An Introduction to Information Theory
Prof. Adrish Banerjee
Department of Electronics and Communication Engineering
Indian Institute of Technology, Kanpur

Lecture — 14A
Blahut-Arimoto Algorithm

Welcome to the course on An Introduction to Information Theory. So, in this lecture, we
are going to talk about an iterative algorithm to compute channel capacity and rate
distortion function, and this is known as Blahut-Arimoto algorithm named after these
two scientists who independently came up with this algorithm.
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Qutline of the lecture

o Alternating Optimization
o Blahut-Arimoto (BA) algorithm

o Channel capacity computation
o Rate distortion function computation

So, first we will talk about this algorithm in a general setting and then so will be talking
about alternating optimization algorithm and then we will talk specific about this Blahut-
Arimoto algorithm. In particular, we will talk about how we can use this algorithm to
compute channel capacity, and how we can use this algorithm to compute rate distortion
function. Now, for this lecture, we are going to use the book by Raymond Yeung on

Information Theory and Network Coding, this is chapter 9 of that book.
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o For a discrete memoryless channel, p(y/x), the channel capacity is
given by

C= n?a;cl(X, Y2)

where X and Y are respectively the input and output of the channel,
and r(x) is the input distribution

@ The expression for channel capacity is called a single letter
characterization in the sense that it depends only on the transition
matrix of the channel but not on the blocklength n of the code.

@ When both the input and output alphabet are finite, the
computation of channel capacity becomes a finite-dimensional
maximization problem

@ Unless for very special cases, it is not possible to obtain an closed
form expression for channel capacity.

So, as we know for a discrete memoryless channel with transition matrix given by p of y
given X, channel capacity is given as maximum mutual information between the input X
and the output Y, and the maximization is taken over all input distribution. Here | am
denoting the input distribution by r of x; X is input to the channel and Y is the output to
the channel. Now, as we know this expression for channel capacity is what we call as
single letter characterization. Now, we know this channel capacity depends on the

transition matrix of the channel; it does not depend on the block length of the code used.

And when the input alphabet size and the output alphabet size that is finite in that case
this computation of this channel capacity is nothing but a finite-dimensional
maximization problem. Now, we know that except for some simple specific cases, we do
not have a close form expression for channel capacity. So, to compute channel capacity
in general, we will have to resort to let us say numerical computation of something like
that. Now Blahut-Arimoto algorithm is an algorithm to iteratively compute the channel

capacity and rate distortion function.
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@ For an 1.i.d information source X;.k > 1 the rate distortion function
is given by

R(D) min I1(X; X)
Q(&Ix):E(d(x.%)< D)
where X and X are respectively the source and reproduction
alphabet, average distortion under single-letter distortion measure d
is less than D, Q(%|x) is the conditional distribution for which the
joint distribution Q(x. X) satisfies the expected distortion constraint
@ The expression for rate distortion function is also a single letter
characterization in the sense that it depends only on the random
variable X but not on the blocklength n of the rate distortion code
@ When both the source alphabet and reproduction alphabet are finite,
the computation of rate distortion function becomes a
finite-dimensional minimization problem
@ Unless for very special cases, it is not possible to obtain an closed
form expression for rate distortion function, and we have to resort to

numerical camnutatian

Similarly, if we look at the rate distortion function this is defined as minimum mutual
information between the source alphabet and the reproduce alphabet which is denoted by
X hat. And this minimization is taken over all conditional distribution of Q of x hat given
x such that the expected single letter distortion is less than some quantity D. So, Q of x is
the conditional distribution and of x hat given x and g of x, x hat denotes a joint

distribution which satisfy the distortion constraint which is given by this here.

Now, here also this is the single letter characterization; it does not depend on the block
length of the rate distortion code, it already depends on the random variable x. So, when
the source alphabet and reproduce alphabet size is finite again this becomes a finite
dimensional minimization problem. And again here in most of the cases, we do not have
a close form expression for the rate distortion function. So, to compute rate distortion
function then we will have to resort to some sort of numerical method. So, this gives a
motivation to study an iterative algorithm to compute this rate distortion function and

channel capacity.
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Alternating Optimization

o Consider the double supremum

sup sup f(uy.uz)

WmEA wmc Ay
where A; is a convex subset of R™ for i = 1,2 and f is a real
function defined on A; x A;

@ The function f is bounded from above , and is continuous and has
continuous partial derivates on A; x A;

@ Assume for all uz € Ay, there exists a unique ¢;(uz) € A; such that

f(ci(uz),uz) = max f(u}, u2)

@ Assume for all uy € Ay, there exists a unique ¢a(uy) € Az such that

f(uy, c2(uy)) ma f(uy,u3) sup V)
b e U6 ARA,
o Let u = (uy,u2) and Ay x A;. Then the optimization problem is

sup f(u)

So, first let me talk about this algorithm in a general setting. So, | am going to talk about
alternating optimization algorithm and then we will come to the specifics of Blahut-
Arimoto algorithm. So, let us see you want to compute double supremum, so you have
function f over u 1 and u 2; u 1 belongs to a convex set A 1, and u 2 belongs to convex
set A 2. Now you want to compute double supremum of this function f, which is function
of u 1 and u 2; and this function f is a real function defined over A 1 cross A 2. The
function is also bounded from above. So, this is function is upper bounded by some
quantity finite quantity, and it is continuous, also it is partial derivatives, it has

continuous partial derivatives defined. So, this is the conditions on the function f.

Now, assume for all u 2 belonging to this convex set A 2, there exist mapping ¢ 1 u 2
which belongs to this convex set A 1 such that f of ¢ 1 u 2. And u 2 is equal to
maximization of this function f of u 1 dash u 2 where u 1 dash belongs to this convex set
A 1. Similarly, let us assume that for all u 1 belonging to this convex set A 1 there exist.
A unique mapping ¢ 2 u | which belongs to this convex set A 2 such that this condition is
satisfied that f of u | and ¢ 2 u 1 is equal to maximizing of this function fof u 1 and u 2
dash where u 2 dash belongs to A 2. So, then we can write this double supremum
problem as we are computing a supremum of f of u where u is this and we are computing

this over u which belongs to Cartesian to that of A 1 times A 2.
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Alternating Optimization

o Let ut® = (1™, up) for k >0 .
o Let uy'? be any arbitrary chosen vector in Ay, and let
w'? = ¢ (n?)
@ For k > 1, u'®) is defined as
u Y a(u* 1)

u'®) a(nm™) £(ui,ve)

o Let the function f at ktM iteration F(¥) = f(u(k)), then
= ‘e
k " k A‘ k'
f! (u%) = f(u], u3)

2 fluf.u )
> f(u: l.u; ) i

for k > 1

So, let us take the alternating optimization algorithm. So, let us see at some time k, u k is
given by u 1 k and u 2 k. So, we start up with some initial time Kk is equal to 0, it start an
initial value of u 1 which | am denoting by u 1 0. So, let this been arbitrary chosen
vector, and it belongs to this convex set A 1. Thenu 2 0 is given by ¢ 1 u 1 0, and this
belongs to this convex set A 2. In general, for k greater than equal to 1, we can define
thisuk byulkandu?2kwhereulkisnothingbutclofu2kminuslandu2kisc?2
u 1 of atime k.

Now, let this function f, which is basically this at kth iteration, so we denoting this value
by this is nothing but function f at kth iteration is f of u k, which is fof u 1 k and u 2 k.
Now, this is greater than equal to f of u 1 k and u 2 k minus 1, which in turn is greater
than f of u 1 k minus 1 and u 2 k minus 1. Now, these two relations follow from these
two properties So, we have this property and this property. So, for all u 2 belonging to a
2 there exist a unique ¢ 1 u 2 will belongs to this convex set A 1 such thatfofclu2u?2
is nothing but maximizing this function f of u 1 dash u 2 when s u 1 dash belongs to A 1.
And similarly there exist for all u 1 belonging to A 1 there exist a unique ¢ 2 u | such that
this relation holds. So, because of these two properties we know that these two hold.
Now so what we have shown then is f of k, f as a function of k as A is basically a non

decreasing function. So, f is a non decreasing function.
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Alternating Optimization

o Since f* is non decreasing and f is bounded from above, f* must
converge.

@ Replacing f by -f, the optimization criterion becomes

inf inf f(uy,uz) ()

W EA we Ay

where f is bounded from below

@ The double infimum can be computed by the same alternating
optimization algorithm

So, f of k is a non decreasing function, and remember it is bounded from above that was
one of the property of f of k. If you go back, this function f of f is bounded from above.
So, f of k is non-increasing, but it is bounded from above. So, what does it mean it means
that f of k must converge must have a limit as k goes to very high. So, f of k converges to

some finite quantity.

Now, if you replace this function f by minus f then in this problem if we replace this f by
minus f what we get is a double infimum of this function f, where we have similar
conditions that f has to be continuous partial derivatives has to be continuous. f is
bounded from below then this double infimum can be computed also using this
alternating optimization algorithm. Now, this form we are going to use for computing the

rate distortion function
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meA e Ay
where A; is a convex SuBSerof R™forT=-1.2 and f is a real
function defined on A; x A,

@ The function f is bounded from above , and is continuous and has
continuous partial derivates on A; x Ay

/(ssumc for all up € Ay, there exists a unique ¢;(uz) € Ay such that

f(c1(uz),uz) = max f(uf. uz)

\\/A/ssume for all uy € Ay, there exists a unique ¢;(uy) € Ay such that
— ——_—

f(u. c(w)) = max f(u, uj) sup V)
=l U6 ARA,
o Let u = (uy,u2) and Ay x A;. Then the optimization problem is
N ———

sup f(u)

Whereas, this form we are going to use to compute channel capacity.
(Refer Slide Time: 12:42)
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Blahut-Arimoto Algorithm: Channel Capacity Computation

o Let rfx!p(ylx) be a given joint distribution on X x Y such that
r > 0, and et q be a transition matrix from Y to X. Then

PR —

"‘3"2 > r(x)p(y|x)log ‘%‘%—) =33 r(x)plylx) lozm',(?)y)

where the maximization is taken over all q such that g(x|y) = 0 if
and only if p(y|x) = 0 and e =

0 r(x)ply1x)
P9 XlY) = el

i.e. the maximizing q is the one which corresponds to the input
distribution r and the transition matrix p(y/x).

So, let us first prove a lemma that we are going to use and then we will state our Blahut-
Arimoto algorithm for computation of channel capacity. So, r of x is my input
distribution and p of y given x is my transition probability. Now, let r of x times p of y
given x be the joint distribution on X and Y such that r of x is greater than intersects r of

X is strictly positive. And let g be the transition matrix from Y to X. Then what this



lemma says is as follows. r of x multiplied by p of y given x log of g of x by y divide by r

of X.

If you sum it over all x and y, and you maximize over all g then this is nothing but
summation over all x and y of r x p y of x log of q star x given y divide by r x, where this
q star of x given y is given by this expression. And this maximization is over all q such
that g of x given y is 0, if and only if p of y given x is 0. So, what we have seen is if you
try to maximize this over all g then this is basically given by this expression where
expression of q star is given here. So, we are going to use the divergence inequality to

prove this result.
(Refer Slide Time: 14:56)
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Blahut-Arimoto Algorithm: Channel Capacity Computation

Proof:
o Let

wly) = > r(x')e(ylxX')

@ We assume without loss of generality that for all y € Y, p(y/x) > 0
for some x € X. Since, r > 0.w(y) > 0 for all y, and hence q*(x|y)
is well defined

@ Thus we have

r(x)p(ylx) = w(y)q*(xly)

So, let us see how we are going to prove this. Let w y is given by this expression r of x
prime p of y given x prime summation over all x prime. So, this is nothing but this one,
this term let us denote this by w y. Now, without loss of generality, we will assume that
for all Y p of y given x is greater than equal to 0 for some x and since we will consider a
strictly positive r, so r greater than 0. So, then w of y will be greater than 0 for all y. And
if w of y is greater than O you can go back and see if this is greater than 0 and these are

greater than 0 then this will be also greater than 0.
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Blahut-Arimoto Algorithm: Channel Capacity Computation

o Let rsx!p(y’x) be a given joint distribution on X x Y such that
r > 0, and let q be a transition matrix from Y to X. Then

mqaxzzv:r(x)p(y!x)log(%‘%) ZZr(x (y|x) |°gl__1__(_l_)y_)_]

where the maximization is taken over all q such that g(x|y) = 0 if
and only if p(y|x) = =0 and ———

(x)plyx)
2w F(X)PlyIX') = wiy)

-q" (x|y) =
=

i.e. the maximizing q is the one which corresponds to the input
distribution r and the transition matrix p(y/x).

Now, from this, this is my w y. So, | can write w y times q star of x given y to be equal

to r of x p of y given x.

(Refer Slide Time: 16:39)
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Blahut-Arimoto Algorithm: Channel Capacity Computation

Proof (Contd.)
o Consider

. s q"(xly)
' ZZ (Y) log % a(x|y)
q"(xly)
q(xly)
)D(q" (xIy)I[a(x]y)) D (5,“1/) 20

y

b3 W(Y)(X q"(x|y)log
w(

<

\'\°‘

So, this is what | am writing here. Next, you just recall we want to show that if we
maximize this over all g, this is given by this expression where q star is this. So, the way
we are going to show that this is a maximum value of this function maximize over q. We
are going to prove this by showing that this minus value of this function for some other g

that is always greater than equal to 0. If we can show that then we have proved that g star



X given y is the 1 that maximizes this function. So, what we are going to show is this
function evaluated at q star minus this function you have evaluated at g. Now, so if we
take this is a common term, if we take this out this is common term here. If we take this
out, we get log of g star x given y divided by r of x minus log of g of x given y divide by
r of x. So, this can be written as log of q star x given y by g of x given y. Now we just
now showed that this term is nothing but w y times g star. So, we plug in that value here,

we get this expression, now this term does not depend on x. So, let us bring it out.

So, we have this term summation over x and this term summation over y. Now you can
see this particular term can be written as divergence of q star and g. Now, we know that
divergence between two distribution p and q is greater than is equal to 0, and since w y is
also greater than 0. So, this whole thing will be greater than equal to 0. So, then what we
have shown is this function evaluated at g star that has the maximum value. So, we have
proved this result, this lemma which says if you try to maximize this over all g, and then

this is a maximum value where q star is given by this expression.
(Refer Slide Time: 20:00)
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Blahut-Arimoto Algorithm: Channel Capacity Computation

@ For a discrete memoryless channel p(y|x)

c gggmgngr(x)p(y;x)los "‘(‘ﬁ’

where the maximization is taken over all q such that g(x|y) = 0 if
and only if p(y|x) =0
@ Proof: Let /(r, p) denote the mutual information /(X; Y) when r is
the input distribution for a channel with transition probability
p(y|x). Then
C max I(r.p)

We state that for a discrete memoryless channel the capacity is given by this expression,
where maximization is taken over all g such that g of x given y is 0 if and only if p of y
given x is 0. So, let us prove this. So, we will first consider a strictly positive distribution

of r let mutual information between x and vy, let us denote by I of r p where r is input



distribution and p is my channel transition probability. Now, capacity can be given as

maximize mutual information and maximization over all input distribution r.
(Refer Slide Time: 20:54)

E o v . QAKX NR \ﬁ

Vo  Tomu s ao-commBlREEmE@O0 M swwm 2

Blahut-Arimoto Algorithm: Channel Capacity Computation

@ Let r* achieves C. If r* > 0, then

C = mgxl&';g)

= r,na;Eagx S5 r(x)plylx)log "%ﬂ

sug maxz Z r(x)p(y|x)log q(xly)

q r(x)

Now, let r star achieves capacity. And if r star is greater than O then we can write this as
maximizing mutual information to r greater than equal to 0, this becomes maximizing
mutual information when r is greater than 0. And from the definition of mutual
information we can write this as in this particular way and this is nothing but supremum r

greater than O maximizing over q of this function.
(Refer Slide Time: 21:42)
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@ Next we consider the case when r* > 0. Since /(r,p) is continuous
inr, forany ¢ > 0, there exists 4 > 0, such that if ||[r — r*|| < 4, then

[Cine «

where |[r — r*|| denotes the Euclidean distance between r and r*

@ In particular, there exists ¥ > 0 that satisfies the above equation,
then




Now, in case r star is not strictly positive then since mutual information is continuous in
r, so for any epsilon greater than 0 there exist a delta such that the Euclidean distance
between r and r star is less than delta then this relation over the ¢ capacity minus mutual
information is less than epsilon. So, in particular, there exist an input distribution r tilde
greater than 0 such that this relation holds. So, capacity is given by maximizing mutual
information over all input distribution r this can be written as this is greater than equal to
2 supremum of r p a supreme over all r greater than equal to 0. And since r tilde r tilde
this, this, this can be written as greater than is equal to mutual information between some
distribution r tilde p and some distribution r tilde p and since r tilde satisfies this relation
a satisfy this relation satisfy this condition. So, we can write that this mutual information
between r tilde p will be C minus epsilon this last things follows from the fact that there

exist in r tilde which satisfies this equation.

(Refer Slide Time: 23:24)
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Blahut-Arimoto Algorithm: Channel Capacity Computation

@ Thus we have
C—e<supl(r,p) <C
r>0

» 0, we conclude

@ By letting ¢

(xly)
r(x)

C SUp/ rp SuUp max E E rix y|x )10,

So, we have this, now if we let go epsilon to 0, we get the expression of capacity as this.
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Blahut-Arimoto Algorithm: Channel Capacity Computation

@ We use alternating optimization algorithm to compute capacity

@ We arbitrary choose a strictly positive input distribution in Ay and
let it be r(®. We define q'°) and in general q'*) for k > 0

AR (x)ply1x)
) = =001

@ In order to define r“? for k > 1, we need to find r € A, that
maximizes the function for a given q € A;, where the constraints on
rare Y r(x)=1and r(x) >0 forall x € X

— S——

Now, let us see how we are going to use alternating optimization algorithm to compute
the channel capacity. So, first we are going to choose a strictly positive input distribution
which I am denoting by r 0. Of course, this belongs to this convex set a 1. And we define
q of 0 or in general q of k by this relation, why, if you recall we have proved the lemma
earlier and this lemma is this, what does this lemma says the maximum value of this
function maximizing over all g is given by this where q is given by this expression. So,
given an r, we should find q in this particular fashion because this will maximize my -
this function over all g. So, this is how r and a, they are related, so that is why we start
off with some initial arbitrary input distribution which is strictly positive r 0. And then

we can we have to find g 0 for that we are going to use this.

Now once you know g 0 you need to find r 1 and how do we find r 1 or in general for
any k greater than equal to 1 we need to find r at time k. So, we need to find an r which
belongs to this convex set a 1 that maximizes the functions for a given . Now,
remember in addition to maximizing this function we also have some constraints on r
and what are these constraints first one is sum of probabilities should be 1, and the
probability is are basically greater than greater than 0. So, these are the two constraints
we have. So, we want to find the optimal value of r given these two constraints. So, how

do we proceed?
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Blahut-Arimoto Algorithm: Channel Capacity Computation

@ We use the method of Lagrange multipliers to find the best r
Ignoring temporarily the positivity constraints on r, we get

J=3"" r(x)ply|x) log "_52‘)'(_;) A r(x)

o Differentiating with respect to r(x), we get

z)i)(Jx) ZP(YI'X)'OM(XM log r(x) —1— A

o Equating ,—,'(17 to zero, we get

logr(x) = Y p(y|x) log q(x|y) = 1 - A

or

r(x) = e G [ aCxly)p™)
\ y

So, we will take help of this method of Lagrange multiplier. So, we will define this, this
is my objective function, this is my constraint related to the fact the summation of this r
of x is 1. Now, at the moment, | am ignoring these positivity constraints that because
later on we will see when we compute the value of r of x that are already taken care of.
So, this is a Lagrangian. Now, the next step is to find up to value | differentiate it with
respective to r of x. So, when I differentiate with respect to r of x | get this summation
over y p of y given x log of g given y minus log of r of x minus 1 minus lambda. Now,
when we equate this to 0 a unique collect terms what we get is log of r x is equal to
summation over y g of y given x log of g x given y minus 1 minus lambda or in other
words | can write r of x. In this particular way, now we need to find lambda right now we

know that summation of r x of x over all x that is equal to 1.
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Blahut-Arimoto Algorithm: Channel Capacity Computation

@ We know that }° r(x) = 1, hence

0, g
> [T, a(x’|y)plrix)

r(x) =

o The product is over all y such that p(y|x) > 0 and g(x|y) > 0 for all
such y

@ This implies that both numerator and denominator terms on the
right hand side above are positive and hence, r(x) > 0

@ Hence we define r'*) for k > 1

[T, g%~V (xly)rr)
I(“(x) = — —
~ 2 Il a* N (x'|y)ptrix)

So, if we put in that constraint, we get the value of r of x to be this. Now, note that here
we are taking product over all y here we are taking product over all y we have this term
which is greater than 0 we have this term which is greater than zero. So, r of X is going to
be greater than 0. So, earlier we have not taken this positivity constraints, but you can see
that that r of x which comes out is constant is greater than 0, so that is implicitly taken

care of. Now, So, this is the optimal value of r of x in terms of g of x.

Earlier, we have computed the optimal value of q of x in terms of r of x. So, at kth
iteration basically I can write r of k x as product over all y q for k minus 1 time x given'y
raise to power p of y given x to address summation of this. So, note now we started with
an arbitrary strictly positive distribution of r, r 0 we plug that in to get g of 0. Once, we
get g of 0, it plugs the value of g of O here to that r of 1. Now, once we get r of 1 we are
going to make use of once we know r of 1 we are going to make use of this expression to
get g of 1. Now, once we get g of 1 we will make use of this to get r of 2, so that is how

we are that is how we are proceeding.



(Refer Slide Time: 30:27)

D o a / A MR \F

Vo / Toows ol -commuBREER@O0 M swmwm

Blahut-Arimoto Algorithm: Channel Capacity Computation

@ The vectors r'*) and q'*) are defined in the order

r0 q@ 1) qlt) ... where each vector in the sequence is a
function of the previous vector, except r®) that is chosen arbitrarily
in A,

@ It can be shown by mathematical induction that r'*) € A, and
q'*) € A; forall k > 0

@ Upon determining r'*) q®), we compute f(¥) = £(r(¥) q(¥)) for all k.
@ If fis a concave function, f¥) — C

So, this you can see this is an iterative way we are, so these vectors r k and g k are
defined in order we first start in arbitrary r of 0 which belongs to this convex set a 1 then
we use r 0 to compute g 0 then we use g 0 compute r 1 and so on. So, you can see that
each vector in this sequence is a function of previous vector except r of 0 initial values.
Now, I am not showing you the proof, but it can be shown that r of k belongs to this
convex set a 1 and g of k belongs to this convex set a 2 this can be proved using
mathematical induction. Now, once we define and once we determine r of k and q of k
we evaluate the function f at kth iteration, which is given by this. Now, the next obvious
question is this function guaranteed to converge and when we will converge. So, when f

is the concave function this function will converge to expression for capacity.
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BA Algorithm: Convergence

9 In order to show that Blahut Arimoto algorithm for computing
channel capacity converges, we need to show that the function

flr.a) = 53 r(c)pty/x)log L2

is concave
@ Let us consider two ordered pairs (n_.ql)_ and (r2,q2). For any
0 < A <1, we have using log sum inequality =
Arp(x) 4+ (1 = A)ra(x)
acianiaat e Aqi(xly) + (1 = A)ga(xly)
() n(
a1 (xly) q2(xly)

+ (1= A)r(x) log

An(x)log

So, next we are try we will show that this expression for channel capacity this function is
a concave function. So, to show that this algorithm converges to channel capacity we are
going to show that this function that we evaluated this is the concave function of r and g.
So, let us consider two ordered pairr 1, g 1 and r 2, g 2. And let lambda be and there will
be between 0 and 1. Now, using log sum inequality, we can write lambda times r 1 x plus
1 minus lambda times r 2 x log of lambda times r 1 x plus 1 minus lambda times r 2 x
divided by lambda times g 1 x given y plus 1 minus lambda times g 2 x given y. This is
less that equal to lambda times r 1 x log of r 1 x by g 1 x given y plus 1 minus lambda
times r 2 x log of r 2 x divided by g 2 x given y. So, this follows from log sum inequality.
Now we are going to take the reciprocal, so reciprocal of this log. So, what you will
notice is, so what | did was | just took a reciprocal of these log terms. If you take
reciprocal of this log time is less than equal to term will become greater than equal to and
that is what happened here.
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BA Algorithm: Convergence

o Taking the reciprocal of the logarithms, we get

(An(x) + (1 = N)ra(x)) log \ql\(:(i; TE: - I:;:’;((:)ly)

> Ari(x)log q%(x;g_) F (1= A)m(x)log ‘l‘:%‘;})ﬁ)

@ Multiplying both sides by p(y|x) and summing over all x and y, we
get

F(Ary + (1 = A)r2. Aqy + (1 T\)q;) 2 Af(ry,qy) + (1 = A)f(r2.q2)

So, | took the reciprocals of the logarithm. So, then this log of this by this is now greater
than equal to lambda times r 1 x log of g 1 divided by r r 1 plus 1 minus lambda r 2 log
of g 2 r 2. So, | essentially took reciprocals of this log terms and this term which was
earlier less than equal to is now greater than equal to. Next, I multiply both sides by p of
y given x and sum over all x and y. So, if | do that what | get on the left hand side is
function evaluated at lambda times r 1 plus 1 minus lambda times r 2 and lambda times q
1 plus 1 minus lambda time q 2 is greater than equal to lambda times function evaluated
atr 1 g1 plus 1 minus lambda times function evaluated at evaluated at r 2 q 2. And we
know from the definition of concavity that if function evaluated at this is greater than

equal to expected value of the function basically this is the condition for concavity.

So, this shows that the function f is a concave function. So, hence we have shown that
when we iteratively compute R and Q as k increases basically f evaluated at kth equation
will tends towards the expression for channel capacity and this is Blahut-Arimoto
algorithm for computation of channel capacity. Now Blahut-Arimoto algorithm for rate

distortion function is very, very is a similar we will this quickly browse over the results.
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BA Algorithm: Rate Distortion Function Computation

o For all points of interest, R(0) > 0, otherwise R(D) = 0 for all
D>0 i

So, we know the rate distortion function looks like this typically something like this you
have this is a rate this distortion. So, this is maximum distortion D max, R 0 typically

greater than is equal to 0 or otherwise R 0, R D 0 for D greater than 0.
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BA Algorithm: Rate Distortion Function Computation

o For all points of interest, R(0) > 0, otherwise R(D) = 0 for all
D=0
o Also, R(D) is strictly decreasing for 0 < D < Dy,

It is a typically a strictly decreasing function as we saw basically R of D typically is like
this something like that.
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BA Algorithm: Rate Distortion Function Computation

@ For all points of interest, R(0) > 0, otherwise R(D) = 0 for all
D >0.

o Also, R(D) is strictly decreasing for 0 < D < Dy,

@ Since, R(D) is convex, for any s < 0, there exists a point on R(D)
curve for 0 < D < Dy, such that the slope of a tangent to the
R(D) curve at that point is equal to s. Denote such a point on the

R(D) curve by (D, R(Dy))

Now, we also know that this rate distortion function is a convex function. So, then for
any s which is negative there exist a point on this rate distortion curve for D between 0 to
D max such that the slope of the tangent to the rate distortion curve at that point is equal
to this slope s. So, what | am saying is if you have a rate distortion function let us say
something like this, this like D max. So, there exist a point and this rate distortion curve
such that the slope of the tangent to this curve at that point is equal to s something s here.

and let us denote this point s this is my D of s and this is my R of D of s.
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BA Algorithm: Rate Distortion Function Computation

@ For all points of interest, R(0) > 0, otherwise R(D) = 0 for all
D>0

@ Also, R(D) is strictly decreasing for 0 < D < Dy,

@ Since, R(D) is convex, for any s < 0, there exists a point on R(D)
curve for 0 < D < Dp,,, such that the slope of a tangent to the
R(D) curve at that point is equal to s. Denote such a point on the
R(D) curve by (D, R(Dy))

@ For s < 0, the tangent to the rate-distortion function R(D) at
(D5, R(D,)) has slope s and intersects with the ordinate at
R(Ds) — sD;.




So, s less than 0, the tangent to the rate distortion function have slope s, and it is y

intercept is given by R of D x minus s times D s.
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BA Algorithm: Rate Distortion Function Computation

o Let /(p, Q) denote the mutual information /(X, X) and D(p. Q)
denote the expected distortion Ed(X, X) when p is the distribution
for X and Q is the transition matrix from X to X

@ Then for any Q, (/(p.Q). D(p.Q)) is a point in the rate distortion
region, and the line with slope s passing through
(/(p.Q.Q). D(p, Q)) interests the ordinate at /(p.Q) — sD(p.Q)

@ Since the R(D) curve defines the boundary of the rate-distortion
region, we see that

R(Dy) = sD, = min[/(p. Q) — sD(p. Q)]

@ For each s < 0, if we can find a Q, that achieves the minimum, then
the line passing through (0. /(p. Qi) — sD(p, Q,)) gives a tight lower
bound on the R(D) curve

@ In particular, if (R(Dy). Dy) is unique, then Dy = D(p. Q) and
R(Ds) = /(p,Qu)

@ By varying over all s < 0, we can trace out the whole R(D) curve.

Now, let I p, Q denotes the mutual information between X and X hat and D p, Q denotes
the expected distortion, where the p is the distribution for X and Q is the transition
matrix from X to X hat. For any Q, then this is a point in this rate distortion region, and
the line with slope s is going to pass through this point. So, this will give a y intercept of
this. Now, since this rate distortion curves defines the boundary of the rate distortion
region, we can write this as minimizing mutual information minus s time this distortion
minimizing over Q. So, for each s less than equal to 0, we can find a Q of x such that this
is minimize. So, we can find the Q s that will achieve this minimum value. So, then a
line passing through this point is going to give me a tight lower bound on the r D curve
and if I do this for all S’s, | essentially can trace out this rate distortion curve.
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BA Algorithm: Rate Distortion Function Computation

@ Let p(x)Q(%|x) be a given joint distribution on X x X such that
Q > 0, and let t be any distribution on X such that t > 0. Then

Tigxxp(xm(ilx)bgOr((ix‘l)X) LLP( )Q(%x) log ((.ix))

where t*(%) = 57 p(x)Q(%|x)

9 Applying the above lemma, we can write

R(D;) sD‘:moin[I(p.Q) sD(p. Q)]

= ot min |37 p()Q(%1x) tog TEL) sxp(x)o@x)dw)J

t(%)

Now, let us talk about an iterative way to compute this thing. So, without proving, I am
just stating the lemma that | am going to use the proof of this lemma is all on the similar
lines as the proof that we did for lemma for computation of channel capacity. So, let p of
x Q of x hat given x be the joint distribution on X and X hat such that Q is strictly
positive and t is the distribution on x hat such that t is also strictly positive. Then
minimizing this over all t is given by this expression where t star is this. Again this proof
is very similar to we can use divergence inequality to proof this result, I am not stating it
here again; again very similar to prove that we did for channel capacity, if now this is
mutual information and this is my distortion, basically, R of D of minus s of D which is
nothing, but minimizing this over all Q. Now, this mutual information is given by this
and this is given by this channel. So, then I can write R of D s minus s of D s is basically
this term.
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BA Algorithm: Rate Distortion Function Computation

@ We can now apply alternating optimization algorithm

@ For computation of rate-distortion function, we start with any
strictly positive transition matrix Q'©)

@ Then we define t(9) and in general t™*) as

t(R) = 3 p(x) Q™) (x1x)

minimizes the function for a given t, where the constraints on Q are

Q(x|x) > 0
for all (x.X) € X x X and

X QRIx) =1 ks

for all x € X

Now, we are going to use alternative minimization algorithm to compute this. So, we
start with any strictly positive matrix Q of 0. The next step is we need to find t at time at
iteration index k and this is given by this. Now, this follows from the lemma that
minimum value of this minimum over all t is given by this, where the value of t star is
given by this expression. So, given a Q, you know what is the next t. Now, once you find
t, you need then next find Q of 1 at Q at iteration index 1. Now how do I find Q in
general for k, again this process is very, very similar to what we did you want to
maximize this with some constraints. And what are this constraints we have those
positivity constraints Q of x hat given x is greater than 0 and we have this sum of
probability adding up to 1. So, we will again follow the method of Lagrange. So, we will
form the Lagrangian of objective function plus lambda times this constraint, we will
initially ignore the positivity constraints and later on we will show that Q comes out to

be positive, so that condition is expressively taken care.
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BA Algorithm: Rate Distortion Function Computation

o Following the same procedure as in computation of channel capacity,
we get
a tk=1)( ) esd(x.2)
QW(3h) = )

‘_:.' P(k 1)(£1)esd1l.n']

o If there exists a unique point (R(D;), D;) on the R(D) curve such
that the slope of the tangent at that point is equal to s, then

(1(p.Q™). D(p. Q™)) = (R(Ds), D;)

@ Otherwise (/(p, Q“")_: D(p. Q') is arbitrarily close to the segment
of the R(D) curve at which the slope is equal to s when k is
sufficiently large. :

So, without showing you the details of this expression | am just directly writing the
expression for Q for iteration index k and again this is exactly same procedure that we
followed for when we compute computed R of at some iteration index x for computation
of channel capacity. So, then if there exist a point R of D s D s on this rate distortion
curve, such that the slope of the tangent at that point is equal to s then what we will see is
as k increases, this converges to R of D s and D s, and if otherwise you will see that this
term will be arbitrary close to a segment on this rate distortion curve, where slope is
equal to s when k is sufficiently large. And the condition for convergence is so this
function has to be convex function. So, | am not proving this, again very similar proof to

what we did for the computation of the channel capacity.

So, to summarize, we have given to example one for the case of computation of channel
capacity. We have shown how we can iteratively compute it. And similarly for the rate
distortion function, as we said initially start off with some strictly positive value of Q of
0 and then we used that to compute t of 0 and then we use t of 0 to compute Q of 1, and
we process that in a iterative fashion to compute the rate distortion function. So, with
this, 1 will conclude this lecture.

Thank you.



