An Introduction to Information Theory
Prof. Adrish Banerjee
Department of Electronics and Communication Engineering
Indian Institute of Technology, Kanpur

Lecture — 14B

Problem Solving Session-1V

Welcome to the course on Introduction to Information Theory. So, this is our last lecture.
So, | thought why not solve some problems related to information theory. So, we are

going to devote this session to some problem solving.
(Refer Slide Time: 00:36)
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Measure of Information

@ Problem # 1: Prove that entropy is the only function that satisfies
the four conditions for information measure

@ Assume a random source X comprising of M elements with
probabilities p;(i = 1,- -+, M)), namely
o (Axiom 1:) If all the probabilities were equal, the function

H(1/M. 1/M,--- . 1/M) = f(M) is a monotonically increasing
function of M (M = 1,2,.-)

@ (Axiom 2:) For independent sources X and Y with M and L elements
respectively, F(ML) = f(M) + f(L) (M, L =1,2,::-)
o (Axiom 3:) H(py,p2,-++ ,pm) = H(pr + + Pry Priy + + pm)

Hort o+ oM (g iy )

F(prer 4 Fom)H | =i -

o (Axiom 4:) H = H(p\.p>,- -, pn) is a continuous function of the
probability set p;
Bl =it

So, the first problem that we are going to solve is as follows. So, prove that entropy is the
only function that satisfies the four conditions for information measure and what are
those conditions. So, these are given in the form of axioms. So, assume we have a
random source X that consists of M elements with probabilities given by p i. So, axiom 1
says if all the probabilities are equal, then the entropy function of our measure
information should be monotonically increasing function of M. The second axiom says
for two independent sources x and y, where x has M elements and y has L elements, then

information measure f ML should be at the form f M plus f L.

Third axiom is what we call grouping axiom. So, uncertainty basically p1p2p3pm
can be written as entropy of plp2prandprplusltopmplusp 1 p 2 pr. Entropy of p

1 divided by summation i 1 tor p i p 2 summation i going for 1 torof piand p r and



similarly, plus p r plus 1 p r plus 2 up to p m and this is just entropy H of p r plus 1
divided by summation of p i, where i goes from r plus L to M. Similarly p f r plus 2
divide by summation of p i, where i goes from r plus 1 to M up to pfm divided by
summation of p i where i goes from r plus L to M. This is a grouping axiom and the final
axiom is basically is entropy function should be a continuous function of the probability

setpi.
(Refer Slide Time: 03:34)
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Problem # 1 (contd.)

@ Solutions: We will prove that only function satisfying these four
axioms is of the form

M
H(p1, -+, pm) CLp, log pi
i=]

a) f(M*) = kf(M) for all positive integers M and k
We will prove this using mathematical induction / (k-‘) F(M)

9 If M is fixed integer, then it is true for k = 1
9 Since F(M*) = f(M . M*1) = F(M) 4 £(M*1). Assume it is true
for k =1, then F(MF) = F(M) + (k — 1)F(M) = kf(M)
—

So, we are interested to prove that entropy is the only function that will satisfy these four
conditions for information measure. So, we are going to show that only function that
satisfies these axioms are of the form this. So, let us first prove this. So, function of M
raise to power k should be k times f of M for all positive integers M and k. We can use
mathematical induction to prove this. So, if M is a fixed integer, clearly for k equal to 1
that is true because f of M is equal to 1 times of fM, so that it holds true for n equal to 1.
Let us say it holds for k equal to k minus 1. So, we want to prove that it holds for k for f
of M k can be written as f of m into m k minus 1. Now, this from axiom 2 can be written
as f of m plus f of k minus 1. Now, since this holds true for k minus 1, this would be

given by k minus 1 f of m.

So, this when you add with f of M becomes k times f of M. So, this also holds for k. So,
mathematical induction we have shown that this holds for positive number integers, M
and k.
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Problem # 1 (contd.)

b) o f(M)=ClogM (M =1,2,.--), where C is a positive number
o Let M=1, then f(1) = f(1-1) = f(1) 4 f(1), and hence f(1) =0
o Let M be a positive integer greater than 1. Let r be an arbitrary

positive integer, such that 2 lies between two powers of M, i.e
Wc have from Axiom 1,
F(M™) < £(2') < F(M**)
o T ! 2) < (k+ 1)f(M) or
k/r < f(2)/f(M) < (k+1)/r
¢ Logarithm is a monotone increasing function, hence
log M" < log 2" < log M**" or we have

v (oam

Now, f of M is the form C log of M. So, how do we show this? So, let us take M equal to
1. So, f of 1 is f of 1, but 1 which from axiom 2 can be written as f of 1 plus f of 1. So,
we have f of 1 equal to f of 1 plus f of 1. Now, this holds true for only for case when f of
1is 0. Next let M be a positive integer greater than 1 and let r be an arbitrary positive
integer which is r in such a way, so that 2 raise power r lies between 2 powers of m.
Now, what do you mean by that? So, there is some k such that M raise to power k is less
that equal to 2 raise power r is less than equal to M raise to the power k plus 1. Now, we
know from axiom 1 that information measures should be an increasing if all probabilities
are same. It should be an increasing function of m. So, then from that we get f of M k
should be less than equal to f of 2 r and that should be less than f of m raise to power k

plus 1. So, this follows from axiom 1.

Now, what is f M k? We just showed if you recall f of M k is given by this, right. So, we
can then write f of M k as k times f of M. We can write f of 2 raise to power r f r times f
of 2 and f of m raise to power k plus 1 can be written as k plus 1 times f of M. Now, if
you take this and divide it by all the clause by f of M times r, what we will get here is k
by r is less than equal to f of 2 divide by f of M is less than k plus 1 divided by r. Now,
we know that logarithm is also a monotonously increasing function. So, if we take log of
this, just take log of this, what do we get? We get log of M k that is less than equal to log
of 2 raise to power r is less than log of m raise to power k plus 1. Now, M raise to power

k is k log m log of 2 raise to r is r log 2 and this is k plus 1 times log of m. Now, again



we divide here by r times log of M. So, if you divide this by r times log of M, what | get
is k by ris less than equal to log 2 by log M is less than k plus 1 divide by r.

(Refer Slide Time: 09:53)
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Problem # 1 (contd.)

b)

@ Now we have
| log2 f(2) ‘ /
IogM F(M)| 4

@ Since M is fixed and r is arbitrary, we may lct r — o0 and we get

(log2)/(log M) = £(2)/f(M)

or f(M) = clog M, where ¢ = f(2)/log2

————

So, from here | got k by r is less than equal to f of 2 by f of m is less than k plus 1 divide
by r and here, 1 got k by r is less than equal to log 2 by log M is less than k plus 1 divided
by r. So, from these two, | can write that absolute difference between log of 2 by log of
m minus f of 2 by f of M must be less than 1 by r. So, this follows from this result and
this result this one, this result and this result. Now M is fixed, but we can make r very
large. If we make r very large, this 1 by r will become very small. So, then this will tend
to 0 as r goes to infinity. This will tend towards 0. Then, basically what we will get is log
of 2 by log of M is equal to f of 2 divide by f of M or in other words, f of M will be at the
form c of log M, where c is f of 2 divide by log of 2.
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Bls elis s glslaaaand

07T wad - co NENNEEERBO0 M w2

B

Problem # 1 (contd.)

c) H(p.1~p) Clplogp + (1 - p)log(1 — p)] if p is a rational
number.
o Let p = r/s where r and s are positive integers. We consider

f(s) = H(E:)

H('.SS') " :l(r)¢ (fT’)f(s )

S

o We have
Clogs = H(p.1 ~p) + Cplogr+ C(1 ~ p)log(s — r)
—_—
@ Thus we have

H(p.1-p) ~C|[plogr —logs + (1 — p)log(s — r)]

S

s

(= {plogi (1~ p)log
s
= oClnloena (1 o nMcalt £ o

Now, ensure the entropy of p 1 minus p is the form this, where p is a rational number.
So, let us take p to be equal to r by s, where r and s are positive integers. Now, from
axiom 1 we can write f of s like this and from z1, we can write this entropy in this
particular fashion now r by s is p. So, this p, this is 1 minus p, this is p. | mean this is 1
minus p. So, this we can write basically f of s of the form C log of this will become of
the form like this. So, f of s is a form of ¢ log s f of r form c log of r. So, what we get is
this.

Next, from here we can write entropy of p and 1 minus p s. So, if we bring all of them
here, what we get is something of this form and we get terms containing 1 minus p. If
you do that, we get this of the form minus some constant times p log r by s, where r by s
is this p 1 minus p log of 1 minus r by s this is 1 minus p. So, what we get is this is given

by s.



(Refer Slide Time: 13:29)
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Problem # 1 (contd.)

d) H(p,1~p)=~Clplogp + (1~ p)log(1l — p)] for all p. This follows
from continuity axiom
B R S

e) H(pr, -~ .pm) = ~C 3 pilogpi (M=1.2,---)
o Using mathematical induction, we know the above equation is true
for M = 1,2
o If M > 2, by Axiom 3, we get
——

Hpy, - pm) = H(pr + - - + pu-1, pm)

—_—

H(py 4 + pm 1)"1(‘_‘,‘;l g V[":’: . > + pmH(1)
2uim1 P 2uiw1 Pi

This holds true for all p. This follows from the continuity axiom. Now, finally we are
going to show that joint entropy of p 1 p 2 p m can be written of the form minus c times
summation p i log p i, where i goes for 1 2 M. Now, we are going to use mathematical
induction to prove this. So, we can see very easily this holds for M equal to 1. If m equal
to 1 p i basically just 1 that it hold for M equal to 1, it also holds for M equal to 2. So, let
see what happens when M is greater than 2. Now, this joint entropy using grouping

axiom can be written as this, plus this and plus this.
(Refer Slide Time: 14:27)
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Problem # 1 (contd.)

o Assuming the formula is valid for positive integers upto M — 1, we
o

obtain
H(pr, - . pm) Cl(p + + pm 1) log(py + + pm—1) + Pum log pa)
P m PM~1 PM -1
Clpy + tPm-1) | = log — + t = g —
( —_— TP TP Tarh i pi

+pm(0)
T /M -} -
c [(W) i leospm]
jl
M M=2 M=1
C LP' log p; (};}lmfb«‘)
w1 =l

M ————r—
C L P log p;
iwl

——




Now, assuming this holds true for some k up to M minus 1, we will try to see whether
this holds for k equal to n. So, this can be written as now we are making use of if
grouping axiom and we can write this as minus c times this term plus this minus c times,
this term plus this plus p m and this h of 1 was 0. So, now we know that this term is
given by this because this holds for M minus 1. So, this is the expression. Similarly, this
expression comes here and this will be summation p i to the power minus M and the
summation from p and this will be p of this will be 0. So, if you look at this term
essentially what we are going to get is, of the form this will be some c timespilogofpi
and there will be some term minus summation p i p i log p i. So, this term basically
comes out to be this. You can verify this. Now, if you look at this, this term you can take
this common out this, this cancels. So, what we have is minus ¢ summation pilogp i
and this is p M log p M. So, this becomes this. So, what we have shown is and entropy

function basically satisfies the axioms of information measure.
(Refer Slide Time: 17:05)
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Measure of Information

@ Problem # 2: Suppose one has 12 coins, among which there may
or may not be one counterfeit coin. If there is a counterfeit coin, it
may be either heavier or lighter than the other coins. The coins are
to be weighed by a balance. In three weightings, you will have to
find the counterfeit coin (if any) and correctly declare it to be
heavier or lighter.

o Solutions: For 12 coing we have 23 possible outcomes,
corresponding to the case when one of the 12 coins is heavier or one
of the 12 coins is lighter or all coins are of same weight. We denotes
numbers {12, ~11,...,~1.0.1..--,11,12} in ternary number
system with alphabets { 1.0, 1}

—

The next question that we are going to solve is, so we are given 12 coins. Now, we do
not know whether they are counterfeit coins or not. So, there might be some counterfeit
coins. If there are counterfeit coins, the coin can be heavy or it can be lighter also that
also you do not know now. So, you are supposed to weigh these coins using a weighed
balance. You are going to weigh these coins to give a weighed balance and in 3
weighing, you will have to find out the counterfeit coin number 1. Second you have to

correctly declare whether the counterfeit coin is heavy or lighter. So, how do we solve



this? So, you have 12 coins and there are 23 possibilities. So, we are denoting these
possibilities. So, these possibilities corresponds to the coin to the fact that one of these
coins could be heavier or one of these coins could be lighter or all coins are of equal
weight and we are denoting by these numbers, these 23 possibilities and we are going to

write these numbers using ternary alphabet minus 1 0 and 1.

(Refer Slide Time: 18:50)
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Problem # 2 (contd.)

f 9=k
1-3+4+9="1
@ The re;)LeseHlaln‘?n of the positive numbers is shown below
—

—
L2 o & & 6 [t fi 8 STFI0) 112
PIE =F 0 ¥ <% 0 1 1 0 0
0 A TR T 1 -1 1/ 0 0|0 1 1
2 1 1

1

s

30 0 0 O 1 1 1 1

2 T4 ] 6 [7 | 8 E]'w 11 F
N oLV ER ToT [ Cr o [N o sy =0
(0] 2! Lo OO o e = 0
2 |t {0 iﬁ ) gyt g 55,=0

So, these 12 coins | am just writing this 12 in equivalent ternary notation. So, 1 would be
1 times 3 is to power 0 plus O times 3 is to power 1 plus O times 3 is to power 2.
Similarly, you can see this 7 is nothing, but 1 minus 3 plus 9 plus 7. So, you can write
any number. Let us take 10 10. I can write as 1 plus 9 that is 10. So, that is 1 times 3 is to
power 0 plus 1 times 3 is to power 2 now. So, | have written all of these 12 numbers in
the ternary notation minus 1 0 and 1. Now, if I sum up in each unit, it corresponds to 3 Oe

3isto power 1 3isto 2. If I sum them up, | get here 0 2 and 8.

Now, what I do is, | negate columns 9 7 7 9 11 and 12. So, what I did was. So, 7 was 1
minus 1 1. I made it minus 1 1 and minus 1. Similarly, 9 was 0 0 1. I made it 0 0 minus 1
11 was minus 1 1 1. I made it 1 minus 1 minus 1 and 12 was 0 1 1. | made it 0 minus 1
minus 1. What | am doing is, you can see here when | sum up these numbers, I get 0. So,
this row | sum them up, | am getting 0. Here | was getting earlier also 0, but if you look
at these two rows, earlier | was getting 2 and 8, but now as a result of negating of these

few columns, | am getting 0.



(Refer Slide Time: 21:08)

Problem # 2 (contd.)

@ We will place the coin n on the left pan if n; 1, on the right pan
if n; = 1, and will keep it aside if n, = 0

@ The result of each weighting is -1 if the left pan is heavier, 1 if the
right pan is heavier and 0 if both the pans are same

@ Three weighings of the coin can give us the ternary representation of
the index of the odd coin

o If the expansion is same as the column of the matrix, the coin is
heawvier, if it is of opposite sign, the coin s lighter

Next how | am going to weigh them? So, | am going to place a coin n on the left pan if n
i is minus 1 and | am going to put it, on the right pan if niis 1 and if niis 0. I am not
going to put it in the any pan. So, for example we are going to weigh it 3 times plus
corresponding to this row, second time corresponding to this row, third time
corresponding to this row. So, when | am doing this weighing corresponding to this row,
| am going to put this in the right pan and | am going to put this in the left pan. | am
going to put this in the right pan, 1 am going to put this in the left pan, | am going to put
coin number 7 in the left pan, coin number 8 in the left pan, coin number 10 in the right
pan, coin number 11 in the right pan and one’s that you see which are 0, that coin
number 3, coin number 6, coin number 9, coin number 10, 12, | am not going to put in

any of the pan. This is for the first weighing.

Similarly for the second weighing, 1 am going to put coin number 2 3 4 7 in right pan. |
am going to put 56 11 and 12 in the left pan and | am not going to put coin number 1 8 9
and 10. Likewise for a third weighing | am going to put coin number 5 6 8 10 in the right
pan and coin number 7 9 11 and 12 in the left pan. Why coin number 1 2 3 4 are not put
in any pan? Now, the claim | am making is the result of each weighing is if the result of
each weighing is minus 1, it means the left pan is heavier and if the result of weighing is
1, it means the right pan is heavier and if it is 0, then both the pans are of same weight.
So, what | am going to do is, if | weigh them and | find the left pan is heavier, | am going

to give number minus 1. If right pan is heavier, | am going to give number 1 and if both



the pans are of same weight, | am going to give number 0. This is a result of my

weighing.

Now, three weighing of the coin can give me the ternary representation of the index of
the odd coin. How if the expansion is same as the column of the matrix? Then the coin is
heavier and if it is of opposite sign, then the coin is lighter. So, what | am saying is as a
result of my weighing when | give this numbering minus 1 1 and O depending upon
which pan is heavier if that numbering comes out to be same as is that expansion comes
out to be same as a column of this modified matrix that I had, then the coin is heavier
and if it is of the opposite sign, then the coin is lighter. So, let us stick to this result and
pick up one of the coin. Let us see we pick coin number 4 and let us see this is heavier.
Let us say coin number 4 is heavier. Now, if coin number 4 is heavier when we do this
first weighing, what would you notice because this expansion is 1? So, we would have
put it in the right pan and since coin n umber 4 is heavier, the right pan would have come

out to be heavier.

So, the result of outcome would have been 1. Similarly for the second weighing
corresponding to this row, you should look at coins, 4th coin this is 1. So, we would have
put this coin in the right pan and then, again outcome of our weighing would have been 1
in the final weighing which is corresponding to the third weighing. Since this is 0, we
would not have put this coin in our weigh. So, we would have observed that both left and
right pan are of same weight. So, the result of our outcome of weighing would have been
1 1 0. Now, if you compare 1 1 0 with the columns of this matrix, we see that this
column corresponding to coin 4 has the same expansion and as | said. So, we are able to
identify the odd coin is coin number 4 and since the expansion of this is same as

expansion of column 4 in this matrix, the column 4 is heavier which it indeed was.

Now, let us take another example. Let us take coin number 10 and let us say this coin is
lighter like this coin is lighter. So, in the first weighing this is 1. So, we would have put it
on the right pan since this is the lighter coin and left would have come out as heavier. So,
result of first weighing would have been minus 1. Now, the second weighing and since
the expansion corresponding the term here is 0, we would not have put this coin
anywhere. So, result of weighing would have been that, both left and right pan are of

equal weight.



So, then this result would have been 0 and finally, for the third weighing since this is 1
here, we would have put this coin in the right pan. So, left pan would have come out as
heavier. So, this result of our outcome of weighing would have been minus 1. For the
third weighing now look at do we have any column of this matrix which of this
expansion minus 1 0 minus 1. We do not, but if you look at expansion for 10 if you
multiply it by minus 1, you get this. So, then we are able to identify that the coin number
10 is counterfeit and we are also able to identify because the expansion of 10is 1 0 1. So,
and this is minus 1 0 minus 1. So, we are also able to identify that not only coin 10 is

counterfeit, but it is of lighter weight.

(Refer Slide Time: 29:35)
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Data Processing Lemma

@ Problem # 3: Prove that H(X0|X ) increases with n for any
Markov Chain

@ Solutions: For a Markov Source by data processing lemma, we have

I(Xo n) & /(Xo n-1)
Hence we have

M H(XolX / H(Xo| Xn-1)

H(Xo|Xa) > H(Xo|Xn-1)

The next problem that we are going to solve is as follows. So, we want to show that
entropy of x 0 given x n, it increases with n for a Markov chain. So, if x 0 x 1 X 2 x n
forms a Markov chain, then we know x 0 x 1 x 2, they form a Markov chain and then
from the data processing lemma, we know that mutual information between x 0 and x n
is less than mutual information between x 0 and x n minus 1 because we know that
further processing of data does not increase the mutual information. So, then from the
definition information, we can write this as uncertainty in X 0 minus uncertainty in x 0
given x n. Similarly, this we can write as uncertainty in x 0 minus uncertainty in x 0
given x n minus 1. So, this is common. So, what we get is minus of this is less than equal

to minus of this. So, then multiply by minus both side, we get entropy of x 0 given x n is



greater than equal to uncertainty in x 0 given x n minus 1. So, as n increases, you can see

this entropy increases.
(Refer Slide Time: 31:17)
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Data Processing Lemma

o Problem # 4: Under what conditions does H(X|g(Y)) = H(X|Y)?
State the general condition, not just a special case.

o Solutions: If H(X|g(Y) = H(X|Y), then
H(X) = H(X|g(Y)) = H(X) — H(X|Y), ie I(X:g(Y)=I(X;Y)
This is the condition of equality in the data processing inequality

@ From the derivation of the inequality, we have equality iff
X —» g(Y) - Y forms a Markov chain. ==

o |Hence H(X|g(Y) = H(X|Y) iff X = g(Y) = Y (
o This condition includes many special cases, such as g being

one-to-one, and X and Y being independent. However, these two
special cases do not exhaust all the possibilities.

The next question is under what condition does uncertainty in x given g of y is same as
uncertainty in x given y. So, if uncertainty in x given g of y is same as uncertainty in x
given to y, then h of x minus h of x given g y can be written as h of x minus h of x given
y or in other words, the mutual information between x and g y is same as mutual
information between x and y. Now, we know x y and g of y forms a Markov chain, then
mutual information between from data processing lemma we know mutual information
between x and g y should be less than equal to mutual information between x and y and
here, it is given it is equal and when does equality happen, the equality happens when x g
y and y also forms a Markov chain. So, this result comes from the property of data
processing lemma. So, we know that this equality will happen if g x g y and g also forms
a Markov chain and that is a general condition. I am talking about under which
uncertainty in x given g y is equal to uncertainty in x given y and there are many special
cases. For example, g being 1 to 1 x and y independent, but the general condition is this,
ok.



(Refer Slide Time: 33:43)

_ L= -~ Q 3 ‘\ N .\ ”‘\ \[:-

70 7TOmME A ol-coMERNENEERE0C M s 1

Convex Function

o Problem # 5: Let Py(j/k) and Py(j/k), 0 < k < K — 1,

0 < j < J~1, be two arbitrary sets of transition probabilities, and let
P(j/k) = 0Po(j/k) + (1 — @)Py(j/k). for an arbitrary 6, 0 < 0 < 1
o Let ly, /;, and /| be the average mutual informations for these sets of
transition probabilities, then to prove that the mutual information,

I(X; Y) is a convex function of p(y/x) for fixed p(x)

@ One has to prove that

Olp + (1 = 6) > |

The next question is on proving whether a function is convex or concave. We want to
show that mutual information is a convex function of p of y given x for a fixed p of x and
how are we going to prove this. So, let’s p 0 j by k and p 1 j by k, where k varies from 0
to k minus 1 and j varies from 0 to j minus 1 by 2 arbitrary set of transition probabilities.
It defined p of j k as theta times p 0 j given k minus 1 minus theta times p 1 j given k for
some theta which lies between 0 and 1. Now, let i 0 i 1 and i be the average mutual

information for these three sets of transition probabilities and then, p 0 p 1 and this p j.

Now, we want to prove that mutual information is a convex function of p of y given x for
a fixed p of x. So, to prove it, we have to show that theta times i 0 plus 1 minus theta
times i 1 that is greater than equal to this average mutual information corresponding to

this transition probability.
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Problem # 5 (contd.)

o Consider Py and P; as conditional on a binary variable Z
Po(j/k) = Py xz(jlk,0) Pi(j/k) = Py;xz(jlk.1)
z

R(K=1)

X Y
7o) :
Ry 0 0

el |
Channel
l'lﬂlb PG/K)
l'l(li
& | K-I
Uike P K-T) .

Figure: Figure for Problem 5

@ Let Pz(0) =0, Pz(1) = 1 — 6, and we define Z to be statistically
independent of X

@ Use the above formulation to prove that the mutual information,
I(X.Y) is a convex function of p(y/x) for fixed p(x)

So, let us consider p 0 and p 1 to be conditioned on some binary random variable z. So,
we have a binary random variable z. It takes value 0 and 1 and p of O can be written as
probability of y given x and z, where z is 0 and probability p of 1 can be written as
probability p of y given x z, where z is plus 1. Let p of z being O is given by theta. So, p
of z being 1 will be 1 minus theta and z is considered to be statistically independent of x.
Now, we want to show that mutual information is a convex function of p of y for a fixed

p of x.
(Refer Slide Time: 36:28)
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Problem # 5 (contd.)

o Solutions: Let Po(j/k) and Py(j/k), 0 < k< K-1,0<;< J-1,
be two arbitrary sets of transition probabilities, and let
P(j/k) = 0Ps(j/ k) + (1 = B)Py1(j/k). for an arbitrary 6, 0 < 0 < 1
@ Let Iy, Iy, and | be the average mutual informations for these sets of
transition probabilities, then we need to prove that
Olg+ (1= 0)h > 1
@ We consider Py and Py as conditional on a binary variable Z

Poli/k) = Py;xz(ilk.0) Pr(i/k) = Py xz(ilk.1)

)

0
I
Channel

ryx)




So, let’s see as | said we have to prove this. We already showed that we are considering
p 0 and p 1 as conditioned on this binary random variable z. So, p 0 can be written like
this and p 1 can be written like this. This is a diagram corresponding to that to think of it.
This x and y that condition probability of y given x is condition on probability y given x

and z whereas, z is 0 z is 1 and these are the channel transition probabilities.

(Refer Slide Time: 37:07)
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Problem # 5 (contd.)

o Let Pz(0) =46, Pz(1) =1 —~ 6, and defining Z to be statistically
independent of X, then equation
Olo+ (1 —0)hy > |
becomes
I(X:Y|Z) > I(X.Y)

@ By chain rule, we know that o

I(X:YZ) lsg )+ 1(X. Y|Z)
(X Y)+ I(X;:Z|Y) 0
@ Since X and Z are statistically independent, we have /((X: Z) = 0
yielding

1(X: Y|Z) (X Y) + I(Z: X|Y)
1(X.Y|2) > (X, Y)

—

Now, what is this term? Theta is nothing, but p of z being 0 and i of 0 is corresponding to
this transition probability p of 0 and 1 minus theta as a probability of p of z being 1 and
this is the mutual information corresponding to transition probability p of 1. So, this can
be written as mutual information being x and y given z. What about this? This is nothing,
but mutual information between x and y. So, to prove that mutual information is a
convex function of p of y given z for a fixed p of x, we will have to show that this

relation holds.

Now, using chain rule we can write mutual information being x and y z as mutual
information being x and z and mutual information plus mutual information between x
and vy, given z. Now, if you apply chain rule in another way, we get this as mutual
information being x and y plus mutual information between x and z, given y. Now, since
x and z are statistically independent mutual information between x and z will be 0. So,
this term will be 0. So, then what we get is mutual information be x and y, given z is

equal to mutual information between x and y plus mutual information between x and z,



given y and we know that mutual information is greater than equal to 0. So, this shows
that mutual information between x and y, given z is greater than equal to mutual
information between x and y. So, we have proved that this relation holds and hence, we
have proved that mutual information is a convex function of p of y given x for a given p

of X.

(Refer Slide Time: 39:37)
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Uniquely Decodable Codes

o Problem # 6: Consider a source with source alphabet
{a1. 32, a3, 2. a5, a6} in which the symbol probabilities are as follows

pr=027,p =0.09,p3 =023, ps = 0.11, ps = 0.15, ps = 0.15

Find an optimal uniquely decodable code for this source that is not a
hmo'ﬁ Huffman code.
@ Solutions: We will first create a Huffman code for the source

distribution o
e 02 10 &—
© o009 000 «—
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Now, in this question you have been asked to design an optimal uniquely decodable code
which is not a Huffman code. Now what are the properties? So, here you have been
given a source, the source alphabet is given by this and the symbol probabilities are
given by this. I forgot to mention basically I mean which is not a binary Huffman code.
Now, what are the properties of a binary Huffman code? We know that there are two
light symbols and they differ in only one bit location and when | see find an optimal
uniquely decodable code, | want the expected code word length of this uniquely
decodable code to be same as that of Huffman code. However, it is not Huffman code.

So, how do we solve this?

So, first we are going to do is, we are going to create a Huffman code using these symbol
probabilities. So, you can see here two smallest symbols. If probability of this is 0.01 and
0.11, so join them get probability 0.2. So, | deactivate these nodes and activate this node.

Now, the two nodes with least probability are this time is point this one which has



probability 0.15 and this one which is probability 0.15. So, | deactivate these nodes and
this is probability 0.3.

Next I have this is 0.3, this has 0.23, this one has 0.2 and this one has 0.27. So, the two
least lightly active nodes are this one ith probability 0.2 and this one with probability
0.23. So, | deactivate these nodes. Now, | have this node with probability 0.43. Now,
among the three nodes, remaining this one has probability 0.27 and this one has
probability 0.3. | join them, | get this as node as probability 0.57. | deactivate these nodes
and finally, 1 join this node and this node and | get here, this is probability root is

probability 1 and deactivate this.

So, if you now assign code words, you can assign 0100101021010 1. So, what you
will notice is, this has code word 1 0, this is 1 0, this is 1 and this is 0, this one has code
word. Let’s see 0, this one 0 and then 0 and 0, this one has 0 and then 1 0 and 1, this has
0 and then 0 and then 1. So, 00 1, thishas 110 1 1 0 and this one has 1 1 and 1. So, if
you notice in the optimal Huffman coding for this source with these source probabilities,
| have four code words of length 4 and | have two code words of length 2 and remember
the two least lightly symbols which are probability 0.09 and 0.11, they are differing only

in one bit location, correct.

Now, if | swap these two code words are also having 3 bits, if | swap any one of them
with, so that will if I make this code word as 0.001 and | make this one as 1 1 0, then it
does not change the expected code word length. However, it is now no longer Huffman
code. Why? It is because now the least lightly decode word this one has 0 0 0 and this
one has 1 1 0. So, two least lightly code words are differing in two positions. So, it is no

longer a Huffman code. So, this way you can solve this problem.
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@ Huffman code can thus be written as

Source alphabet | Codeword
probability

0.27 10
0.09 010
0.23 00
0.11 011

= ows. . e |
0.15 111

@ In Huffman code, two least likely codewords differ at the last bit. If

we interchange the codeword for one of the source alphabet with
probability 0.15 with the codeword for source alphabet with
probability 0.11, we still get a uniquely decodable code, but it is not

a Huffman code.

This is a Huffman code as | said and in case of Huffman code, two least lightly code
words differs only in the last bit. So, if we interchange the code word for one of the
source alphabet with probability 0.15 to the code word for source alphabet with 0.1, we
still get a uniquely decodable code and it is not Huffman code. In fact, we get a prefix
free code, but it is not a Huffman code. One such example is this.

(Refer Slide Time: 46:07)
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o Problem # 7: Prove that for any binary Huffman code, if the most
probable message symbol has probability p; > 2/5 and it is the only
message symbol with this probability, then that symbol must be
assigned a codeword of length 1.

@ Solutions: Let's assume that the codeword length of the most

probable message symbol is larger than one.
@ Then, since the most probable codeword must have the shortest
codeword length, the codeword tree can be reduced to
q
I

-

q

Figure: Huffman code tree

The next problem is prove that for a binary Huffman code, if the most lightly message

symbol has probability greater than 2 by 5, then it is the only message symbol and it is



the only message symbol with this probability, then that symbol must be assigned a code
word of length 1. So, what | am saying is the most probable message symbol has
probability greater than 2 by 5 and it is the only message symbol which has this
probability, then show that this symbol must be assigned a code word of length 1.

Now, we are going to use method of contradiction to prove this result now does method
of contradiction work. So, we are going to assume that lets say this particular message
symbol requires more than 1 length code word and then, later on we will show that this is
not possible. So, our initial assumption that this message symbol has code word of length
greater than 1 is incorrect and that is how we will prove it. So, let us assume that code
word length of the most probable message symbol is larger than 1. If that is a case, this is
a kind of Huffman tree, binary Huffman tree you will get. So, | am just referring to this
message symbol by hasq 1 hereofqlqg2qg3q4.

(Refer Slide Time: 48:02)
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o Furthermore, we know that g, + g2 + g3 + qa = 1. We consider two
cases

Case 1: g3, qs > q1, q2. Since q1 > 2/5,qy, qa are also > 2/5, and
o= q + G2+ Gy + qa > 6/5 > 1, which is impossible.
ase 2 q1 Q.92 q\ qs. We also have qx qs > q1 > 2/5] Since,

@t a: 1‘tq‘ lorl' F o 4/5 + q;. So. we get
"—jgﬁ&ﬁq; * Q3. {u th|5 implies |q3 + ga < 2q2 < 2/5.|As
D+ qs > qu, this wou would imply qi < 2/ /5, whic mchh the
condition given above (g, > 2/5) Hence this is also not possublc

\\ e

@ Thus the original assumption is false and the codeword length of the
most probable message must be one.

Now, these probabilities g 1 q 2 q 3 g 4, they should add up to 1, right because some of
probability of the root should be 1. So, let us say I have at depth 2. This is how | have
these probabilities g 1 g 2 g 3 g 4. Now, consider two cases. In case 1, we consider that q
3 and q 4 their probability is more than g 1 and g 2. So, what we are considering is that
these probabilities are more than these probabilities that the first case and the second
case we will assume these two probabilities are more than these probabilities. So, if q 3

and g 4 are more than g 1 and g 2 and since q 1 that message symbol with probability 2



by 5 is there g 1, so g 3 and g 4 must also be greater than 2 by now. If we add up q 1 plus
g 2 plus q 3 plus g 4, we get because g 3and g4 are 2 by 2 by 5and g 1 is also 2 by 5.
So, g 1 plus g 3 plus g 4 is greater than 6 by 5 which is not possible. So, we cannot have

this case 1.

Now, let us look at case 2. So, here we assume g 1 and g 2 is greater than g 3 and q 4.
Now, we also have q 3 plus g 4 to be greater than q 1, otherwise we would have joined
them. So, g 1 plus q 4 is greater than g 1 which is greater than 2 by 5. Now, since q 1
plus g 2 plus q 3 plus q 4 should add up to 1, what we get from here is two times g 1 plus
g 2 is less than equal to 1. So, 4 by 5 plus g 2 is less than equal to 1 or we get q 2 is less
than 1 by 5. Now, since q 1 and q 3 are greater than q 3 and q 4, g 3 plus q 4 if we add
them up, they must be less than two times g 2. What is g 2? In this case, q 2 is less than 1
by 5. So, then if this condition works, what we have shown is q 3 plus q 4 is less than 2
by 5, however you also said g 3 plus g 4 is greater than g 1 which is greater than 2 by 5,
but here we are getting g 3 plus q 4 is less than 2 by 5.

So, this contradicts because from here we are getting condition that g 1 is less than 2 by
5, but we are given that q 1 has probability greater than 2 by 5. So, hence this contradicts
our assumption that the message symbol of the probability 2 by 5 is a sign code word of
length greater than 1 since we have considered all possible cases. So, we know that it is
not possible for a message symbol with probability greater than to 2 by 5 and if that is
the only message symbol with that probability, it is not possible for this message symbol
to have a code word greater than length 1. So, since the original assumption is false, by
method of contradiction we know that the code word length of this message symbol has
to be 1.
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Rate Distortion Theory

o Problem # 8: Let X ~ N(0,0%) and let the distortion measure be
squared error. Show that the optimum reproduction points for 1 bit
quantization are =+ V/ 24, and that the expected distortion for 1 bit

x

quantization is “=2g?,
o Solutions: Let X ~ N(0, o?) and let the distortion measure be
squared error

@ With one bit quantization, the obvious reconstruction regions are
positive and negative real axes o

Finally we conclude with one example. So, we have a Gaussian source with 0 mean
variance sigma square and let the distortion measure be squared distance. So, we have
been asked to show that the optimum reproduction point for 1 bit quantizer is given by
this and the expected distortion for 1 bit quantizer is given by this expression. So, this is
a Gaussian distribution random variable, right. It is zero mean Gaussian distribution
random variable symmetric across around 0. Now, with 1 bit quantizer, it is obvious that

the reconstruction regions are one is negative real axis and other one is positive real axis.

(Refer Slide Time: 53:53)
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Rate Distortion Theory

@ The reconstruction point is the centroid of each region. for example,
for the posmvé real Tine, the centroid a is

/0 \/27n2e 20 o

i

using the substitution y = x?/20°




So, to find out the optimal reproduction point, we need to find the centroid of these
regions. So, the reconstruction point is nothing, but centroid of this negative of region or
the positive of region and they are symmetric, right. So, if we consider example, the real
axis, then the centroid point comes out to be, this is integration from 0 to infinity two
times explntial of minus x square by 2 sigma square divided by and the root 2 pi sigma
square and this comes out to be sigma times under root 2 by pi. Similarly for the negative

real axis, the centroid point will come out to be minus of sigma under root 2 by pi.

(Refer Slide Time: 51:43)
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Now, to find out the expected distortion, for the real negative axis the reproduction point
IS minus sigma under root 2 2 by pi for whereas, for the positive, this is the reproduction
point. So, distortion is given by x minus, minus of sigma under root 2 by pi and since,
the distortion is squared error, we take square of this. There is PDF of the source
integrating for minus equal to 0. Similarly, this is the centroid point for the positive real
axis. So, we integrate from 0 to infinity and there is PDF of the source. So, by these
algebraic manipulations, what we get finally is this that the expected distortion is given
by sigma square into pi minus 2 divided by pi. So, with this we will conclude this

lecture.

Thank you.



