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Lecture #5B: Problem solving session-I

So before we go to concatenated codes let us spend some time solving some problems.
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Convolutional codes

@ Problem 3 1: Consider rate R = 1/3 convolutional code with
encoding matrix
1+0+0 1+ 4+ D* 1;D-D-’]

Gm]'( 1+D* 14+ D* 1+ D2

So the first question is.
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Convolutional codes

@ Problem # 1: Consider rate R = 1/3 convolutional code with
encoding matrix

1+D04+D 140240 14D+ P
Eﬂ_(l~ﬂ‘ 1+ D4 1|DJ)

You are given a rate 1/3 convolutional code with generator matrix G(D) which is given by this.
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Convolutional codes

@ Problem # 1: Consider rate R = 1/3 convolutional code with
encoding matrix

1+D+D* 1P D 1+D-D—‘)

Gm]'( 1+ D4 1+ D% 1+ D?

a) Is G[D) catastrophic? Explain.

The first question is, is this a catastrophic encoder? Will an encoder which has a generator matrix
like this will this result in a catastrophic encoder?
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Convolutional codes

@ Problem # 1: Consider rate R = 1/3 convolutional code with
encoding matrix
1+D0+D* 1+D2+ D* 1+D-D—‘)

G{D’_(l-ﬂ‘ 1+ D4 1+ D2

a) Is G(D) catastrophic? Explain.
@ Solution: Yes, G(D) can be equivalently written as

1 1+0+D0° 1+0°+D* .
G(D) = —_— | ——— - — 14+ D4+ D
(D) L—D*[ 1+ D7 1+ 0 ‘ |
or equivalently in the form
1+D+D? : .
GiD)= ————— 1 1+ D+ D0 1+ 07
() I+ D% ok e

: B
An input of infinite weight ['J'D'?D“ can result in an output sequence
of weight 5

So if you recall, what is a catastrophic encoder? A catastrophic encoder generates the finite
weight output corresponding to an infinite weight input sequence. Now if you try to look it in
terms of state diagram, in a state away from all zero state there is a self loop around a state where

a nonzero input results in all zero output right.
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@ Problem # 1: Consider rate R = 1/3 convolutional code with
encoding matrix
1+D0+02 1+ +D* 1+D+ P
(D) 1+ D4 1+ D8 1+ D8
a) s G(D) eatastrophic? Explain
@ Solution: Yes, G(D) can be equivalently written as

1 1+04F 14+ P4 D* , |
O =7 1700 1D I'D'DJ
or equivalently in the form
60)=12212 1 140407 1407

An input of infinite weight ; ‘DU}}- can result i an output sequence
of weight 5

Now let us look at this generator matrix and let us try to simplify, put it in @ minimal form. So
we can see the denominator this 1+D? is common. So if we take that out we get here 1+D+D?
and this is 1+D? this is 1+D*+D*1+D? and this is 1+D+D>. Similarly we see in the numerator
there is a common term 1+D+D?, if we take that out, what we get here is then this is 1 1+D+D?

and 1+D? Now how do we know whether this will result in a catastrophic encoder or not?
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Convolutional code

@ Problem # 1: Consider rate R = 1/3 convolutional code with
encoding matrix
1+D+02 1+D02+ D I-D-D?)
S5 ( 1+ D¢ 1+ D8 1+ D7

a) s G(D) eatastrophic? Explain
@ Solution: Yes, G(D) can be equivalently written as

L 1+D0+0° 1+ D7+ D ) |
o 1-01[ 1+ D2 1+D? I'D'DJ
or equivalently in the form
1+D+D? 5 S
G(D) —— 11+D+D 14D

An input of infinite weight ; ‘Du}.}- can result in an output sequence
of weight 5

So look at this particular generator matrix, now what is my output sequence?
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@ Problem # 1: Consider rate R = 1/3 convolutional code with

encoding matrix
1+D0+D* 1+D2+D* 1+ D+ D7
e ( 1+ 0 1+D*  1+D? )

a) Is G(D) catastrophic? Explain
@ Solution: Yes, G(D) can be equivalently written as

1 1+D0+D0° 1+D+D* ]
G(D) o, \‘"——"—:'- B 1+ D0+ 07

or equivalently in the form '\-"'-(a.)'- ik o

1 p 00 s

G(D) |/7?7‘_ 11+D+DF 1+ D°

] r_,w{#
win)= {oato
1+D* 4
An input of infinite weight 5'55 can result in an output séquence
of weight 5

My output sequence v(D) is u(D) times G(D). Now is there any input sequence which is of
infinite weight, but can result in a finite output weight for v(D), now if you pay close attention to
G(D) we notice that if our input u(D) is chosen as 1+D*, 1+D+D?.

If our input is chosen in this particular fashion then what will be the corresponding output v(D).
If the input is chosen this way then output will be u(D) times v(D), so this term will cancel these
term, so what you will be left with is this. So your v(D) would be 1 1+D+D? and 1+D? and what

is the weight of this [Other language ][00:03:27]..5{TcTeh] f&AT &Y I1=81T & - Jeet Kar diya, woh

gandha woh
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@ Problem # 1: Consider rate R = 1/3 convolutional code with

encoding matrix

1+D0+D2 1+DP+D* 1+ D+ [P
ooy (L2 LnE I LB
14+ D* 1+D° 1+ D4
a) Is G(D) catastrophic? Explain ufb)=[| HIH;- |+_'11_]
@ Solution: Yes, G(D) can be equivalently written as = peee
1 [1+D0+D% 1+D°+D° 2]
G(D == — s— 1+D+0DF
(0) la—f_}-{ 1+D° 1+ D? J ~
: : P
or equivalently in the form e J_"'_D._L.r“i
1+ D+ D? |5
+ D+ D~ P40 40—
G(D —e [} 1 D+ 0D° 1+ D=2
( ) 1+ D4 uv‘b"’gl 1|A_fa‘v9-‘-
= ' M
An input of infinite weight "r. 5= €an result in an output sequence, "4
of weight 5 —pitpt

So note here, so the input that will cause this output is given by 1+D*/1+D+D? right. Now we
can expand this, so let us say 1+D* this is 1+D+D?, so let us just take 1 1+D+D? this will be
D+D?+D*, now this will be +D, this will be D+D?+D? then this will be D3+D* we can write D?,

so like that basically we can see that this is a infinite series.

The input is an infinite series, 1+D+D? is essentially are infinite series; we can expand it like
that. Whereas output is the finite series, it is just 1 1+D+D? and the third bit is 1+D?. So you can

see input has lots of ones in it, but the output has finite ones. So this is a case of catastrophic

encoder.
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Convolutional codes

k) Find a mimimal encoder whoss ellc.ﬂdlng matrix is &quw.ﬂerll to
G(D).
Solution: An equivalent minimal encoder is given by

GD)=[11+D+D* 1+ D7




(Refer Slide Time: 05:11)

b) Find a minimal encoder whose encoding matrix is equivalent to
G(D).
Solution: An equivalent minimal encoder is given by

G(D)=[1 1+D+D* 1+ D7

Now the second question is what would be the minimal encoding matrix for the generator matrix

given in the previous example.
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Convolutional codes

@ Problem 3 1: Consider rate R = 1/3 convolutional code with
encoding matrix

1+D+D* 1+DP+D* 1+ D+ D?
G!m_( 1+D* 1+ D 1+ D2 )
| S—
a) Is G{D) catastrophic? Explain. utp}fﬂ I+Mﬁ1 HDL_]
@ Solution: Yes, G[{D) can be equivalently written as - e
1 1+D+D* 1+ D+ D* 1
G(D) = - — — 14 D+ D?|
() l—D“[ 1+D° 1+ D7 | - +
7]
or equivalently in the form wite "I;"B-'I.- “?_
L] o ik
1+D+D? : 10 40 T—
i T ol A R
- _ _'_._\_‘_rﬂ" ! "pﬁ'—:ﬁ_"h
An input of infinite weight LIﬁnr‘F can result in an output sequence 2
of weight 5 ~—pitpt

So if I ask you find out the minimal encoding matrix for this encoder, so what do we do, we take
out all the common factors, so if we take out common factors when we basically what we get is

like this is our minimal encoding matrix.
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Convolutional codes

b} Find a minimal encoder whose encoding matrix is equivalent to
G(D).
Solution: An equivalent minimal encoder is given by

-

6(D)=[1 1+D+D? 1+ D7

And if we can write, if | ask you to draw this encoder.
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Convolutional codes

b) Find a minimal encoder whose encoding matrix is equivalent to
G(D)

Solution: An equivalent minimal encoder is given by

e L_.’

tg/

\ §— ___;.u

We can - this is case 1, n is 3, the maximum memory is two, so | am drawing two memory
elements here.

The first coded bit is just 1, so this is the information sequence that goes in, second one is
1+D+D?, so that is your let us call it vO, this is v1, this is u0 and the third bit coded bit is 1 and
D? this is your v2 okay. So this is the minimal encoder for the same generated matrix given in the
previous example.
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@ Problem # 2:
a) Consider the rate R=2/3 nonsystematic feedforward encoder with

generator matrix given by

G(D)

So consider a rate 2/3 nonsystematic feedforward encoder. So this is a generator matrix for a
nonsystematic code rate 2/3 and it is a feedforward encoder, there are no feedback polynomials

here.
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Convolutional codes

@ Problem # 2:
a) Consider the rate H=2/3 nnnf.,-:flm:ltir Feed foreard ancoder with
generator matric given by
[ P? 1
|1 D* 14040

i} Draw the controller canonical form encoder realization for G(D)

G(D)

The first question is draw the controller canonical form realization for this generator matrix.
Now in controller canonical form realization we have one set of shift register for input. Now how

many inputs do we have here, case 2.
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& Problem # 2:
a) Consider the rate R=2/3 nansystematic feedforward encoder with
generator matrix given by r—— =
tﬂi- ol[1i+D -D-I
| Draw the controller canoniTal form entodér realization for G{D)
——V,
I ) |
—
o — TN |
| — s -2 1/,
Uy {.J—r—r_{_—_.l'_'l_i_:'ﬁi',
| L |
|l o
R - = W

So we will have two sets of shift registers for this. One for this and second set of shift register for
this. Now what should be the maximum memory for each of this shift register, you can see here
the maximum power of D is 2. So we should have two memory elements for the first input.
Similarly for the second input also we should have two memory elements. Let us call it u0 and
ul.

Now there are 3 outputs so the outputs are this is 1 output D times the first and 1 times u; so D
times the first input is this and 1 times second input so that is this, so this is your first coded bit
let us call it vo now what is the second code bit, this is this term D? ug is this term, and D" is
this is term so this is your V. and the third output is this so this is just a minute u; and 1 D term

and D? term so this is your controller canonical form realization for this generator matrix.
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@ Problem # 2:
a) Consider the rate R=2/3 nonsystematic feedforward encoder with
gENErator matrix given by

[ o D 1

G0)=|4 p* 1+0+0° |

i) Draw the controller canonical form encoder realization for G(D)
@ Solutions:
i) Controller canonical form encoder realization is given in Figure 1

Figure Canonical Form encoder realization

So this is precisely what we have here we can see
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@ Problem # 2:

a) Consider the rate R=2/3 nonsystematic feedforward encoder with

generator matrix given by

a0y = [{&—1 11
[T & 1+0+0 ||
i) Draw the controller canonical form encoder realization for G(D)

@ Solutions:
| Controller canonical form encoder realization is given in Figure 1

- — 7 i
| [

| A
s s =¥ ../-

Figure: Canomical Form encoder realization

So this shift register is for this input and this shift register is for this input, maximum memory
element for the first one is 2, second one also 2, and we can see now the first output is D times u;
which is this plus u, times this, the second output is D? times u; and D? times u; so that is this,
and the third output is u; which is this and this is u; D times u; D? times u; so that is your third

output okay.
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Convolutional codes

it} Find the generator matrix G'(D) of the equivalent systematic
feedback encoder

ii) Solutions: We have

6(o) =

o

Now this was a non systematic encoder can we find an
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ii} Find the generator matrix G'(D) of the equivalent systematic

feedback encoder

= [Lo3e
i) Solutions: We have L &l @
—1 D
6oy [(22d° 1
{ ]_{'II:EL{J 1+D+D
L—S . 1

Equivalent systematic encoder or systematic encoding matrix for this generator matrix, the
answer is yes so how do we find a systematic encoding matrix, so this has to be put in the form
like this 10 01 and some matrix here, let us call it a; D times a, D and by D times b, D, so we
will have to bring this matrix in this particular form so we have to get this to 1, this 2 this has to
be changed to 1, this has to be brought to 0, this has this we have to brought to 1 and this we
have to brought to bring to 0.

Now we will do elementary row operation to get an identity matrix here so let us do that.
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Convolutional codes

i} Find the generator matrix G'(D) of the equivalent systematic
feedback encoder

i) Solutions: We have
D D? 1 i
G{D“{ 1 D? 1+4D+D* |
@ Now applying Row 1 + (Row 1)/D, we get
1 ~

Glm:“ * 14840

So first thing that we do is we make this a 1, how do we make this a 1, we do this transformation.
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Convolutional codes

it} Find the generator matrix G'(D) of the equivalent systematic
feedback encoder

ii) Solutions: We have

o D !
G{D}‘[1 D* 14D+D* |

@ Now applying How 1 +— (Row 1)/D, we get
= p 5
6(D) = Ml D> 1+D+D?

L

That Row 1 is Row 1/D so we divide this whole thing by D, what we get is 1 D 1/D, next we

would like to get a O here.
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Convolutional codes

@ MNow applying Row 2 + Row 1 | Row 2, we get

L D >
2]
6(D) = [ 0 D+D2 L-u-g’-u' ]

@ Mow applying Row 2 « (Row 2)/(D + D?), we get

1
1 0 3
o 1 4

G(D) [

@ Now applying Row 1 +— Row 1 + D (Row 2), we get

1 0 D

Here we would like to get a 0, how can we get a 0 here, so we will do this transformation.
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Convolutional codes

@ Now applying Row 2 «+- Row 1 | Row 2, we get

1 D X
G(D) = [ o D+D? l—LJ—Er'—U' ]

@ Now applying Row 2 «— (Row 2)/(D + D?), we get

1 0 %
G(D) [0 1 |£:-' ]
& Now applying Row 1 + Row 1 + D (Row 2), we get
1 0 D
G(D) = 2
(0) [ 01 L

Row 2 is Row 1 + Row? if we do that so.
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Convolutional codes

it} Find the generator matrix G'(D) of the equivalent systematic
feedback encoder

i} Solutions: We have
D D 1 ]
G{D}‘[ 1 D? 1+D+0° |
@ Now applying Row 1 + (Row 1)/D, we get

e 2 o B
'3“”‘[;5 D2 1+D+D?

We add these two this will become 0, this will become D + D?*and what we will get
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Convolutional codes

@ Now applying Row 2 « Row 1 | Row 2, we get

1 D :
6B =| o 1p7, Dit 1epsDsp? ]
L p F (3]

@ Now applying Row 2 «— (Row 2)/(D + D7), we get

r N T
[1:DF 5

G(D) P
0 1 HF |

L

@ Now applying Row 1 <+ Row 1 + D (Row 2), we get

f1 0 D
G{D}'{g 1 LD

Is this, next we would like to get a 1here, like to get a 1 here, how can we get a 1 here, we divide
Row 2 by this so we do this transformation that Row 2 is Row 2 / D+ D?, and once we do that we
get this, next we would like to get a O here right, how do we get a 0 here, we multiply Row 2/ D
and add it to Row 1 so we do this transformation that Row 1 is Row 1 + D times Row 2 and

when we do that we get this, so this is our equivalent systematic encoder.
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Convolutional codes

i} Find the generator matrix G'(D) of the equivalent systematic
feedback encoder

— e @
4 I O =@
i) Solutions: We have Ol |

D

6(D) [@t;‘-ﬁ“’ -
ﬂ.ﬂ‘. 14D+ 0 |

For the generator matrix this okay.
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i} Is G'(D) realizable? If not, find an equivalent realizable generator

matrix and draw the corresponding minimal encoder realization

i) Equivalent systematic encoder is not realizable, so we can make it
realizable by applying Row 2 «— (Row 2)(D?). We get
[1 0 D
G(D) = 0 DF 1+D?

|
L

Next is this equivalent systematic generator matrix is it realizable, if it is not find out an
equivalent realizable generator matrix and draw its corresponding minimal encoder realization

now note here.
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Convolutional codes

@ Now applying Row 2 «+ Row 1 | Row 2, we get

T 1 n 1
G(D) = ‘ 0 ':D_- b_:,il 1-1.\-2:- L0 ]

@ Now applying Row 2 + (Row 2)/(D + D?), we get

(D) {1 ndf i ]

0 1 HF

4
4=
=
L

This generator matrix has a term 1+D? in the denominator now this cannot be realizable, so any
denominator term that we have it has to be of the form 1+, some polynomial here but here this 1
IS not here so we cannot realize of a rational function of this form using our shift register, so this

particular equivalent systematic encoder is not realizable however if you multiple this by D 2
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Convolutional codes

ii} Is G'(D) realizable? If not, find an equivalent realizable generator
matrix and draw the corresponding minimal encoder realization

ii} Equivalent systematic encoder is not realizable, so we can make it
realizable by applying Row 2 — (Row 2)(0%). We get
1 0 D
=10 p* 1+

What we get if we do this transformation, what we get is this. This is no longer so what we are

getting now is basically a new equivalent encoder which is in the feed forward form and it is

realizable.
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Convolutional codes

iit) Is G'(D) realizable? If not, find an equivalent realizable generator
matrix and draw the corresponding minimal encoder realization

iil) Equivalent systematic encoder is not realizable, so we can make it
realizable by applying Row 2 -— [Row *]_We get
‘—-—— y

(o) Lg 0 _.[ _D;‘iﬂr

@ Controller canonical form encoder realt
encoder is given in Figure 2

== R

Figure Canonical Form encoder realization of the eguivalent encoder

So how do we realize it again if we are using controller canonical form realization we will have
one set of shift register for this input another set of shift register for this input. What is the
maximum memory for the first row, the maximum power of D is 1 so we will have 1 memory
element for the first input and what is the maximum power of D for the second that is 2 here, 2
here, 2 here, so we will use 2 memory element for the second input and again what are our
outputs, there are three outputs the firsts output is this. This is u; times this is just u; so this is
this second one is D? of u,, so D? u, is just this term so this is my second output and the third
output is this, D times u;D. Which is this one and one times u2D and D2 times u2d so that’s this,
this is our 3rd output. Now given below is a rate to third
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Convolutional codes

@ Prablem # 3: In Figure 3, a rate R = 2/ 3 systemabic convolutional
encgder 15 shown

Figure: Figure for Problem 3

Systematic convolution encoder please note this is leader in the controller canonical form
realization, odd in the absolver canonical form realization. Note here the feedback terms that are
coming here are not only coming from the same encoders likes this, feedback is not only so if
you look at the feedback, feedback from this is going to this encoder and feedback from here is
going to this encoder, so not only in feedback is coming to the same encoder but it is also going
to the other encoder, so this realization is a very compact realization the question that is been ask
is.
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Convolutional codes

{a) Give the expression for the generator matrix G{D)
@ Solutions: - o

Can you find out the generator matrix code of warning to this encoder, so how do we find the
generator matrix?
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Convolutional codes

a) Give the espression for the generator matrix G{D) RIT [-'_-_::,'
# Solutions: ey =l ——
@ We can wnte T T

I[E‘L =) u‘ fLJ,

v::-lf:': i 1-| fj'

w(0) = (1+0+ 0] o))

o _[:L —. __"-".'l.

[I F i
.l’

We know this is a relation between the input and the output, so how this inputs are getting map
to the output that is governed by this generator matrix. So what we are going to do is we are
going to write the output VD in terms of input UD, and then that would give us our generator
matrix. So our objective is to write V1, V2, V3 in terms of Ul and U2. Find V use some
auxiliary variables x and y which basically will help us find the contents here, so if this is X of
D this term will be D times X of D and this will be D squared times X of D.

Similarly if this is Y this term will be D times Y of D. So what is V1 of D, V1 of D is Ul of D,
you can see U directly goes, this input directly goes here, so V1 of D is U1 of D. Similarly this
input UD directly goes the output here so V2 of D is U2 of D. Now what is V3 of D, V3 of D is
this term which is X of D, this term D times X of D and this term which is D square X of D. So it
is this term plus this term, so it is these 3 terms, now what is this term, this is Y of D so we have
written V1 of D, V2 of D, V3 of D in terms of U1, U2 X of D and Y of D.

Now note we need to get rid of X of D and Y of D and we have to write these in terms of U1 and
U2. Now what is X of D, X of D is this and this, similarly what is Y of D, Y of D is this term,
this term, sorry this term and this term okay. So we can write two more equations for X of D and
Y of D.
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Convolutional codes

& Also,

¥(D) wiD) + D*x(D) + Dy(D)
x(D) wa{ D) + Dy{D)

@ Salving for x(D) and y(}), we get

1 g
W= rorm P oo™
o 1+D
0 o0 e el

& Hence, w(2) is

1+ D+ D4 D3 1+024+ 09

¥l D) '_t-j-T-mED} - TT-D—_FUJDJ

So again Y of D as I said is U1 of D, Y of D is U1 of D which is this one, this is Ulof D.



(Refer slide Time 20:23.2)

Convolutional codes

[2) Give the expression for the generator matroe G{DY)

v i = '-"-'EE':':;J
— _:lg— L

@ Solutions: .
& We can wrile T
v-_.ﬂ = wiD)
wD) = w®) :
w(D) - (1+0+0*kiD)+ o))

"3

Plus D2
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& Also,

AD) = w(D)+ D*x(D)+ Dy(D)
«(D) = u{D)+ Dy(D)
@ Solving for x(D] and y{D), we get

! o
"0 = prpaft oo ?
o 1+D
\'[Dj 0L 8 ul{ﬂ] b - I'DJ U:l:ﬂ:l
@ Hence, wy( D) is
It - D2 4 D3 L nd L pd
w(D) 1_'D +DF 4+ D 1+ ¥ D

iio:p P+ T wlD)

Xof D.
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{a) Give 'I:-he expression for the generator matrix G{D} i e EE]
@ Solutions: i f , R
& We can write '?_ i
_If't.[ﬂ_]' = wm{D)
wb) - ) ,
WD) = (1+0+ 000
Vg’ — —— —7
W . »
L Pl O vdn)
s 17
T oY o
i o

D2X of Disthis term, D 2is X of D is this term which is coming here, this term and there is another term here.
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Convolutional codes
& Also,
¥(D)
x(D)

u{D) + DFx(D) + DyiD)
uz( D) + Dy(D)

# Solving for (D) and y({D), we get

: 1 o
¥iD) mlﬂlﬂ] + mu‘.‘[ﬂ"
D 1+D
(D) = 5D+ 5 HalD)
@& Hence, wa(D) is
1+D+ D4 P 1+ 024 D3
0 =—Tprpn O+ 750

Which is D times Y of D.
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(4] Give the sspression for the generator matrx G{DY) 5 r5) [—_, X -,]
o) = WLRS palll

@ Solutions: ; il ——|__
& We can writé &2 i 1
nifl) = miB)
vr( ) wx(2) -
s — A N e W .
wy{ D) {1+ D+ D7 pe( D)4 |I-Vm]_r'
i el S S Sarldd A
R
D en)
F =S

So D times Y of D note here the third input here is this one which is D times Y of D. Similarly X
of D is first one is this term which is U of D.
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Convolutional codes

& Alsg,

#(D) u(D) + D°x(D) + Dv(D)
={ ) u:-Eﬂ + Dy(D)

@ Solving for x{D) and w(D), we get

i o

yiD) = o W U,IIL{DJ gy U,U;[D}
o 1+D

*(D) = —p—pyinlD)+ 5 —rye(D)

o Hence, wu{D) is

v( D) s

So this is U of D and the second term is.
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Convolutional codes

. i C
{a) Give I'.-hc expression for the generator matrix G(D) v« uls E "i]
@ Solutions: == J

& We can write i 3
_t‘[ﬁ}_ = i)
w(B) (P} "
w(D) = (1+0+ D0+ o))
— — _
e i
D) L)
v

r T —//
8 LE_'__

This term which is D times
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Convolutional codes

& Also,

¥ D) (D) + D¥x(D) + Dy(D)
x(0) = (D) + OY(D)

@ Solving for x{D) and y(D), we get

1 fa g
M0 = oyt e v
o 1+ .
i x(3) 1+ D EJUI{D] ¥ 1 ! D]”"EU.:' W
@& Mence, w(D) is
1+ 0+ D2+ 0P 1+ D24+ 8
¥{D) == 1+ D+ D (D) + 'i_—f;':'ﬁ.i'v."lﬂ]

Y of D this one okay? So now we have got equations of Y of D, of X of D, in terms of U1D and
U2 D so let us write bring Y of D at one side and X of D of one side and write them in terms of
Y of D and X of D in terms of U and D and U2 D. So if you solve this what we get is Y of D is

given by this and X of D is given by this, now we plug these values of Y of D and X of D given
by this.
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(a) Give the expression for the generator matrx G{D)
@ Solutions:
@ We can write T
(D) = m(D)
w(D) (D

[wD) = (. b+ o) foy) |

f- : B
l.f"l A
|

vim) = ui® E7 _'il
= ;I— b

L) Do)

F
B F

o q‘_.—_—fj

by

Into here, into this expression of Y3 of D, so we plug this value of XD and YD which we just
compute it, we plug those values in here if we do that.



(Refer slide Time 22:10.7)

Convolutional codes

& Also,

¥(D) u1(D) + D*x(D) + Dy(D)
D) = w(D)+ Oy(D)

@ Solving for (D) and y(D), we get

D:

1 -
2¥(D) = mln{m + mu;iﬂ} w
D 1+D
i x(0) o ol T eel)

a Hence, wi{D) is

i+ D+ D4 D3 1+ 04 02
— (D) + S

0 == p+p

(D)

We will get the expression of Y3 of D, okay?
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Convolutional codes

& Therefore, Gfﬂ} 15 given vy

1 0 L+4-0° 0"
G{D] '[..g_':..r_lj-
01 B

|

Now so if we do that
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Convolutional codes

& Alsg,

(2] u (D) + D" (D} + Dy(D)
x(0) = w(D)+ Dy(D)

@ Solving for x(D) and y(D), we get

1 A i £
. e L ) o
+¥(D} iz + gD
(D g o) i D) -
1x(0) oy O el .
& Hence, w{D) s
1+ D+ D+ D3 1+ 0% 4 0P
3;(0) W”’[D} + w“—'(m

Finally this is 3 of D okay, so if we do that what we get is then V3 of D is this times U and D
plus this time U2 of D.

So now we are
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Convolutional codes

{a) f =y
(4] Give L-hc expression for the generator matrix G{D) ) = uld E MJ
@ Solutions: == ===
@& We can write *- i
(D) = w(D) ,%J
i) w(P) —L%
wy( D) {1+ D4 D"ﬁﬂﬂ!";(ﬂ]} _1
== — —
f :
W a N
| ) D"-*-“N
Vi
¥ DY o
,J" _—J"(

In a position to write the generator matrix the first equation that we will require is this one,
second equation we will require is this one and
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Convolutional codes

& Alsa,

¥(D) (D) + D*x(D) + Dy(D)

@ Solving for x[{D] and y{[}), we get
3

1 i
1¥( D) mlﬂ:{ﬂ] T mh‘:[l’-—” w
D' l + 0
ixlD) = —p—mu(D)+ 5 wlD)
& Hence, wn{D] is
i+ 04+ D24+ D?
(D) 11D+ ™ D)+ D D" (D) —1/:#’

The third equation that we will require is this one.
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Convolutional codes

& Therefors, [;f[:l} 15 grven by

1 0 M
01 lt..'!?'_: g

+ L

G{D)

Right, so you can think of it as like this so we have
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Convolutional codes
(4] Give the expression for the generator matrix G{D)
@ Solutions:
@ We can write
w(b) = wip) —V
r_b[f:lj rJ:\- ﬂl — L2
w(D) = (1+0+ D7D

yim = 'JEEE’E]
+ F

{0 ]

—_—
"

S T—

i) Dtn)

o —//
i _,_T—_]'_,—'_—

3 output V1, V2, V3, two input U1 U2.
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Convolutional codes

& Also,

¥D) = w(D)+ D*x(D)+ Dy(D)
D) = w{D)+Dy(D)

@ Solving for x(D) and (D), we get

1 o
w0) = T+ oo
D + D
1¥(0) ot el v
@& Hence, wa( D) is
14+ D4+ D24 D? 14 D% 4 D3 o~
yiD) '—-I“_—'D—_E:I-.-"—HJIID:J + _1-_9_—1-'_’-”'451:' —!l:"L;]
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=

Ay T [TTT T

I i % i '\.j il
iy (0 Wgled ) = L|:..I'l‘.‘ Uadl) | (,-_I

Y win)
J

L=

& Therefars, G[ﬂ} 15 grven by

GiD)

So we are writing V1 (D), V2 (D), V3 (D) in terms of U1 (D) U2 (D) and this G matrix so what
isV1(D)?
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& Alug,

xD) = wl(D)+ Oy(D)

@ Solving for x(D}) and y(D), we get

1 o
.H"[D] muﬂﬂ] Tn‘ lD'i' “"'j
D 1+D
1 %(2) o el v
& Hence, w(D) is
2
{EDYI D :,JD D'T—l-l'lf } Lk {D:I —(ﬁ_)

V1 (D) is
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Convolutional codes

a) Give the expression for the generator matrx G{D) \;[EEI i [1""‘3

@ Solutions: it —_—
& We can write § :?_
'I-'[[.U} = wm{D) —
H[ﬂ} iy fjt =—
— w(D) n- (o _
LF iy i L
- s il o)
v

= B —/ =
” L

Ul of D.
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Convolutional codes
& Also,
1I;£J Eli_ﬂ] L DPx(D)+ DyiD)
*(0) = w(D) + OHD)

@ Solving for x{D) and v(D), we get

1 Q:‘ .‘_F;'"'-
.I"HD.I mudpj L mul[l’:’:‘

o 1+ D
1 xt0) iror ey ef v

@ Hence, wi{) is

1+ D+ D4 D? i+ 04 D3 o
o) =—Tprp P+ gl 2/

So then our G
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Convolutional codes

s

s =i 5T o
vyl ) = [u, ) vl | (fg;

- 1
'.I U,['."'J g LR
J

& Therefors, an] IS grven lwy

e
o)~ |} ° (HEHEeE "]

0 1 [EEF

Matrix here, again this G matrix is 2 cross 3 so V1 (D) is U1 of D so we got one zero V2 of D is
U2 (D) so we get 0 1, and what is V3 of D, V3 of D is this, this times Ul of D and this time U2
of D, so this will be our final generator matrix corresponding to the encoder that is shown in this

figure, okay?
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Convolutional codes

@ Alsa

¥(D) u(D) + D’x(D) + Dy(D)
*(D) = D)+ Dy(D)

@ Salving for x(D) and y(D). we get

1 P W
iviD) itDa U,Ulfm F 3T ha “,uz{m

D 1+D
1 *(P) 1+ D+ D‘”l[m "1+ D+ D’”:{D; '
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Convolutional coc

(a) Give the expression for the generator matrix G(D)
@ Solutions: — =| -
@ We can write 1 T

wo) = no) -0
~ w(b) = (D) =
wiD) = (1+ 0+ DPl(DY+v(D)

—
—
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Convolutional codes

(a) Grve the CApressIon for the generator matrix G{D]
@ Solutions:
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Convolutional codes

@ Problem # 3: In Figure 3, a rate R = 2/3 systematic convolutional
encoder is shown. . = =

Figure: Figure for Problem 3.
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Convolutional codes

):\.r.l-j‘] Y V.:IEB}] - J},Ir’) U:_{Dj-_] (;1'_

G-fro ]
o | J
@ Thersfore, G(D) is given by -
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Convolutional codes

(b) Realize the convolution encoder in controller canonical form. How
many termination bits are required to terminate the encoder far
controller canonical form realization.

@ Convolutional encoder in controller canonical form

Figure: Answer to Problem 3(b)

Now the next question is, can we realize this encoder in the controller canonical form? So the

answer is yes we can realize it.
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Convalutional codes

{b] Realize the convolution encoder in controller canonical form. How
many termination bits are required to terminate the encoder for
controller canonical form realization.

@ Convelutional encoder in controller canonical form

Figure Answer to Problem 3(b)
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Convolutional codes

\.n' (D) v () ""'3["3-!' 3 |u () ‘\J'LLD.J l [\-jl_

1
F| &
r: I J
a Therefore, G(D) is given by

1 M E D+D ﬂ'
G(D) - L,-T T [ ‘
Y !:IT

We already have the expression for generator matrix so to realize it in controller canonical form

again.
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Convolutional codes

Two) W@ BMJ)s I.”'":' wi ) (o
=

& I|| o ]
(0 | J
a Therefore, G(D) is given by —
1 O -]_Ulﬂ e\
e l IL. L ‘
P 1
|. I+0+0 |

So there is one set of shift register for each input so these, this is one input, this is second input

right? Please note this is a feedback polynomial so we would require a feedback a polynomial
and now maximum degree here is three and maximum degree here is also three so.
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Convolutional codes

j:u.m vy [0 -f.jta}] ; I:U.fﬁ uL(n}'_] (-?'f

L1 ]
1 o (woeio| Y/

u |
G(D) - --U—Jr#nh‘:”

[l

@ Therefore, G{D) is given by
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Convolutional codes

{b} Realize the convolution encoder in controller canonical form. How
many termination bits are required to terminate the encoder for
controller canonical form realization.

@ Convaolutional encoder in controller canonical form

Figure. Answer to Problem 3(b)

We will require two set of shift register first one is this one, please note this has three memory

elements and similarly second shift register, this also has three memory elements.
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Convolutional codes

(b) Realize the convolution encoder in controller canonical form. How
many termination bits are required to terminate the encoder for
controller canomcal form realization

@ Convolutional encoder in controller canonical form

Figure Answer ta Problem 3{b)
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=

[utl;ﬂ w® %0 [u0 wo | G

i ]

@ Therefore, G(D) is given by

That is because the maximum degree of this rational function is three and similarly maximum

degree of this rational function is three and we just implement this.
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Convalutional codes

(b) Realize the convolution encoder in controller canonical form. How
many termination bits are required to terminate the encader for
contraller canonical form realization

@ Convolutional encoder in controller cananical farm

Figure: Answer to Problem 3(b)

So, viD is just u; D so that is this, v,D is u,D that is just this.
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Convolutional codes

{b) Realize the convalution encoder in controller canonical form. How
many termination bits are required to terminate the encoder for
contraller canonical form realization.

@ Convolutional encoder in controller canonical form

e

Figure Answer 1o Problem 3(b)

Now what is v3D?
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Convolutional codes

[uilﬁ‘] v (v \"r‘j[:ﬂ] = L_.l (|j UL{h}] I/-

‘ = ]1 0
o | —{

@ Therefore, G{D) is given by — i
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Convolutional codes

):u.,t:ﬂ va(u) \"*:.L”}.] - J},r.‘, UL:‘Q}‘_‘! (::'—

'C:=f|ﬂ ]

(O | J
@ Therefore, G(D) is given by —
G(D)
p—— — - '.'_+ 3 |
‘..‘-qu3= {_libl? -f-£|l.l.m_‘.l-* [:L"_ D s (D

p—— ‘ 14Dp+D° |= 1+p+D

vz (D) is 1+D+D%*+D® /1+D+D* u; (D) +1+D%*+D® /1+D+D® u, (D) right? So relationship

between v3 and u;D is given by this so let us implement this so numerator has 1+D+D*+D?,
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Convolutional codes

{b) Realize the convolution encoder in controller canonical form. How
many termination bits are required to terminate the encoder for
controller cananical form realization.

@ Convolutional encoder in controller canonical farm

Figure Answer to Problem 3(b)

So you can see here this is my 1, this is my D, this is my D?and this is my D*
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Convolutional codes

Iu.l:ﬂ wl® 0] . E;,r.j uqu}j G‘f

G=Fﬂ ]
o

& Therefore, G(D] is given by

2 pL'i:lj
. + .
V(- I"'“'ﬂ"‘ilu,(nj i o U

il

e 14D-4D° | = i +psD

And similarly the denominator has 1+D+D*
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Convolutional codes

(b) Realize the convolution encoder in controller canonical form. How
many termination bits are required to terminate the encoder for
controller canonical form realization

@ Convolutional encoder in controller canonical form

Figure. Answer to Problem 3(b)

So the denominator this is the one term, this is the D term, and this is the D* term, so this part is

implemented, next is this.
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Convolutional codes

. - ¥ Ja-'"
[u.t:ﬂ (o) \"‘!l'l-"J-.!' z LU,I':‘,I ka{I?}J L:&—

@ Therefore, G(D) is given by

)
H; o[t 4{

.

V(e i i Ey .En.H """p w” Jultnb
I-&-D-E! | q-n-rs.a i

Following the same procedure we can find out the mapping between u, (D) and v3 (D), the feed

forward connections are 1, D? and D®.
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Convolutional codes

{b) Realize the convalution encoder in controller canonical form. How
many termination bits are reguired to terminate the encoder for
controller canonical form realization.

@ Convolutional encader in contraller cananical farm

==

Figure: Answer to Problem 3{b)

So then this is 1, this is D no connection, D? is this and D? is this.
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Convolutional codes

[utl-.ﬂ am HoJ . E“"r') m(t})_! (‘j‘_

& - J' | 0 —{
| ¢ 0 | 4
@ Therafare, G(D) is given by

1+04+0" +0
G(D) H»—“Lw—m-ﬂ{
oot
V)= ﬂ’”jﬂ‘ﬁLmF D,r]u-,_tn}

e ||«-n-'ﬁ | = [1+o+2
& pe=is

| S—

Similarly the feedback connections are 1, D and D°.
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Convolutional codes

(b) Realize the convolution encoder in controller canonical form. How
many termination bits are required to terminate the encader for

controller canonical form realization.

@ Convolutional encoder in controller canonical form

T If
LT3

Figure: Answer to Problem 3(b)

So feedback connections so this is the 1, this is D and this is D®, and v3 is a combination of these

two so this is my vs. So | hope this is clear how we can realize this encoder using controller

canonical form realization.
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Convolutional codes

(b) Realize the convolution encoder in contraller canonical form. How
many termination bits are required to terminate the encoder for
controller canonical form realization.

@ Convolutional encoder in controller canonical form

—

W -/
K .'l:._l_;-;'_.J

Figure: Answer to Problem 3(b)

Al

Now the next question is how many termination bits are required to bring this encoder back to all
zero state, now what does termination means? Termination means we are bringing, bringing this

encoder back to all zero state, so no matter what the state is if you want to bring them back.
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Convolutional codes

{b) Realize the convolution encoder in controller canonical form. How
many termination bits are required to terminate the encoder for
contraller cananical form realization.

@ Convolutional encader in controller canonical form

Figure: Answer to Problem 3(b)

Into an all zero state the number of termination bits required is equal to how many memory
elements we have, so in the controller canonical form realization to bring this shift register the
first shift register if you want to bring it to all zero state we would require three bits because we
have three memory elements here, 1, 2 and 3, similarly for this shift register we require
additional three bits, so 4, 5 6. So total we require six termination bits, three to terminate this

encoder and three to terminate this encoder.
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Convelutional code

(b) Realize the convolution encoder in controller canonical form. How
many termination bits are required to terminate the encoder for
controller canonical form realization.

@ Convolutional encoder in controller canonical form

Figure: Answer to Problem 3(b)

@ The controller canonical form realization of this encoder uses &
memory elements, 5o the encoder will require 6 termination bits to
return to all-zers state n

So we require six termination bits.
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Convolutional codes

@ Problem # 4:
(a) Show that the a-prion probability can be written in this form

Plu = £1) = A exp™i)/*

where L,(-) is the a-prion L-values of the information hits

Finally let us come to the Bezier algorithm that we talked about so the first question is.
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Convolutional codes

@ Problem # 4:
(a) Show that the a-priori probability can be written in this form

P{”' 2 l:l = Alﬂplll'lll'l 3

where L,(-) is the a-prion L-values of the information bits
Using this result, show that the branch metncs 37 (5,5') for a
continuous-output AWGN channel (in log-domain) can be written as

(b

T T |

+ Lafr - W
3 Fr-w

7 (55)

where L. 4E,/Ng s the channel reliability factor. Notations are
the same as used in class lectures
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Convolutional codes

a Problem # 4:
(a) Show that the a-prion probability can be written in this form

Plu = £1) = A expri+Ini?

where L.{ ) is the a-prion L-values of the information bits
Using this result, show that the branch metncs 77 (5.5 ) for a
continvous-output AWGN channel (in log-domain) can be written as

1=

L ()

v i5.5) . j::,

whrrr'!, 4E, Fiﬂ is the channel reliability factor, Notations are
the sdfme as used in class lectures

Can you write the a-priori probability in this particular form and also the branch metric in log
domain can it be written in this particular form. Now u, is my input L, is the APP value for the
a-priori inputs, L. is a reliability factor which is given by 4E¢/ N,, other notations are same as
which are used in the lecture, v is code word, r is a received sequence, so can we write these in

terms like this? So let us look at it.
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@ Solutions: We can write

_...[E{”-' F1)/ P ”E 1
{1+ [Plu = +1)/ Pl 1151
gbdu)

@ Lalwi) /2

Plu = +1)

iilalin) /2

{1+ Ldul}

{ 2
— Aeuldnl2
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|
Plu = +1) = | 1Pl =+1)/Plu=-1J"! /J-
—— | {1+ [P(uy = +1)/P(u 1} | ’
P lu=+d e=tanl J Plu- s _ Ei‘:;\j
= /-uJ {1 ?,_{u' s «\j M)
fae el Plo="")
Pus =) + Pl - i : 4
J_fir(uu ey _f Aetial)/2 . ——: T
- > fl?{u,l_-:r:) ! Plu +)
L‘?t‘i v
_—_: ,4-I|-_|
* -.
| L A

So what is the P(u; = £1) let us take like +1, let us say what is the P( u; = +1) now this can be
written as this by 1 so | can write this P(u; = +1)/ P(u; = +1) + P(u; = -1) now write it this way,
right? And if | divide by a P( u; =-1) then what | get is P(u; = +1)/ P(u; = -1)/ 1+ P(u; = +1)/P(u,
=-1). So this is what | will get of the form here, you can see here the form for when u, is +1 | get
P(u; = +1) | get in this particular form.

Now let us look at what is the P(u; =-1) again | can follow the same procedure I can write this as
same as this by 1 or I can write P(u; =-1)/ P(u; = +1) + P(u; = -1) and | can divide this by P(u; =
1) so this will be P(u; = -1)/P(u; = +1)/ 1+ P(u; = -1)/P(u, = +1), right? Now this | can also write
as this is equal to [P(u; = +1)/P(u; = -1)]*/ 1+ [ 1*. So if I combine this and this what I get is
the first step here okay? I can write by combining this and this, I will get this. Now if I write this
ratio of probabilities in terms of L values so what is this L value of u; this is log of P(u;) being
+1/ P(u;) being -1. So this can be then written as e “*“)), so if I do that if I plug this in first line
what | get here is this term okay?

Now note | can further simplify this into this expression, you can see when u; is +1 when ul is +1

La (u )/2

what do we get, when u;is +1 thisis e and e™¥? s this is will be basically 1 so this will be



one times 1+e™" which can be written as e=*“/1+ =", this is precisely what | have written

here. And if u; is -1 this will be ™2 and e™¥2 50 this term will become in that case e™*"

1+e™). So this term can be written in terms of this right? And what is this term, what is this
term, this I can simplify this term, let us make some space.
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| can simplify this term as e™2“)? and | have e’ this is 2“2 + 242 5o what | am doing
here is | am writing this particular term. So this | can write as this and this, so this cancel out and
this is e +e® this will be cause of x and that is the symmetric function. So it does not depend on
sign of uy, whether u; is +1 or -1 does not depend on that. So I can then write this in terms of this

expression.
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So will use the expression that we derived in the previous slide for a-priori value which was u,
being +1 or -1 as A; e '} )/ 2, we will use this expression to simplify the expression for
branch matrix for our BCJR Algorithm. Now note if you recall we have written the expression
for branch matrix as a-priori P (u;) and then we had for AWGN channel we had this expression
and of course there was some constant factor, we did not depend on u(n) right. So what we did
just now was we derived that this a-priori probability can be written in this particular fashion

right.

Now let us further simplify the expression for branch matrix. So this we can expand as r* + v,
plus two times dot put it of r, vi. Now this does not depend on choice of v(I) and if v(l) is
mapped to +1 and -1 v;? will be 1 so this also will be a constant term, so this term would then not
depend on choice of v(l). So what then we will be left with is, so this term we can just take out as

some sort of constant which does not depend on choice of v(I) and what will be left is this term



which we are writing here, which we are writing here and the next term that will be left is this

term which we are writing here.

Please note Lc is four time Es/NO so that is why we are writing it is, it is e "

and dot product
between r, v|. So then we can just simplify this expression as some constant terms multiplied by
this a-priori, this a-priori term and this is a term which depends on received channel values. So

this is a simplified expression for branch matrix computation for our BCJR algorithm.
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If we are considering additive white cosine noise channel. Now if we consider branch matrix in,
in the log domain then log of this term will be some sort of constant we just ignore it because this
does not depend on choice of v(l), u(l), so then this will become u, L value a-priori L value by 2
plus Lc/2, and dot put at between the receive sequence and the transmitted code word. So this
will be then our simplified expression for branch matrix computation for BCJR algorithm over

additive white cosine noise channel. Thank you.
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