An Introduction to Information Theory
Prof. Adrish Banerjee
Department of Electronics and Communication Engineering
Indian Institute of Technology, Kanpur

Lecture — 09
Channel Capacity

Welcome to the course on an introduction to information theory. In today’s lecture we
are going to talk about, how to compute channel capacity of some very simple channel. If
you recall, in the introduction we talked about what is channel capacity and channel in a
celebrated noisy channel coding theorem. As mention that long as we transmit at rate
below capacity, We can achieve reliable communication now we are going to formally
state channel noisy channel coding theorem and its prove it and prove its converts in the

next lecture.
In today’s lecture we will be dealing with some very simple channels.
(Refer Slide Time: 01:06)
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Outline of the lecture

@ Discrete Memoryless Channel (DMC)
@ Uniformly dispersive channel

@ Uniformly focusing channel

@ Strongly symmetric channel

9 Capacity of strongly symmetric channel
@ Symmetric channel

o Capacity of symmetric channel

Ah we are looking at discrete memoryless channel, and we will try to compute capacity
of those simple channels. So, we will start up with the description of a discrete
memoryless channel, and then will describe 2 types of channel; one is call uniformly
dispersive channel, and other is called uniformly focusing channel. And channels which
satisfies both of this property are known as strongly symmetric channel and we will

compute the capacity of a strongly symmetric channel and subsequently, we will show



that there is a class of channel which can be decomposed in to strongly symmetric
channels and that is basically known as symmetric channel and we will compute the

capacity of symmetric channels. So, this is a plan for this lecture.
(Refer Slide Time: 02:02)
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Discrete Memoryless Channel

e A discrclcm’j ryless/channel (DMC) is specified by following three
quantities

@ An input alphabet, A

@ An output alphabet, B
o The conditional probability distribution Py x(:|x) over B for x € A

such that
P(ya|X. « Xn—1. Xn\ Y14 Y1) =[Py x (¥alXxs)

@ DMC without feedback is described by

P(xa|xty+ 3 Xn 1~’,V1- \ Yo lp P(xnlx1y+ v+ s Xn=1)

So, a discrete memoryless channel is specified by these quantities. One is input alphabet,
if you denoting by a, output alphabet b and the conditional probability distribution over b
for each x. So, we need to describe input and it is power output and we need to describe
the conditional distribution of y given x, for a discrete memoryless channel. As you can
see for a discrete memoryless channel, probability of y n given passed inputs which are
given by x1 x2 xn minus 1 and the current input x n and the passed outputs y1, y2, yn
minus 1 because it is a memoryless channel it does not depend on passed values. So, the
probability of y n given x1, xn minus 1 x of n and y1, yn minus 1 it only depends on the
present input because it is a memoryless channel, it does not depends on pass values of

xs it does not depend of pass values of y's it only depends on the current value of x.

So, for a memoryless channel probability of y n given pass values of ys or pass values of
xs it only depends on the current value of x. So, probability of y n given x1, X2, xn, y1 to
y n minus 1 it only depends on y n given x of n. Now we can see a discrete memoryless
channel without feedback as follows. So, probability of x1, x2 probability of x n given

x1 x2 xnminus 1 and y 1 to y 1 minus 1, it only depends a probability of x n given x1 to



xn minus 1. So, it does not depend on the pass values of the output. So, this is our

discrete memoryless channel without feedback.
(Refer Slide Time: 04:34)
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Discrete Memoryless Channel

o For a DMC without feedback

% Proof

P(xy, Xas V11" ¥n) n (| %1, =, % Xty oy Xie 1 Y10 Vit (il Dy: 1I
5

[I P(x|x, J yXi-1)Pyix(yilx)

Vigasa)

][ P(xjlxr--+  xi-1)
j=1

So, for a discrete memoryless channel without feedback, we can write probability of y1,
y2, yn given x1, x2, xn as this product of these probabilities of y I given x i. So, this we
can prove in this particular fashion we write the joint probability x1, x2, xn; y1, y2, yn.
So, this can be written in this particular fashion. So, product of I going from 1 to n
probability of x i given x1, x2 x i minus 1, y1, y2, yi minus 1 probability of i, | given x1,
X2, Xi; y1, y2, yi minus 1 now because it is a memoryless channel this term is equal to
this. So, probability of y I given x1, x2, xi and y1, y2, yi minus 1 it only depends on

present value of the input. So, this term can be written as in this particular fashion.

Since we are talking about discrete memoryless channel without feedback, this term can
be written. So, probability of x i given x1, x2, xi minus 1 and y1, y2, yi minus 1 it does
not depend on this it only depends on these values. So, | can then write this particular
form. So, then | can write this in this particular fashion and what is this term this term is
nothing, but probability of x1, x2 and xn multiplied by this term. Now if I divide both
side by this on the left hand side I will get this and the right hand side I will get this. So,
hence this proves that if | have a discrete memoryless channel without feedback
probability of y1, y2, yn given x1, x2, xn is given by this expression probability of yi

given xi and product of that all of these.
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@ Channel capacity of a DMC is defined as maximum average mutual
information /(X; Y) that can be obtained by the choice of P(x), i.e

C nI\gxI(X. Y)

&

]C *‘@xliﬂ_ﬂ' H(YIX)) (

o Equivalently

Now, we define channel capacity of a discrete memoryless channel as the maximum
average mutual information that can be obtained over choice of p of x. So, capacity is
defined as maximum mutual information between the input and the output of a channel
and this maximization is taken over all possible input distribution. Now, mutual
information we can also write from the definition of mutual information we can write
this as uncertainty in y minus uncertainty in y given x. So, equivalently we can write the
expression of capacity as maximizing the difference between h of y minus h of y given x

maximizing over all possible input distribution p of x.

(Refer Slide Time: 08:09)
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@ Let DMC has K inputs and J outputs. We say a DMC is uniformly
dispersive if the probabilities of the J transitions leaving an input
when put in decreasing order has same values for all K inputs.

Example:

K-2
T2




Now, let us consider some very simple channel. So, first channel that we will consider is
what is known as uniformly dispersive channel. So, we are considering of discrete
memoryless channel which as k inputs and j outputs. For example, in this particular case
k is equal to 2 and j is equal to 3. Now we see a discrete memoryless channel is
uniformly dispersive if the probability of the j transitions leaving an input when put in
descending order has the same values for all k inputs. So, what does it mean? So, we
look at each of this input we look at each of this k inputs and we write the transition
probabilities leaving that particular input.

For example, take this input 0. So, what are the 3 transition probabilities this is half
because this transition probability is half this transition of probability is half and this
transition probability is 0. So, if | arrange this transition probability in the descending
order this will be in order. Now look at this input this is O this transition probability is
half this transition probability is half, now if | arrange this in descending order this
would be half, half and 0.

Now, what does a definition says for a uniformly dispersive channel it says that a
discrete memoryless channel uniformly dispersive if the probabilities of the j transitions
leaving an input. When put in descending order has the same value for all the k inputs
now when | put the j transitions corresponding to input 0 in descending order this is what
| got half, half 0. Now when | did the same thing for input 1 I got half, half and 0, now

note this is same.

So, when | arrange these transitions probability in descending order it is same whether, |
consider 0 input or 1 input and that is what my definition says. So, this is an example of

uniformly dispersive channel now for a uniformly dispersive channel.
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Uniformly dispersive channel

@ Independent of choice of Px, for unuformly dispersive channel

J H(Y|X) Zp, log p;

where py, p2 \pj are transition probabllmes Ieavmg each input
letter
Proof
@ From the definition of a uniformly dispersive channel, we know that
J

H(Y|X = ax) = - Zpllogpé‘\for k=1, ,K.

J=1 n eSS
@ From the definition of H(Y|X), it fgllows then
H(Y]X ’TJE /X )} Y\X ax)

Independent of the choice of input distribution we can write the uncertainty in y given x

as summation of minus p j log p j where this p js are transition probabilities leaving each
input letter. So, let us prove this property. So, from the definition of conditional entropy
of y given a particular instance of x a k this can be written as minus summation over all
possible transitions p j log p j. Now we know that because this transition pl, p2, p3, pj.
When they are arranged in the descending order it is same no matter what input you
consider. So, from the definition of conditional entropy of y given x, we can write this as
this. Now note this term; this term which is given by this expression this is same for all
inputs for a uniformly dispersive channel if you take this out then you are left with

summation of p a k sum over all k's, that summation is 1.

So, then we can we have proved that uncertainty in y given x is given by uncertainty of y
given x is sum a k and this is nothing, but given by this. So, we have proved that no
matter what is the choice of input distribution the uncertainty in y given x for a

uniformly dispersive channel is given by this expression.
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Uniformly dispersive channel

o Capacity for a uniformly dispersive channel is given by

” i
\\C_,WH(Y)] * Z{p, '081’17
d

where py, py, -+ -, p; are transition probabilities leaving each input
letter

Proof
@ Since for a uniformly dispersive channel,

J
H(Y|X) =~ pjlogp
J=1 —

@ Therefore from the definition of‘;chsn\nel capacity, we get
¢ max [H(Y) Hy1x)]

J
max [H(Y)] + Y py log py

Next let us. So, then we can write down the expression for capacity for a uniformly
dispersive channel, now what was capacity. So, this was maximizing over all input
distribution h of y minus h of y given x of this quantity is no matter what is the choice of
p of x this quantity is fixed for a uniformly dispersive channel. So, minus of this is
essentially given by this expression. So, in other words if you want to find out the
capacity of all uniformly dispersive channel this is given by maximizing h of y over all
input distribution p of x plus this quantity and we know and why the discrete random
variable it is maximize the entropy is maximize when it is uniform. So, we need,;
capacity will be maximized for the input distribution p of x which will induce a uniform

distribution on y.

So, this follows a straight away we just prove that uncertainty in y given X is given by
this expression, now if we plug this value here in the expression for capacity we get our
desired expression. So, this is the expression for capacity for a uniformly dispersive

channel.
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@ Let DMC has K inputs and J outputs. We say a DMC is uniformly
focusing if the probabilities of the K transitions to an output letter

when put in decreasing order has same values for all J outputs

Example g’ 2 1 7 2
e [a)
2 -~
> A b (l ; } )O)
= y & K,
2% A
Y '
- by e (O/)é,.’f)
-~

Now, let us now talk about another type of channel which is known as uniformly
focusing channel. So, what is a uniformly focusing channel? So, let us consider a discrete
memoryless channel which has k inputs and j outputs. So, in this particular example k is
3 because of 3 inputs this 1 this 1 and this 1 then call this 0, 1, 2 and whatever you want
to call it and there are 4 outputs j is 4 b1, b2, b3, b4.

Now we see a discrete memoryless channel is uniformly focusing if the probabilities of k
transitions to on output letter when put in decreasing order has the same value for all j
outputs. So, what we need to do is we need look at the output letters we look at b1, b2,
b3 and b4 and look at the probabilities of k transition to this output letter. So, let look at
b 1 the transition from here this has probability half b1 transition from this node 2 is 0

and transition from this has probability 1 by 4.

So, this is what is particular output look at this particular output transition from this
particular input O has probability 1 by 4 transition from here has probability half and
transition from here this is 0 this is no transition similarly b3. There is no transition from
this input 0 from this input transition probability is half and from this input the transition
probability is 1 by 4 and for this particular output transition probability from 0 is this 1
one by 4 transition probability from this particular input is O and transition probability

from this particular input is half.



So, if I arrange all of them in the descending order for whether I consider this output this
output this output or this output I will get this. So, node that. So, probabilities of all this k
transitions to any output letter when put in decreasing order if they have the same values
for all j output then it is a uniformly focusing channel and in this case you can see if | put
this in descending order I get this if I put this in descending order I get this if I put this in
descending order | get this probability similarly if I put this in descending order | get
this. So, no matter what my output is whether it is b1, b2, b3 or b4? | get this same
probability order or half 1 by 4 0. So, this is an example of a uniformly focusing channel.

Now, let us go back and look at this example that we did is this a uniformly focusing
channel just look at this. So, if you look at b1 the transition from here is half from this
particular node there is no transition what about this node the transition probabilities are
half and half and transition for this particular node transition probabilities are 0 and half.
So, you can see this is not an example of uniformly focusing channel why because, when
| arrange the probabilities in the descending order for these particular output b1 and b3 it
is half and 0. Whereas, for this particular output it is half and half, this is a uniformly
dispersive channel, but it is not a uniformly focusing channel similarly look at this

example is this uniformly dispersive channel.

So, for the uniformly dispersive channel what we need to look at we need to look at the
transition probability leaving that particular input for this particular input is O these
transition probabilities are half 1 by 4, 1 by 4 for this transition probabilities are. So, just
a minute this is this is half this is 1 by 4 this guy is 0 and this is 1 by 4 for this is 0, O this
is half this is half and this is 0. So, clearly if I arrange this probability in the descending
order we arrange this probability in descending order they are not same. So, this is an
example of a uniformly focusing channel, but it is not a uniformly dispersive channel.
So, | hope the difference between a uniformly focusing channel and a uniformly

dispersive channel is clear.
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Uniformly focusing channel

o For a K-input, J-output uniformly focusing channel, uniform input
probability distribution will result in uniform output probability
distribution

@ Also,

max [H(Y)] = log J

Proof:

P(y) = = POI)PG) = 3¢ 3 Plyix)

@ Since DMC is uniformly focusing channel, sum of the right hand side
will be same for all J values of y.
@ Hence P(y) is uniformly distributed and it follows from the property
of entropy that
max [H(Y)] = log J

and is achieved by uniform input distribution

Now, what can we say about a uniformly focusing channel for a k input j output
uniformly focusing channel uniform input probability distribution will result in uniform
output distribution. So, let us prove this and also maximum value of h of y is given by
log of j where j is a number of possible output values. So, p of y can be written in this
particular way right? Now if we consider uniform input distribution since I have k inputs.
So, p of x will be 1 by k. So, if I plug this value of p of x here then p of y become this
now what is this term these are the transitions terminating at output y coming from all
possible inputs now for a uniformly focusing channel this term is same no matter, what is
the value of | in this example if you see whether my output is bl or b2 or b3 or b4
summation of probability of y given x is same whether | consider y to be b1, b2, b3 or

b4. So, for a uniformly focusing channel this term is a constant.

So, this is a constant then probability of y is a constant. So, that is a uniform distribution.
So, for a uniformly focusing channel if your input is uniform then, it will induce a
uniform output distribution and since maximum value of h of y is then we know that h of
y lie between 0 and log of j. So, an input distribution will result in output distribution
which is also uniform and maximum value of h of y for a uniformly focusing channel is

given by this.

Now, what about channels, if you noticed for a uniformly focusing channel we are able

to get maximum value of this and for a uniformly dispersive channel we were able to get



the expression for h of y given x. So, what if a channel is both uniformly dispersive and
uniformly focusing then we have the exact expression for its capacity and that is what we

are showing.
(Refer Slide Time: 25:19)
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Strongly symmetric channel

o DMC is strongly symmetric if it is both uniformly dispersive and
uniformly focusing.

Example

So, a channel which is both uniformly dispersive and uniformly focusing is known as
strongly symmetric channel. So, a discrete memoryless channel which is both uniformly
dispersive and uniformly focusing is known as strongly symmetric channel. So, | have
given example let us just checked. So, for it to be uniformly dispersive we will have to
look at transition leaving an input. So, what are these transitions probability this is 1
minus epsilon and epsilon similarly here transient probabilities are 1 minus epsilon and
epsilon is to become a smaller number if | arrange them in descending order no matter
whether | consider input O or 1 these probabilities are order of these probabilities are

same. So, this is an example of a uniformly dispersive channel.

Now, let us look at the output 0 and one. So, what are the transition probabilities of bits
terminate of the transition from the input this is 1 minus epsilon this is epsilon similarly
here is 1 minus epsilon and epsilon. So, this is an example. So, these probabilities again
when arrange in descending order they are same no matter what is my output. So, this is
an example of a uniformly focusing channel. So, this is a uniformly dispersive channel as
well as uniformly focusing channel. So, this is a strongly symmetric channel. In fact, this

channel is known as what we call binary symmetric channel.



So, binary channel inputs of binary output of binary and its symmetric this is a binary
symmetric channel and it is typically use to model if we use additive white Gaussian
noise channel followed by hard d modulation, we can model this channel that channel by
a binary symmetric channel. So, then since this channel is strongly symmetric can we
find out its capacity the answer is yes what was the capacity of dispersive channel
capacity of dispersive channel is this right maximizing h of y over p of x. Now for
uniformly focusing channel we know what this quantity is and for a uniformly dispersive
channel we know what this quantity is right since a strongly symmetric channel is both
uniformly focusing and uniformly dispersive, we know exactly what is the expression of
a channel capacity for a strongly symmetric channel, this will be log of j plus summation
of pjlog p j. So, the expression for capacity for this strongly symmetric channel is given
by this expression all right.

(Refer Slide Time: 28:56)
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Strongly symmetric channel

o For a strongly symmetric channel with K inputs and J outputs, the
channel capacity is given by

- J
li log J +4 Xp,logp, /
j=1

where py, pa, -+, py are the transition probabilities leaving an input
letter

P(x) % all x/

achieves capacity —

9 Also, the uniform input distribution

So, if you have a strongly symmetric channel with k inputs j outputs then, channel
capacity is given by this expression we know from the uniformly focusing property that
the distribution that maximizes h of y is uniform distribution and the maximum value of
a h of y corresponding to this uniform distribution is given by log of j, where j is a
number possible outcomes outputs and for a uniformly dispersive channel, we know
irrespective of the input distribution h of y given x is given by minus of this quantity. So,
we know exactly the expression for capacity of a strongly symmetric channel. So, then

can you tell me what is the expression for capacity of this binary symmetric channel. So,



here j is two. So, log of 2 is one. So, of the capacity is 1 minus and these probabilities are
1 minus epsilon epsilon. So, this can be written as binary entropy function of epsilon. So,

this is the expression for capacity for a binary symmetric channel.

And you can see for example, if the epsilon is half; that means this 50 percent probability
of making a mistake. So, you can see in that case capacity is 0 which is iteratively correct
because this is completely randomly flipping the bits to 0’s and will be the equal
probability and the another point to be noted is the input distribution that causes basically
input distribution that achieves capacity is uniform distribution because we know for a
uniformly dispersive channel irrespective of what my input distribution is h of y given x
is given by minus of this quantity and this quantity h of y is maximize for uniform input
distribution. So, the distribution that achieves capacity for a strongly symmetric channel
is uniform input distribution. So, if p of x is 1 by k for all x then that will be achieve

capacity for a strongly symmetric channel.

(Refer Slide Time: 31:57)
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o A DMC is said to be symmetric if it can be decomposed into L
strongly symmetric channels with selection probabilities
QG qL

Now, we are going to talk about a class of channels which can be decomposed into
strongly symmetric channel. So, this we call as symmetric channel. So, a discrete
memoryless channel is said to be symmetric if it can be decomposed into | strongly
symmetric channel with selection probabilities given by g1, g2, g3, gl. So, look at this
particular channel look at this particular channel is this strongly symmetric channel this

is not a uniformly focusing channel. You can see if | consider this output my



probabilities are 1 minus delta 0, 0 and if | consider this particular output my
probabilities are delta, delta and if | consider this output my probabilities transition

probabilities are 0 and 1 minus delta.

So, you can see if | consider this particular state which 1 call era state my probabilities
are different from if I consider this particular output. So, this is not a uniformly focusing
channel even though this were uniformly dispersive channel because the probabilities if
you look from the input size this transition probabilities are 1 minus delta and delta and
this is 1 minus delta delta this is uniformly dispersive channel, but it is not a uniformly
focusing channel. So, this is not a strongly symmetric channel, but it can be decomposed

into a strongly symmetric channel now look here.

So, if you noticed these inputs 0 and 1 they have the same focusing because this
probabilities, when arranged in the decreasing of the probabilities 1 minus delta O this is
1 minus delta 0. So, I can decompose this into 2 channel 1 is this channel corresponding
to this output 0 and 1 and other 1 is corresponding to this particular input. So, I am
decomposing this channel into 2 channels 1 is this particular channel and other is this
particular channel and with this probability g1 1 am going to select this channel let us call
this channel 1 and with probability g2 | am going to select this channel 2 now know what

that is these 2 channels are exactly equivalent why.

So, look at transition probability for this input to this output this is 1 minus delta this is 1
minus delta into 1 now look at transition probability from 0 to this particular output that
is delta. So, this is delta into 1 similarly when you consider this particular input the
transition probability to this particular output is delta. So, from 1 you can go to this state
this delta into 1 this is exactly same and 1 to 1. So, 1 to 1 this is 1 minus delta into 1. So,
these 2 channels are exactly equivalent another point to be noted this channel 1 and
channel 2 are strongly symmetric channel you can verify that if this is uniformly
dispersive because a probability in descending order is 1 and O for whether | consider
this input or this input this is also uniformly focusing if 1 consider the output 0 or 1 again
the probability arranged in decreasing order will be 1 and 0. So, channel 1 is strongly

symmetric.

Similarly, channel 2 this is; obviously, uniformly focusing because only 1 output and this

is uniformly dispersive also because probabilities are 1 and 0. When arranged in



decreasing order. So, channel 1 and channel 2 individually is strongly symmetric channel
and you can think of it as we are selecting channel 1 with probability 1 minus delta and
channel 2 with probability delta. Now why are we doing this why are we trying to
decompose this symmetric channel into strongly symmetric channel that is because we
know exactly the capacity of a strongly symmetric channel. So, if we can write a
symmetric channel in terms of strongly symmetric channel perhaps we can get the

capacity of a symmetric channel as well and that is where we are headed.
(Refer Slide Time: 37:58)
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Symmetric channel

Algorithm to determine if the DMC is symmetric

@ Partition the output letters into subsets 81 B(?) ... B sych
that two output letters are in the same subset if and only if they
have the "same focusing”. Set / =1

@ Check if all input letters have the "same dispersion” into the subset
BU) of output letters, If yes, set g; equal to the sum of probabilities
into BY) from any input letter

@ If i = L stop. The channel is symmetric and the selection

probabilities qy, g2, - . q; have been found. If i < L, increment |
and return to previous step

So, let us go over an algorithm to partition to see whether we can partition any channel in
to strongly symmetric channel. So, what are the conditions that are needed to be satisfied
for first to be able to partition a channel into strongly symmetric channel? So, we are
describing the algorithm to determine whether, a discrete memoryless channel is
symmetric channel or not enhance symmetric channel can be partitioned in to strongly

symmetric channel.

So, the first step is partition the output letter into subsets b1, b2, bl such that 2 output
letters are in the same subset if and only if they have the same focusing now what do |
mean by same focusing. So, if you look at those output letters and if you look at the
transitions from the input to those letters when they are arranged in the decreasing order

it should be same. For example, if you look at this particular example you see that 0 and



1 these outputs have the same focusing because the probabilities are 1 minus delta and 0.

And that is why we club them together.

So, what we are saying is you partition your output letters into subsets b1, b2, bl such
that 2 output letters are in the same subset if and only if they have the same focusing now
next thing we going to do is we need to check if all input letters have the same dispersion
into the subset b | of output letters. So, we need to check. So, once we partitioned the
output in to | sets where within each sets they have the same focusing now we need to
see whether all the inputs have same dispersion in to that subsets and if that is the case
then we set qi to be equal to sum of probabilities of these the transition probability into

that particular set.

For example, if you look go back and see this example you see here we are reaching here
probability 1 minus delta 1 minus delta and that is. So, the dispersion is common. So, we
whether we are from 0 to 1 we are selecting this channel probability 1 minus delta
whereas, this particular channel we are selecting with probability delta. So, if all input
letters have the same dispersion into that particular subset of output letters then, we
should be able to partition our channel into strongly symmetric channel and we are going
to select each of these channels with probability qi which is equal to sum of probabilities
from the input to that particular subset bi and once we know these selection probabilities
q is then rest this probabilities, we can easily find out because we know the transition
probability for example, from this input to this output should be this into this which is
this quantity. So, we can find out this transition probability this transition probability this
transition probability. So, we can find out all these transition probability by mapping the

transition from each input of this channel to this channel.

And this we continue until we are able to do it for all output letters. So, if | equal to | we
will stop and will say the channel symmetric with selection probabilities given by g1, g2,
g3, gl and if 1 is not | will continue until we partition all the output letters into these

subsets.



(Refer Slide Time: 42:55)
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Symmetric channel

General DMC created by L DMC's with selection probabilities gy, -« . qp

SELECT OUTPUT OF
CHANNEL Z

So, this is a block diagram of how things will look like. So, you can think of our general
discrete memoryless channel created by | discrete memoryless channel. Where with
selection probabilities of g1, g2, g3, | have my input x and you can think of a | such
discrete memoryless channel | am choosing each of these channels with probability g1,
g2, g3, gl. So, the output you can think of is I am choosing either this channel, this
channel, this channel or this is my selection probability. So, x is my input here y is the

output of discrete memoryless channel and z is deciding which channel is being chosen.
(Refer Slide Time: 43:47)
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Symmetric channel

General DMC created by L DMC's with selection probabilities gy, -+ , q;
Assumptions

@ All component DMC's have the same alphabet, i.e
A=AN = AQ) — ... = AlL)

@ All component DMC's have disjoint output alphabets, i.e
BINBY =@, i#j and B=BMuB®y...us"

@ X and Z are statistically independent.
° Pz(i) = q
Claim: For this general DMC,

(X Y2)




So, we are considering a general discrete memoryless channel which is created by this |
discrete memoryless channel with selection probability is given by g1, g2, g3; g | and we

make these following assumptions.

All of this, one discrete memoryless channel they take as a input they take as inputs same
alphabets. So, input alphabet for channel 1, channel 2, and channel 3. Channel | they are
all same second assumptions all discrete memoryless channels have disjoint output
alphabets. So, there is when we partition them into | discrete memoryless channel the
output letters are disjointed. So, there is some output letter appearing in 1 particular set it
would not appear in any other set. So, the intersection b I and b j is 0 and of course, the
union of all these | disjoint set should be my overall output letters and this selection is
which is denoted by this a random variable z this is independent of x and the selection
probability is given by q i.

Now the claim | am making it is mutual information between the input x and output y
can be written in terms of mutual information of these individual channels and this is the
expression relating the mutual information between the input of this channel and the
output of the channel. So, from this expression basically as you can see we can write the
mutual information between input x and output y as mutual information between input x
and output of this individual | channels multiplied by this selection probability and sum

over all such | channels. So, we are now going to prove this result.

(Refer Slide Time: 46:21)
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Symmetric channel

@ Proof of Claim /”—\

H(YZ) = H(Y)+H(Z|Y) = H(Y)
H(Z) + H(Y|12) ¢
@ Thus

H{) = H(YZ) H(2) ﬁ]H(Y\Z)Z

H(Z) + Y H(Y|Z = i)Pz(i)
_ =]

L
H(Z)+ Y H(Y)a,
i=1




So, joint entropy of y and z using chain rule can be written like this uncertainty in y plus
uncertainty in z given y. Now if | tell you what my y? If you will go back to the diagram
here y is basically v1, y1, y2, y3, yl depending upon which channel is selected. So, if I
tell you what my y is you know precisely what channel has been selected. So, z is
known. So, there is no uncertainty in z given y. So, this quantity is 0 because if you tell
me what y is | know because my output symbols letters has been partition into disjoint
sets if you tell me what y is | know exactly which channel has been selected. So, there is
no uncertainty in z given y hence this can be written as uncertainty in y now this is same
as uncertainty in z plus uncertainty in y given z again | am applying chain rule in a
different way. So, from this 2 I can write h of y is equal to h of y z this is from here | get

and this is same as this quantity.

Now, let us expand this particular term. So, | can write this as h of z plus uncertainty in y
given z is | multiplied by probability of z. So, this is from the definition of conditional
entropy now this term is given by q | and this uncertainty. So, given that | have selected |
h channel | know the output is yi. So, | can write uncertainty in y given z is | as
uncertainty in yi. So, then I can write this expression as h of z plus summation of h of yi

into gi and sum over all | such channels.

(Refer Slide Time: 49:08)
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o Similarly 0]

H(YZ|X) H(Y|X) + H,LM?) H(Y|X)

H(Z|X) + H(Y|XZ) = H(Z) + H(Y|X2)
—r

ST ossssmesmso

Similarly, | can write uncertainty in y z given x as using chain rule uncertainty in y given

x plus uncertainty in z given x and y and as | said given y there is no uncertainty in z. So,



this term is 0. So, this can be written as uncertainty in y given x now | can apply chain
rule again in a different way and | can write this expression as uncertainty in z given X
plus uncertainty in y given x z. Now x and z independent, so knowing x does not give me

information about z. So, this will be h of z plus h of y given x z.

(Refer Slide Time: 50:04)
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Symmetric channel

@ Thus,

H(Z) + 3 HYO1X)a,
(=1

Next; from the previous expression then | can write h of y given x as h of z plus h of y
given x z now | can expand this. So, | can write this in this particular fashion. So, this is
uncertainty in y given x and given z is | multiplied by probability of z i. Now if | tell you
what z is. So, you know exactly what channel is. So, this can be written as uncertainty in
yi given x multiplied by gi. So, | have gotten in expression of this which is given by this
expression and earlier | got the expression of h of y which was given by this expression
right. So, mutual information is maximizing x of y minus h of y given x and maximizing
over all input distribution. So, if I subtract h of y given x from this h of z is common in

both of them. So, that gets cancelled out.



(Refer Slide Time: 51:34)

BOEl«®G TR

Po rToomedcl-conBEREEERE00 M s o

Symmetric channel

@ Therefore

1(X;Y) H(Y) = H(Y|X)

L
Ya
(L]

What is left is this particular term, now what is this h of y I minus h of y | given x this is
mutual information between x and y i. So, then | have proved that when | decompose my
channel in to these | discrete memoryless channel following the assumptions, which |
made earlier | can write the mutual information between the input and output in terms of

mutual information of the individual discrete memoryless channel all.

And we are going to exploit this to get the capacity of a symmetric channel. So, if we are
able to decompose our symmetric channel into strongly symmetric channel and since it is
a same input which goes to all of these strongly symmetric channel and we know that it
is the uniform input distribution that maximizes that achieves capacity. So, we should be

able to get the expression for capacity of a symmetric channel.
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o For a symmetric DMC,

L
C= X q.C

i1
where C; is the capacity of the i—th strongly symmetric DMC and
q; is its selection probability. Also uniform input distribution
achieves capacity.

Proof
@ We have just shown (in the previous slide) that

L
(X Y) =" qil(X: YY)
—

L L
= mxl(X.Y)<Zq,Ej E.RAY {Zq.(,
*L il : i=]

If we are able to decompose it in to that is after decomposing it in to strongly symmetric

@ Also

channel. So, for a symmetric discrete memoryless channel the capacity is given by this
expression which is product of capacity of these individual discrete memoryless channel
multiplied by their selection probability and sum over all | such discrete memoryless
channel and it is the uniform input distribution that will achieve capacity the proof is
very straight forward once we have established that the mutual information between x
and y can be written as summation of mutual information of this individual discrete

memoryless channel multiplied by this selection probability.

Now, capacity as you know can be given by mutual information between x and y and
maximizing over all input distribution now this is less than equal to. So, I need to find
basically p x which will maximize this. Can | write it less than equal to this now
remember in case of strongly symmetric channel it is the uniform distribution input
distribution that achieves capacity and since | have the same input going to all of these |
channels. So, the input distribution is same. So, the distribution that achieves capacity for
ith channel the same distribution achieves capacity for that is the jth channel. So, that is
why for a strongly symmetric channel | can write capacity to be equal to product of
capacity of the individual discrete memoryless channel multiplied by the probability of

selecting that particular channel.



So, again | repeat the input distribution that maximizes this for an ith channel is same
whether, | consider ith channel or jth channel because it is the uniform input distribution
that will achieve capacity and since my input. If you go back to the diagram that |
showed you it is the same input which is going to it is the same input x is going here is
going here it is going to all these discrete memoryless channel the same input is going
and this and since uniform distribution will achieve capacity for each of this individual
channel and it is the same input. So, it is a same input that will achieve capacity for this

channel.

So, hence we have proved that capacity of a strongly symmetric channel is given by this

expression.
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@ Above expression is satisfied with equality if and only if there is a Py
that simultaneously maximizes /(X; Y1), 1(X; Y3)), ... [ 1(X; YH)

@ Since each of the component DMC is strongly symmetric channel,
uniform input probability distribution, i.e. Px(ax) = 1/K Vk is one
such Px _——

So, the above expression as | said is satisfied with equality if and only if there exist an
input distribution that simultaneously maximizes the mutual information of each of this
individual channel and we know it is a uniform distribution that will that will maximize
this why because each of these individual discrete memoryless channel are strongly
symmetric channel. So, this the uniform input distribution that will simultaneously
maximizes the mutual information of each of these discrete memoryless channel. Hence
the capacity is given by summation of product of the selection probability multiplied by
the probability of the individual capacity and sum over all such | discrete memoryless

channel.



So, we will illustrate how we can decompose a symmetric channel into strongly
symmetric channel and then, we will use the expression of strongly symmetric channel to

compute the capacity of a symmetric channel.

(Refer Slide Time: 57:49)
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Capacity.of Binary Erasure Channel (BEC)

@ BEC can be decomposed into L = 2 strongly symmetric channels
with capacities C; = 1. (; = 0 and selection probabilities

J respectively. | AN\ Jthaene) 1
0
1

! s Chrrd 2

So, taken example of a binary erasure channel, in binary erasure channel you have 2
inputs 0 and 1 and you have 3 outputs 0 1 and another output state which is era state with
probability 1 minus epsilon you receive the bits correctly and with probability epsilon
you receive the bits incorrectly now, packet data networks can be modeled by this very
simple binary erasure model you either receive the packets correctly or if you do not

receive the packet correctly then, you want to discard them.

Now this binary erasure channel can be as you can see here if you look at the focusing of
this particular input 0 and 1 they are same and focusing of this delta is same. So, first
thing that we will do is we will decompose it in such a way that this particular output
symbol and this particular output symbol they belong to the same channel like here
because, they have the same focusing you can check this is 1 minus epsilon 0 this is 1
minus epsilon 0 and this has a different focusing which is epsilon. So, this will be a
different channel.

So, this is my 1 strongly symmetric channel 1 and this is my channel 2, now what is this
selection probability this is. So, from the inputs 0 and 1 I reach this set consisting of

output symbol 0 and 1 with probability 1 minus epsilon. So, let us make it delta because |



am in the text 1 am following 1 minus delta. So, let us just change this notation to 1
minus delta. The same thing just changing notation because | just notice that | using this
notation delta, | am just changing this notation this | am writing as 1 minus delta and this
as delta.

So, then I can select this channel you can see | can select this channel with probability 1
minus delta. So, this is this selection probability is 1 minus delta this selection
probability is 1 minus delta. If you recall and go back to the yes, the first step is we are
partitioning them into subset b1, b2, bl such that no 2 letters are in the same subset to
such that 2 output letters are in the same subset. If they have the same focusing see in our
example 0 and 1 output letters they have the same focusing and delta has a different
focusing. So, that is kept in a different subset. So, b1 consist of output symbols 0 and 1
and b2 consist of delta the next is check if all inputs have the same dispersion then, how
do you check the same dispersion from the particular output symbol you see the
probability of the transitions from the input side. Now if you look here in this particular

example.
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Capacity.of Binary Erasure Channel (BEC)
@ BEC can be decomposed into L = 2 strongly symmetric channels

with capacities C; = 1. G; = 0 and selection probabilities
G =1 —0,qa = 6 respectively 0 A . CH 1 )
| 1 |—2
; 1 |0
0 S

o Therefore capacity is given by S —
Co =0
€=3 qC =1~ bits/use
i=1 -

If you look at this particular example you reach 0 from 0 with probability 1 minus delta.
Similarly you reach 1 from 1 the probability 1 minus delta and from 1 you cannot reach 0
and from 0 you cannot reach one. So, they have the same focusing and that is given by 1

minus delta.



So, the selection probability here in this case is given by is 1 minus delta as you consider
the second channel here the second channel is similarly selected with probability delta
again lets draw redraw the diagram for binary erasure channel 1 minus delta, delta, delta
1 minus delta. Now look at how you are selecting this channel which consist of this
output symbol delta from input 1 this is probabilities delta from input O this probabilities
again delta. So, this particular channel is selected with same probability. So, whether you
consider this input or this input both have the same dispersion and similarly for this
particular channel which consist of output symbol 0 and 1. You can see | can reach 0
with probability 1 minus delta and from here O probabilities similarly I can reach 1 with
0 probability here and 1 minus delta. So, they have the same dispersion; that means, | can
find out what is selection probability. So, I will select this channel consisting of 0 and 1
with probability 1 minus delta and | will select this channel which has this era state with

probability delta.

Now, what | need to do is | need to look at this probability from input to the output in
this case this is 1 minus delta now if you look here. So, this probability should be 1
minus delta | already know my selection probability is 1 minus delta. So, then this
probability should be 1 similarly from 0 to delta this is probability this era state this
probability delta. So, 0 to this era state this is probability delta. So, this has to be 1. So,
that the overall probability is delta and likewise | can calculate from 1 to the lets see it
again this probability delta. So, this delta into this should be delta. So, this probability is
1, now similarly from 1 to this probability 1 minus delta. So, since the selection

probability is 1 minus delta this has to be probability 1.

So, now my selection probability to you first set of channels g1 is 1 minus delta and
selection probability for the second set of channel is delta. Now what is the capacity of
this channel this is the strongly symmetric channel and this is 1 minus this capacity of
this channel is 1 we can easily see its capacity is 1 and what is the capacity of this
particular channel this capacity of this particular channel is 0, we already know the
expression for capacity of strongly symmetric channel. So, just plug in the value j in the
case is 2. So, log of 2 is 1 and the transition probabilities are 1 and 0. So, the contribution
due to h of y given x will be 0. So, capacity of this will be 1 and similarly capacity here j
is one. So, log of 1 is 0 and these probabilities are one. So, overall capacity of this
particular strongly symmetric channel is 0. So, the overall probability will be selection



probability of this channel which is 1 minus delta times 1 plus delta into 0. So, the
capacity of a binary erasure channel is 1 minus delta 0. So, capacity is basically given by
this.

So, this example illustrates. Note that this binary erasure channel is not a strongly
symmetric channel, but it is the symmetric channel because we are able to decompose
this channel into 2 strongly symmetric channels and since from the inputs we are able to
reach these channels with same dispersion. We can find out what is the selection
probability of these channels and subsequently we use this expression for capacity of a
symmetric channel in terms of capacity of strongly symmetric channel and the selection
probability to get the expression for capacity of binary erasure channel which is 1 minus

1 minus delta. If delta is 1 capacity is O if delta is O, we can see that capacity will be 1.

So, with this we conclude our lecture on channel capacity in the next lecture we will talk
about channels noisy channel coding theorem, we will prove channels noisy channel

coding theorem and then we will prove the converts of noisy channel coding theorem.

Thank you.



