, then what have be proved? We have
proved, that if this quantity is greater than equal to 0, then we have shown that Mutual
Information between X and Y, is greater than equal to, Mutual Information between X
and, given Z.

So, this we have proved. Now we are going to prove that, Mutual Information between X
and Y, given Z, is greater than equal to, Mutual Information between X and Y. So, we
will take, we will consider one example. So, let us consider that X and Y, are
independent fair binary random variables. And Z is given by X plus Y. Now what is the
Mutual Information between X and Y? Because X and Y are independent, binary random
variable, they do not convey any information about each other. So, the Mutual
Information between X and Y is 0. Now what is the Mutual Information between X and
Y, given Z? Now following the definition of Mutual Information, we can write the
expression for Mutual Information between X and Y, given Z as, uncertainty in X, given
Z, minus uncertainty in X, given Y and Z. Now let us first look at, each of these terms.
So, let us first look at this term. Uncertainty in Y, given uncertainty in X, given Y and Z,
if Y and Z are given, clearly X is also known. If Y and Z are given, X is also known. So,
there is no uncertainty in X, if Y and Z are known. So, then in this particular example,

this term will be equal to 0.

So, then Mutual Information between X and Y, given Z, can be written as uncertainty in
X, given Z. Now uncertainty in X, given Z, can be written as, uncertainty in X given Z,
is equal to 0, multiplied by probability of Z being 0, plus, uncertainty in X, given Z is 1,
probability of Z equal to 1. Now what happens when Z is 0? when Z is 0, since X and Y
are binary random variables so, we know if Z is 0, Y will also be 0. So, there is no
uncertainty in X, when Z is 0. So, this term again, goes to 0. So, then Mutual Information



which is this term, is equal to this we have proved, is now then equal to, this quantity.
Now what is the uncertainty in X, given Z is 1? When Z is 1, X could be 0, and Y could
be 1, or X could be 1, and Y could be 0.

So, this uncertainty in, and probability of Z equal to 1, is Z, could, could take values 0
and 1 with equal probability. So, then uncertainty in X, given Z equal to 1 is. So, this
quantity, X given Z equal to 1 is, basically H of half, which is 1, multiplied by
probability of Z equal to 1, this would give us 0.5. So, then Mutual Information between
X and', given Z, we have shown that this is equal to, uncertainty in X given Z. We have
shown that this is equal to uncertainty in X, given Z equal to 1, into probability of Z
equal to 1, and this we have shown is equal to 0.5 bits. So, in this particular example, you
can clearly see that, the Mutual Information between X and Y, given Z, which is given by
0.5 bits, is more than Mutual Information between X and Y, which is 0.

So, hence we have shown 2 different examples that, Mutual Information between X and
Y, condition on Z, can be greater than Mutual Information between X and Y, or it can be

less as well.
(Refer Slide Time: 16:06)
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Divergence

o Problem # 3: Let Px(X =0) = Px(X =1) = 0.5,
Qx(X =0) =0.25, Qx(X = 1) = 0.75 and
Rx(X =0) = 0.2. Rx(X = 1) = 0.8. Show that triangle inequality
does hold for divergence, i.e.
D(Px||Rx) > D(Px||Qx) + D(Qx||Rx)

@ Solution:
0.5 0.5
D(Px||Qx) = 0.5log 025 T 0.5 log 075 = 0.208
0.25 0.75
= .25log —— + 0.75log —— = 0.
D(Qx||Rx) 0.25 log 02 0.75 log 08 0.011
0.5 0.5
= 51 ’ = 0.
D(Px||Rx) 050g0‘2 } 05'030.8 0.322
@ Since, 0.322 > 0.208 + 0.011 = 0.219, triangular inequality is not
satisfied S e

Now let us look at another problem. We want to demonstrate, with a help of a simple
example, that divergence, the relative entropy, does not satisfy triangle inequality. So, |
have given you, 3 probable distribution, P of X, X equal to 0, and X equal to 1 is same as
0.5. Q of X, X equal to 0 is given by 0.25, and X equal to 1 is 0.75. So, these are all



(Refer Time: 16:41) binary random variables 0 and 1, and R of X, X equal to 0 is 0.2 and
R of X, X equal to 1 is 0.8. We want to show, that triangular inequality, in other words
divergence between P and Q, plus divergence between Q and R, is not greater than
divergence between P and R.

So, with this simple example, we want to illustrate that, triangular inequality does not
hold for divergence. Soon, note the definition of divergence between two distribution, P
and Q, is expected value of log of, P by Q, and expectation is taken respect to P. So, this
would be then, P of X equal to 0 is 0.5, log of 0.5 when probability of Q X equal to 0 is
0.25. Similarly P of X equal to 1 is 0.5, this is P of X equal to 1, and Q of X equal to 1 is
0.75. So, this is the divergence between P and Q. Now to find the divergence between Q
and R, this is probability of Q, X, X being 0, probability of. So, this is basically Q X, X
being 0, and this is R being 0. Similarly, this is Q of X, X equal to 1. This is this quantity
and this quantity, and this is R X, X equal to 1. That is this quantity. This is follows
exactly from the definition of divergence, and similarly we can find out the divergence
between P and R that is basically this quantity is P of X, X equal to 0, same quantity, this
is R of X, X equal to 0. And this is P X, X equal to 1, same thing, and this is R of X, X

equal to 1.

Now, note here, this plus this, is not greater than this. So, we have shown with a simple
example that, triangle inequality, does not hold for divergence. So, you can see,
divergence between P and R is more than divergence between P and Q, plus, divergence

between Q and R. So, the triangular inequality does not hold.
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= ~ %50 exaasia

P o /7 TOm s s cf-coMBEEEERNTIRETIT M swwom 2

Mutual Information

o Problem # 4: Consider a discrete memoryless channel with inputs
X and outputs Y . The input X takes values from a ternary set with
equal probability and it is known that the probability of error for the
system is p. Using Fano's lemma, find a lower bound to the mutual
information /(X; Y) as a function of p.

@ Solutions: Mutual information can be written as
I(X:Y) = H(X) — H(X|Y)
@ By Fano's inequality, we get

H(X|Y) < H(P.) + P.log(3 - 1) = H(p) + p

@ Thus
I(X;Y) = H(X) — H(p) — p = log3 — H(p) — p

p—
e ———

Now, let us consider a discrete memoryless channel. So, we have a channel, discrete
memoryless channel, that has input X, and output Y. The input X, takes values from
ternary set, with equal probability. So, let us say at 0, 1 and 2, with equal probability. It is
known that the probability of error, of this system is P. So, the probability of error for this
system, where we are sending X through this channel, this probability of error is given
by P. Now using Fano’s lemma, you have been asked to find a lower bound on Mutual

Information, between X and Y, as a function of P.

So, what is Mutual Information? So, from the definition of Mutual Information, we can
write Mutual Information between X and Y as, uncertainty in X, minus uncertainty in X,
given Y. Now from Fano’s lemma, we know that this uncertainty in X, given Y, note this
is in the Fano’s lemma that we have proved, this is my U, and this is estimate of U, u
had. So, uncertainty in X, given Y, from Fano’s lemma, can be written as, binary entropy
function of the error probability, plus error probability log of, L minus 1, where | is the
number of possible values, this random variable is taking. Now in this particular
example, my random variable takes 3 different values, with equal probability. So, then, L
in this case is 3. So, log of 3 minus 1, that is basically 1, and we know probability of
error is P. So, then using Fano’s lemma, | am able to get an upper bound on, uncertainty

in X, given Y, and this is given by this expression.

Now, if I plug-in this upper bound on, H X, given Y in this expression | will get a lower



bound on, Mutual Information between X and Y. So, plugging in this value of,
uncertainty in X, given Y, plugging in this upper bound on this, I get a lower bound on
Mutual Information. So, Mutual Information is H X minus, H of X, given Y, which is
upper bounded by this. So, then the lower bound on, Mutual Information is given by this

expression.

(Refer Slide Time: 22:24)
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Concave Function

@ Problem # 5: Let (X.Y) ~ p(x.y) = p(x)p(y|x). the mutual
information /(X; Y) is a concave function of p(x) for fixed p(y|x)

@ Solutions: To prove, we expand the mutual information

I(X;Y)=H(Y)— H(Y|X) = H(Y) - Zp(x)H(Y!X =x)
(oncaNe y(") Contave jffx) 2 lnear
o If p(y|x) is fixed, then p(y) is a linear function of p(x).
@ Hence H(Y), which is a concave function of p(y), is a concave
function of p(x)
@ The second term is a linear function of p(x). Hence, the difference
is a concave function of p(x)

Next, we are going to show, that, Mutual Information, is a concave function of P of X,
for a fixed P of Y, given X. So, Mutual Information is a concave function of P of X. for a
given fixed P of Y, given X. So, how do we prove this? So, we write down from the
definition of Mutual Information between X and Y, we can write it as, uncertainty in Y,

minus uncertainty in Y, given X.

Now, the uncertainty in Y, given X, | can write it in this particular way. These
uncertainties in Y, given X equal to a particular event X, multiplied by the probability of
that event, right? Now lets look at, so, now, let us look at each of these terms separately.
Let us look at H of Y. Now we have already proved that, entropy is a concave function,
of P of Y. And what is P of Y? P of Y if we fixed, P of Y given X, then P of Y is a linear
function of P of X. And we know that H of Y, entropy function, is a concave function of
P of Y. So, if it is a concave function of P of Y, it will also be a concave function of P of
X. Because P of Y, for a fixed P of Y, given X, is a linear function of P of X. So, then we

can say that, since H of Y, is a concave function of P of Y, and P of Y is a linear function



of P of X, so then H of Y, must also be, a concave function of P of X. So, what we have

proved so far is, this term H of Y, is a concave function of P of X.

Now, let us look at this. This is a linear function of P of X, right? You can look, look at
this expression; it is a linear function of P of X. So, then we have Mutual Information
which is, consist of 2 term, one, which is a concave function of P of X, another, which is
a linear function of P of X. So, the sum of that also, will also be a concave function of P
of X. So, as | said, since the second term, is a linear function of P of X the difference or
the sum, will also be a concave function. So, we have now proved that, Mutual
Information between X and Y is a concave function of P of X. Because we have shown
that, Mutual Information is nothing, but subtraction of these two functions. This function
is a concave function of P of X. This function is a linear function of P of X, this is a
concave function. So, concave function minus linear function is a concave function. So,

this will be a concave function of P of X. And that is our proof.

So, | will stop here. In the next class, we will talk about; we will start discussion on,
Source Compression Algorithm. So, we will start with Block Two Variable Length

Coding.

Thank you.



