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Welcome to the course on error control coding, an introduction to linear block codes, before we

discuss decoding of linear block codes let us solve some problems today.
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Linear block code

& Problem # 1: Consider & linear block code, C with panty check
matrix given by
1001011
D101110
0010111
1110010

What is (n, k) of C7

So first question that we are going to look at is, consider a linear block code c.
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Linear block code

& Problem £ 1: Cansider 3 linegr Wock code C .'mfh panty check
matia givan by =
1001011 1113018
_|o1or11D =
i go10111
1110010

£ dyT
What i (n, k) of C7

Whose parity check matrix is given by this and you are asked what are the code parameters n (n,
k) n which is a block length a code word length and k is the size of, is the dimension of the
basically information sequence length is k, now how do we solve it? We know, we will first find

out what is the rank of this matrix H, now you can see this is a 4 x 7 matrix right?

So the maximum rank possible is four, let us see whether it has rank four, now if you add row
one, two and three what do you get? 1111010 sorry 1110010 this is what you get, you can see
this is 1, this is 1, this is 1, this is 0, this is 0, this is 1, and this is 0, and what is row number four,
this is exactly same as this so you can see row 1, row 2, row 3 and row 4 add up to zero, that

means it does not have rank four, so maximum rank possible is three.
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a Problem # 1: Consider 3 limsar block LIJdE.E with panty check
miatrix giian by

1001011 ) 1ol a
Dlollla =
n= 0010111
1100104 4y

What is (n, &) of C7 -

So let us see if any three rows combination add up to zero.
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Linear block code

& Problem £ 1: Consder 4 hnear black code, © with panty check
matrs given by =
+100101 i o

DID1110=

=~ |*no1o111

1110010

Whatis (n4)of 7 | 11100
, bl 41 U

So let us see, let us see if we consider some of these two rows, this is what 1100101. Now none
of the rows are equal to this you can see if we consider this row and this row we add these two
rows let us see we what do we get is 1011100. Now note none of these rows are 2nr four is equal
to this so these set of three rows basically they are independent, let us try adding up this and this,
so if we add first row and fourth row what do we get 011100 and 1.

Now note row number three and two are not same as this, so like that we can check we can check
for example row two and four we add up row two and four what do we get 1011100. Now note
row number three and row number one are not same as this so we can see that any three rows do

not add up to zero, so the rank of this matrix H is three.
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Linear block

& Problem # 1: Consider 4 linear black code, C with parity check
matrix given by
1001011
0lo01110
QD10111
1110010

H =

What is (n, &) of C7
@ Solutions: Rank of H matnx 5 3. 50, n=T. k=7-3=14

So if the rank of this matrix is three now we know parity check matrix is n-k x n.
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Linear block code

@ Problem # 1: Consider 4 hnear block code, © with panity check

matriz given by JLLL ki
1001011
oloLll0
D01011]1 :
111ao10 H h=K % n
What is (n, k) of C? 5
& Solutions: Rank of H matnx 5 3. S0, n=T, k=7-3=4
. % — o
(7.4)

So n-k is in our case equal to three and what is n, n is number of columns of this so that is one,
two, three, four, five, six, seven so n is 7, so that would then give us k=4, so this is an example

parity check matrix for a (7, 4) linear block code, okay.
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Linear block code

@ Problem # 2: Consider the following binary block code. C
€ = {000000. 110011. 011101, 111111}

Is C a linear block code? Justify your answer

Now let us look at another problem, you are given a set of code words and what are these code

words these are binary code words.
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@ Problem # 2: Consider the following binary bliock code. C,
s R T
€ = (000000, 110011, 011101, 111111

ks € a linear block code? Justify vour ansier

So this is all zero, 110011, 011101 and 11 all 1 sequence and the question that has been asked is,
is this a linear code, is this a linear code? Now what do we know about linear code? A linear
code should have all zero code word which this code word has and sum of any two code words is

also a valid code word.
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Linear block code

@ Problem # I: Consider the following binary block code. €
2 pinsand &
€ = (000000, 110011, 011101, 111111}

ks C 3 hinear block code? Justify your answer
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Linear block code

& Problem # 2: Consider the following binary block code, C,
C = (000000, 110011 011101.111111}

Is € a linear block code? Justify your angwer
@ Solutions: No
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a Problem # 2: Consider the following binary block code, C,

€ = {00000, 110011, 011101, 111111}

Is  a linear block code? Justify your answer
@ Solutions: Mo

& Sum of two codewords for 3 linear block code 15 a valid codeword

So let us see so let us see if sum of all code words is already a valid code word.
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Linear block code

@ Problem # 2: Consider the following binary biock code, C
Y Wi W v
€= lUUUUDU.[IUBIl 0111 1111II|I

Is € a linear block code? Justify yoir answer
& Solutions: No

& Sum of bwo codewords for 3 linear block code 1 3 valid eodeword

So let us call this vo, vi, v2 and v3 so what we want is all possible combinations of vo, vi, v2, v3

should also be a valid code word, they should be in c.
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a Problem # 2: Consider the following binary block code, C

C = {000000, 110011.011101, 111111}

ts € a linear block code? Justify your answer
@ Solutions: No
& Sum of two codewords for a linear block code is a valid codeword

@ Let vy = 000000, vy = 110011, w = 011101, and wy = 111111, then
0 T T 'r],.ll'ld ]+ v 4 qMLﬁTiI‘Ethivihd

codeword
w+w = 101110
w+w = 001100
¥+ ¥y 100010

vi+w+w = 010001
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& Problem # 2: Consider the following binary block code, C

C = (000000, 110011, 011101, 111111}

Vi Va1 Vy
Is € a linear block code? Justfy your answer
i T
@ Solutions: | No l
& Sum of two codewnrds for a linear block code is a valid codeward

1+ v o, e \-'_|,.il'|dv|_ b w3 b vy MUST Jt50 De 2 valid
codeword

W

Wty = llf?llllg -

¥ +w = ODOIT00

ve | vy 100010
R 0loool

So let us see, so as I said we take vo to be all zero code word, vi is given by this, this is vi, this is
v2 and this is v3, now let us see all possible combinations of vi, v2, v3 the non zero code words.
So we consider vi+v2 what is vi+v2, so vitvz is we can see this is 101110 this given by this, now
is this code word in ¢, we do not see any code word which is 101110 listed here that means the ¢
is not a linear code, why it is not a linear code?

Because sum of any two code words is also a valid code word, now vi and vz are valid code
words in ¢, so sum of vi+v2 should also be in ¢ but we noticed that 101110 which is sum of vi+v2
is not there in ¢ and that is why we said that c is not a linear block code. Now my next question is
can we add additional code words here such that ¢ becomes a linear block code, now how do we

do that?
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Linear block code

a Problem # 2: Consider the following binary block code, C,

€ = (000000, 110011, 011101, 111111}
— T W e T

ks T 3 linear block code? Justify your answer
& Solutions: | No l

3

& Sum of two codewords for 3 linear block code 18 a valid codeword

& Let ¥ = 000000, v = 110011, vy = 011101, and vy = 111111, then
L i ol e kP O r],.ind W] & g ¢ vy MUST also be a valid

codeword
¥+ B ].DJ.“.E -
wi+w = 001100
Va1t ¥ _Ulll -
W+ 10001 "

To do that we will have to ensure all possible combinations of these code words is also there in c,
so let us then compute vi+v3 which is basically given by 001100. Let us look at v2+vs which is
given by 10010 and let us look at vi+v2+vs is basically given by 010001. So note that I have
listed all possible combinations of these code words here. Now none of these sums are there in
this linear block code so if we add them in this set of ¢, set of code words then we, our block

code ¢ will become a linear block code.
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Problem # 2 (contd. )

@ Thus a linear block code should have the following codewards

C = {0DO00D. 110011, 0011101, 111111, 101110, 001100, 100010, 010001 |

So if we want to make it a linear block code what do we need to do?
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Linear block

# Problem # 1: Consider the following binary block code. C

E = | 000000 110011. 011101 111111}
— Wi v Wy
IsC a lirwear blesc code? Justify vour answer
+ Sulmiuns:]frhlu l
& m al twm codewords for 3 linear block code 8 3 vahid codeword
® Let v 000000, vy 110011 v — 011101 and v - 111111, then

i¥ W i howm el b b e ko et alon he 3 walkie

In this set of four code words vo, vi, v2 and vz we need to add these set of code words which was

basically vi+va.
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Linear block code

a Problem # 2: Consider the following binary block code,

€ = {000000, 110011, 011101, 111111}

- Vi L Wy
Is C 3 lingar block code? Justify your answer
a E.ulmitm:tm
& Sum of two codewords for a linear block code is a valid codeward

@ Let ¥ -_-_ﬂ-ﬂ-ﬂﬂﬂ_ﬂ. v = 110011, v = 011101, and vy = 111111, then
Wi ReR e v-],ind Ll 1 n‘n:ﬁ'l:.ll‘h:lﬂ-‘luﬂtrﬂ

codeword

vtw = 10110
W+w = 001100

ve+w 00010 -~
w+wmtw = [I0001




(Refer Slide Time: 08:44)

Problem # 2 (contd.)

@ Thus a linear block code should have the following codewards
e Wi W Vi Sy
C = {000000. 110011, 001101, 111111, 101110, 001100, 100010, 010001 |

This is vi+va.
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Linear block code

# Problem # 2: Consider the following binary block code, C.

€ = { 000000, 110011,011101, 111111}
= T VL ¥y
ks € 3 linear block code? Justify your answer
Ry
s Solutions: No |
& Sum of two codewords for a linear block code s a valid codeword
@ Let vy = 000000, v = 110011, vy = 011101, and vy = 111111, then
M+iH W +R e v]_,.lnd L, il - R qutﬁIil‘Wl‘ﬂ-’luihﬂ
codeward
wtw = 10110

This is vi+vs.
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Problem # 2 (contd.)

@ Thus a linear black code should have the following codewords
8 ¥ W Vi Wity VieWy
€ = {00000O0. 110011011101, 111117, 100110, 001100, 100010, 010001 |

Vit+v3
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Then this one is va2+vs.

@ Problem # 2: Consider the following binary block code, C,

€ = { 000000, 110011. 011101, 111111}
— W Wy ¥y

Is C a linear block code? Justify your answes
a SGMI'UM'::!NIJ

& Sum of two codewords for a linear block code i a valid codeward

@ Let wy = 000000, vy = 110011, vy = 011101, and vy = 111111, then
v & v, W b v vk v, and vy 4 v b vy must also be a valid
codeword

Mty = LMD~
vi+w = 001100

Wty = __.]:ﬂ_-"i-
WMtimtin = 10001
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Problem # 2 (contd.)

& Thus 3 linear black cade should have the fl'Jll-l’muu'. ¢ oadlewards
o Wi Wy Vi Wpadly WiEW WAy W by n iy
C = {000000. 110011, 011100 111111, 101110, 001100, 100010, G10001 |

i

v2+v3 and this one was vi+v2+vs, so let us look at these two code words, this is vi+v2 and this is
vi+va+vs, so if we add these two what we will get is v3, we can double check so if we consider
add these two the first bit will be 1, this 0+1 will be 1, then 1+0 will be 1, then 1+0 will be 1,
then 1+0 will be 1 and 0 +1 will be 1.

And this is already there in this set of code words this is v3, okay. Similarly take this two, this
one is vi+v2 and this is v2+vs if we add them what we get is vi+vs we will get this. If we consider
these two, we will get v2 we consider this we will get vs if we consider these two sum of these
two we will get v3, we consider sum of these 3 what we will get, we will get v3. So you can see
basically linear combinations of all the code words of already there in the sea, so this sea which

contain.
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Problem # 2 |

@ Thus a linear block code should have the following codewords

Wi L V1 Wpavy, ey Wy 4y Sy Wy iy

€ = {000000. 110011011101, 111111, 101110, 001100, 100010, 010001 }

This set of 8 code words is a linear code.
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FProblem # 2 (contd. )

@ [hus 3 linear block code should have the following codewords
C = {000000. 110011.001101, 151111, 101110, 001100, 100010, 010001 }

@ This s a i@lS] linear birary code 2= "4

And what are the parameters n and k, now the length of this code words is 6 each, each of these
code words are 6 bits so that is why n is 6, and there are total 2k code words and in our case 2 K

is basically 8 so k is 3, so this is basically a 6, 3 linear binary code.
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Problemn # 2 (contd.)

@ [hus 3 linear block code should have the following codewords ‘
C = {000000. 110011.001101, 151111, 101110, 001100, 100010, 010001 } |

@ This s a i@lS] linear birary code. 1’:' = T

E=3

Now if I ask you tell me what is a generator matrix that will generate this set of code words, now

how can you do that?
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™

@ Thus a linear block code should have the following codewords
C = {000000.110011.011101. 111111101110, 001100. 100010. 010001 }

@ This iz a (6.3) linear binary code

@ One example of generator matrix for this code

i 1 0D 11
-..G 2 1 1 1 0 1
Bk (f)=3 I111%1%

So we know the generator matrix is basically a k x n matrix right, so if you take basically 3 k in
this case is 3 if you take 3 code words which are linearly independent basically if you take them
and form them as rows of your generator matrix then you get your generator matrix. So I just
took this v1, v2 and v3 and you can verify that rank of this matrix G is 3 so it full rank okay. So

then this G will be able to, this generator matrix will be able to generate this set of code words.



(Refer Slide Time: 12:08)

= - _—
*

Problem # 2 (contd. ). Generator matrix in systematic

Torm

# How to write the generator matrix in systematic form?

T
i 1 00 1 1 [ Tx
G 1 1320 1 L
1 1

[P:Tx]

Now can we put this, is this generator matrix in systematic form, the answer is no, because if to
get it in systematic form what we need is our generator matrix should be of the form like this or
something like this okay, but this is not in this particular form so we will have to get some
identity matrix and some matrix p. Now by doing elementary row operation we can put this in

systematic form so let us do that.
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Problem # 2 (contd.): Generator matrix in systematic

F.'j m

@ How to write the generatar matrix in systematic form?
i e ojo 1 1]
G 0 181 01

_llE 10 lj' I L 1

So note if we want to get let us say this in the form of identity what do we need, we would need
basically here we would need a 0, here we would need a 0, here we would need a 0, here we
would need a 0 right. So let us first try to get this 1 to 0, now how can we make this 0? So if do
this transformation that row 3 is row 3 + row 1, so row 3 is row 3+ row 1, if we do that then 1+1

this will be 0, 1+1 this is 0, 0+1 this is 1, 0+1 this is 1, 1+1 this is 0, and 1+1 this is 0, okay.

So we got a 0 here right, next we want a 0 here, we want this you want to make this 0 so how can

we do that?
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Problem # 2 (contd.): Generator matrix

form

mn h:-,n"‘.-.[i-'f"l.-.l[ll.'.

# How to write the generator matrix in systematic form?

1 1
G=|0 1
| 1

@ Row 3 — Row 3 + Row |

11
G o1
0
® Row 2 — Row 3 + FHow 2
—_——— =]
1 1
o o1
00

i o

0
1
1

Parpre—

0
1
1

1

1

[

[

We do this transformation that row 2 is row 3+ row 1 row 2, so if we row 2 is row 2+row 3 then

what is going to happen this will remain 0, this will remain 1, but this 1 will become 0, so let us

do that. So thisis 0+ 0is 0, I+ 0is 1, 1+ 1is 0, 1+1 is 0, 0+ 0 is 0 and 1+ O is 1 okay, so we got

these zeros, we got this 0 okay, now what do we have to do, we will have to get this a here, we

have to get a 0. So how can we get a 0 here?
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Problem # 2 (contd.): Generator matrix in systematic

Torm

@ How to write the generator matrix in systematic form? |

1 1 08 1 17
=|0 1 1 101
T O T I S

& FHow 3 — Row 3 + Row 1

3 T ey 17
e I i
Lo 01100

¢ Row 2 — Row 3 + Row 2
—_ S —_? -
I ¢ 0 0 § 1
G 0 100l
0031100

We will do this transformation we will add row 1 and row 2 and replace row1 by this, so we are
going to add these 2 rows, if we add these 2 rows what is going to happen, this 1 will remain 1,

1+1 this will become 0, and this will remain 0, this will be 0, this will be 1, and this will be 0.
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Problem # 2 (contd.): Generator matrix in systematic

r-i'_l rm

So if we do this transformation what we get is this. Now note that this is our NG matrix, it is a 3
cross, 3 identity matrix and then this is your another matrix speed okay, so by doing elementary

row operation we are able to get our generator matrix in a systematic form.
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Problem # 2 (contd.): Generator matrix in systematic

Torm

@ Row 1 — Row | + Row 2 -
G- [1.:7]

]. -
0
1

Q=
-

a
]
==
-
b
|-|:-
(=]

@ 'SII'H-Ilarl'j parity check matfi= in Systemanic form can be written as

N - "
[0 o 1ﬂ 100 H-[P": T ]
H=|{1]l O il 0 1 0
lol 1l of 0 0 1

A

b

And if we have a generator matrix in a systematic form then we can very easily find out the
parity gen matrix in systematic form, so this is like I x P then this H matrix will be P transpose IN
- k so this is basically your p transpose, so this 010 this is will come here 010, 001 is, this is 001
and 100 is this, 100, and then you have this identity matrix which is here, okay.
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@ Problem # 3: Let H be the parity check matrix of an {_l:l.k_l linear
code C that has both odd and v -wing i 1:|:i:_h‘_vﬂL1-rqI§. Construct a
new linear code C; with the following parity-check matrix

G 3 1

H,; H M-+
L3 1)
0 -

A—K |

((CT ]

Next we are given a parity check matrix H of a linear block code with parameter nnk and it is
given that this code C has both odd weight code words and even weight code words, in other
words the number of ones in the code words, it contains both odd number of ones as well as even
number of ones, and we are constructing a new code that we are calling as C1 and the parity
check matrix of the new code Ci is given by this, so how do we find this new matrix parity check

matrix H one we are adding a new column.

Which is 0 in the initial rows except in the last row where there is a 1, and here we are put our
original n — k x n matrix and the last row is basically all ones okay, so the dimension of this

matrix is so number of rows is n — k + 1 and number of columns are n+1.
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# Probilem # ¥ Let H be the panty cleck matns of an (k) [irese
code C that has both odd and even-weight codewords. Construct a
new linear code O with the following parity-check matrix

0
1]
Hy H
0
1 |11 1
& Show that C; w an (A - 1 k) hinear coda. -

@ Show that svery codeword of C; has ewen wsight
@ Show that O can be obtained from C by adding an astra panty
check digit, denoted by v 1o the left of each codeword v as follows
1) ifw han odd weight. then vy i, and
I if w has sven weaghi. then v, o

Now you are asked to show that the code generated by this parity check matrix each one is a
linear code with parameters n+1 and k. Second thing you are asked to prove is that all the code
words of this new code Ci will have even weight, that means they will have even number of ones
in them, the third thing that you have to prove is this new code Ci is obtained from old code C by
adding an additional parity bit which we are denoting by v infinity to the left of this code word
and how do you select this parity bit v infinity? If the original code word has odd weight then
you put v infinity as 1 otherwise if the original code word has even weight then you put this v
infinity as 0. So let us prove one by one, let us first prove this, that code generated by this new

parity check matrix is basically a new code with n given by n+1 and k given by k.
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Problem # 3 (contd.)

@ The matrix My san (p— &k + 1) = (A1) matrix
@ First we note that the n — & rows of H am linearly independant. |t is
clear that the hirst {n — k) rows of Hy are alss linearly independent

So as we know that this H matrix has these dimensions because we are adding a new column and
we are adding a new row. Next now what is the rank of original matrix H, the rank of the original
matrix H is n —k that means the n — k rows of the original parity check matrix H are linearly

independent okay.

(Refer Slide Time: 20:04)

T
i - |
— —

LY . =— 1 [TTTTT] i ===

3 {contd.)

Problem

@ The matrtx Hy 8 an (A — &k + 1) = (7 + 1) matix

@ First we note that the m k rows of H are lincarly independent. It is
clear that the hrst (0 — &) rows of Hp are 3lso linearly independent
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Problem # 3 (contd.)

@ Thematrix Hy man (n— k + 1) = [m+ 1) matrix

Now go back and look at the new construction.
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@ Problem # 3: Let H be the parity check matnx of an (n k) linear
code C that has both odd and even-weight codewornds. Construct a

new linear code €y with the following parity-check matrix
oy

g

Hy= | —HH |

T E—

@ Show that C; i an {m+ L. k) linear code.  ~"

@ Show that wvery codevnrd al C; has even s it
@ Show that §; can be obtained from C by adding an estra panty
chech diggit, densted by v, 1o the left of each codeword w 23 lollows

i w hat ood weight. then v = 1. and
2 il w has ewen weeight, then e o

So these n-k rows are linearly independent and what have we added here, we have added 0 here.

So these new rows will, these new n-k rows will also be linearly independent.
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& The matrix Hy 8 an (A— &k + 1) = (A + 1) matrix

@ First we note that the n - & rows of H are lincarly independent. It is
clagr that the hrst [ — k) rows of Hy are also |m_!.:r|z lndegnde:l

So that is what we are saying that since n-k rows of the original parity check matrix H are
linearly independent. So the first n-k rows of the original parity check matrix Hi1 will also be

linearly independent.
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@ The matrix Hy is an (p— k + 1) = [n+ 1) matrix

@ First we note that the - k rows of H are fincarly independent. It is
clear that the st (0 — k) rows of H; are also hnearly independent

@ The last row of Hj has a "17 at its first position but other rows of
Hy hawe 3 "0 at their first posibon. Any ingar combination
including tha [ast row of Hy will never yield a rera vactor




Now let us look at the last row of
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Problem # 3 (contd.)

& The matrix Hi B an (A— &k + 1) = [A+ 1) matrix

@ First we note that the m - & rows of H are lincarly independent. |t is
clear that the hrst (7 — k) rows of Hy are also linearly independent

(Refer Slide Time: 21:02)

& The matrix Hy is an (A — &k + 1) = (/A + 1) matrix

This new parity check matrix Hi.
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@ Proftile + 3 Let H b the panily chedk malins of an 1||_|l|:| liegar
code C that has both odd and even-weight codewords Construct a
new linear code O with the following parity-check matrix

S—

o m S - G

—

H;

@13

@ Show that ©; m an (m+ 1. k) linear code. ="
@ Show that irvury Eodavenrd al C; hai wvan wring L
@ Show that C; can be abtained from C by adding an estra parity
chech digit, denoted by v 1o the left of cach codeword w as follows
L) i w has odd weight. then we = 1. and
21 i w has ewen weght, then e o

Note that we have a 1 here and these are all ones here. Whereas here all of these are zeros so this
new row will also be linearly independent from any of the other rows of this parity check matrix

Ha.
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Problem # 3 (contd.)

#® The matrix Hy 8 an (A— k + 1) = (A + 1) matrix

@ First we note that the n - & rows of H are lincarly independent. It is
clear that the first (0 — k) rows of Hy are also linearly independent

@ The last row of Hy has a "1 at its first position but other rows of
H; have 3 “0° at their first position. Any linear combination
including the last row of Hy will never yisld a zera vector




So any linear combination including the last row of Hi will never result in a all zero vector. So
what does it mean? It means that n-k+1 rows of a new parity check matrix Hi are linearly

independent.
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@ The matrix Hy s an (A — &k + 1) = (m+ 1) matrix

@ First we note that the m -~ k rows of H arc lincarly independent. It is
clear that the first (7 — k) rows of Hy are also linearly independent

@ The last row of Hy has a "17 at its first position but other rows of
H; hawve 3 “0" at their first position. Any linesr combination
including the last row of Hy will never yield a rera wector

@ Thus all the rows of Hy are linearly independent. Hence the row
space of Hy has dimension n-k41

Hence, the dimension of Hi is n-k+1.
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@ The matrix Hy s an (f— &k + 1) = (A + 1) matrix

@ First we note that the -~ k rows of H are lincarly independent. It is
clear that the first (7 — k) rows of Hy are alse linearly independent

@ The last row of Hy has a "1" at its first position but other rows of
H; have 3 "0 at their hirst position. Any hnear combination
including the [ast row of Hy will never yeld 3 rera vector

& Thus all the rows of Hy ar= linearly independent. Hence the row
space of Hy has dimension n-k41

@ The dimension af its null space, | is then squal 10
Sl ) = [+ 1) = (i — B X) =

@ Hence O is an (a0 + 1. k) linear code

Now how do we find the dimension of basically the null space of this parity check matrix Hi, this
is given by so number of columns is n+1, the dimension of Hi is given by this, so this is the
dimension of the null space of this parity check matrix. So then basically the number of
information bits is then k and number of coded bit is n+1. So this proves that Ci is an (n+1, k)

linear code.
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@ Show that every codeword of C; has oven waight
@ Solution: The last row of Hy s an all-one vector

Next we are going to show is, every code word of Ci has even weight, so how do we prove this?

Please note that the last row of this parity check matrix Hi contain all-one vector, if you go back.

(Refer Slide Time: 23:00)

Linear block code

@ Problem # 3: Let H be the parity chech matriz of an (n k) linear
code C that has both odd and even-weight codewords. Construct a
new linear code £ with the following parity-check matrix

S
 em =t
Hy _-F LW ]
) |&@—13

@ Show that G = an {n+ L k) linear code.  ~
@ Show that vy Cisdlaveird af C; has aven g Fil
@ Show that T can be obtained from C by adding an extra panty
chech dight, denoted by v 1o the left of cach codeword v as lollows
L} i ¥ has oad weight, then v = | aral
2} W v has even sacight, then vy = 0

Recall the last row of this parity check matrix has all ones.
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fEaug s d =S
S riRmEs - L Elnw

@ The matrix Hy i an (A —k + 1) = (A + 1) matrix

@ First we note that the n - &k rows of H are lincarly independent. It is
clear that the first (7 — k) rows of Hy are also linearly independent

& The [ast row of Hj has a "1™ at its first position but other rows of
Hy have 3 "0 at thewr first pasition. Any linear combmatiaon
mcluding the last row of Hy will never yield 3 rera vector

& Thus all the rows of Hj are linearly independent. Hence the row
space of Hy has dimension n-k4-1

& The dimension of its null space, C; | i3 then equal to
dm{C)=(n+1)—(n—-k+1)=k

& Hence C is an (n+ 1. k) linear code.

And if v is a valid code word what property does it satisfy?
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@ Show that avery codeword of O has even weight

@ Solution: The last row of Hy is an all-one vector

# The inner product of a vector with odd weight and the all-one vector
15 “1” . Hence, far any odd weight vector v,

wH 410

and v cannot be 3 code ward in 5

If v is a valid code word then vHT should be 0.
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Froblem # 3 {contd.)

@ Show that every codeword of C; has even weight
@ Solution: The last row of Hy Is an all-one vector
@ The inner product of a vector with odd weight and the all-one vector

is "1" . Hanca, for any odd weight vector v, o

yH =0
wH #0 3

and ¥ cannot be 3 code word in 5

Now let us take a code word, let us say there exists a code word with odd weight which is

generated by, described by this parity check matrix Hi. Now if we do vH' so when you are going

to take the other product of this code vector v with the last row of this parity check matrix what

will you get? You will essentially get sum of
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Problem # 3 (contd.)

@ Show that overy codeword of C; has even waight
& Soluthon: The last row of Hy is an all-one vector

@ The inner product of a vector with odd weight and the all-ane vector

is "1" . Hence, for any odd weight vector v, -
yH =08
:_HI" i 0 o - I- .' i I|
: jul .
and v cannol be 3 code word in C; i
|
& U - '-"-: -

So basically if you do vH' so your H is of the, so vHT where H is HiT H1 is given like this, this is
all zeros, here we have parity check matrix H and you have here all one, sorry you have your this
is one, this is one and this all-one vector. Now when you do vH' so let us say v is your vo to va-1.
When you do vHiT what you will get is vo+vi+v2 up to va-1 is going to be zero. Now if this v has
odd number of ones, this sum cannot be zero right. Hence we proved that v has to have even

number of ones.

Because we know if v is a valid code word then vH:" should be zero. So if we do vHT because
the last row of this para digit matrix Hi is all one, the condition that we will get is individual
components of this parity code vector v, vot+vi+va+vs up to va-1 basically va-1 they should all add

up to zero. Hence we cannot have an odd weight vector which will give vH', vH;" to be zero.
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@ Show that every codeword ﬂfﬂ{lha-: aven waight

@ Solution: The last row of Hy is an all-one vector

# The inner product of a vector with odd weight and the all-one vector
i3 "1" . Hence, for any odd weight vector v,

wH #10

and v cannot be 3 code word in O

# Therefore, {; consists of only even-weight code words

Hence every code word in Ci has even weight.

(Refer Slide Time: 25:57)

Problem # 3 (contd.)

& Show that O can be obtaned from C by adding an extra panty
check diglt. denoted by v 1O the kit af each codeword v as follows

Next we are going to show, prove how we can generate this new code Ci from the original code

C. and what did we
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Problem +# 3 (contd.)

@ Show that ) can be obtained from_C by adding an extra parity
check digit, denoted by v to the left of sach codeword v as follows
1) if » has odd weight. then v. = 1. and

2) if w has even weight, then v = 0

Mention, we mentioned that this new code Ci can be obtained from the original code C by
adding an extra parity bit which we are denoting by v« to the left of the original code word v in
this fashion. If v has odd weight then v« is odd parity and if v has even weight then v« is 0 parity,

is zero is even parity. So let us prove this
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Problem +# 3 (contd.)

& Shenw that C; can be obtaned fram C by addng an extra parity
check digit, denoted by v 00 the left of sach codeword v as follows
1} if w has odd weight, then v. 1, and
2) if @ has sven weight, then v =0

@ Solution: Let w be a code word in €. Then wH" = 0. Extend v by
adding a digit v to its left

@ This results in a vector of n+1 digits

: |
= [v_Eﬁ_ { ¥« 0. 1.  Vn—1)-

So let us see, let v be a code word in C then vHT will be zero. Now we are extending this original
code v by adding a bit v to its left. So we are defining a new code word of length n+1 which is
defined as follows. So this is your original code word v which is basically vo to vn-1 and then this
is the additional parity bit that you added to the left.
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@ Show that C; can ba obtained from C by adding an axtra parity
check digit. denoted by v to the left of each codeword v as follows
1) if w has odd weight. then v. = 1. and
2) f w has even weight, then v.. =0
@ Solution: Let v be a code word in € Then wHT = 0. Extend v by
adding a digit v to its left

@ [his results i a vector of n+1 digits,

W = (¥ ¥) = (W W Wy i Wnej) =

ol
H'=|I| .| H ||I
B

# For w; to be 3 vector in &) , we must requirs that

wH] =0



Now if v! is a valid code word then it should satisfy the property that viH;T should be zero. And
what is our Hi, again please recall our Hi is a form like this so the first column here is zero, then
you have here the original H matrix H and this is all one vector. So when we do vH' so when vi

will be multiplied by this last row what we will get is
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! T ErrE T e .
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Problem # 3 (contd.)

@ Mote that the inner product of v with any of the first n-k rows of
H;is0
@ The inner product af Wi wilh the 135t row af Hl 53

Vo + Wy -+ W 4 V1

Condition of this form, ve +vot+vi+vat+vn that is basically should be equal to zero okay. Now

how are we getting this condition again?
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@ Show that C; can be abtained fram C by adding an extra panty
check digit. denoted by .. to the left of each codeword v as follows
1} if v has odd weight, then vo. = 1, and
2) it w has even weight, then v =0

# Solution: Let v be a code word in & Then wHT = 0. Extend v by
adding & digit v to its left

@ This results in a vector of n+1 digits,
i = (VW) = (W Vo a1} a | =1

# For vy to be a vector in O . we must requirs that |

LA
wHI —0 crr

We are making use of the fact that viH:" is zero and H; is a form like this. So when we do viH;T

the last row which will be in HT will be last column, if you multiple v with that H;T column what

we would get is
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Problem # 3 (contd.)

& Note that the inner product of w with any of the first n-k rows of
H; is0

@ The inner product of vy with the last row of Hy is

Lo - T T ¥a—i



Something of this form. Now this should be equal to zero if v1 is a valid code word right.
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Problem # 3 (contd.)

@ Mote that the inner product of w with any of the first n-k rows of
H; s

@ The inner pragduct af Wi with the last row af Hl 53

M TVET W Y Va1

@ For this sum to be zemo, we must require that v = 1 if the vector v
has odd weight and v, = 0 if the vector v has even weight

So if the sum has to be zero what do we need? So if the original code word is odd weight code
word we need v to be one. And if the original code word is even parity then this new parity bit
should be zero. And that is basically the proof, how we can extend our original code to construct

a new code.
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@ MNote that the inner product of v with any of the first n-k rows of
H; =0

@ The inner product of vy with the last row of Hy is

Vig * Vg F Wy * Va—|

@ For this sum 1o be zero, we must require that v, = 1 if the vector v
has odd weight and v, = 0 if the vector w has even weight

& Therefore, any vector v formed as above is 3 codeword in O, there
are 2* such codewords

@ The dimension af C; 15 k, these 2° codewords are all the code wards
of C; . =

And this is basically if this is equal to 0 we know that vHT, viH;" is zero. So vi is a valid code
word in C1. And total there are 2* code words. This we have already proved in the first part that

there are total 2X code words of length n+1okay.

(Refer Slide Time: 29:49)

@ Mote that the inner product of v with any of the first n-k rows of
Hyis0

@ The inner praduct of vy with the last row of Hy is

Yy TV T W F Ve

& For this sum 1o be zer, we must require that v.. = 1 If the vector v
has odd weight and v, = 0 if the vector v has even weight

& Therefore, any vector v formed as above is 3 codeword in Cj, thera
are 2¥ such codewords

@ The dimension of C; s k, these 3% codewords are all the code words
of =




So with this I will conclude this lecture. Thank you.
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