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Lecture -17

Hello students, welcome to lecture 17 of the online course on Nanophotonics, Plasmonics
and Metamaterial. Today we will be covering surface plasmon polaritons or in short SPP
and we will look into their fundamentals. So, here is the lecture outline. So, we will discuss
about surface plasmon polaritons, obtain the wave equation, we will look into SPPs at
single interface, the dispersion relationship of this SPPs and we will also if time permits
we will look into this generation or else we will take it into the next lecture ok.

Lecture Outline

= Surface Plasmon Polaritons

= Surface Plasmon Polaritons (SPP): The Wave Equation
= SPPs at a single interface

= Dispersion Relation of SPPs

= Generation of SPP:

= Prism Coupling
= Grating Coupling
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So, surface plasmon polariton. So, what is that? So, visible light as we know cannot
propagate through highly conductive media such as metals.

When a light beam crosses the boundary into such medium it its intensity rapidly
diminishes within a very short distance which is called as the penetration depth ok and that
is substantially smaller than a wavelength. So, a metallic surface rather acts as a mirror



right from which light is fully reflected back into the medium or dielectric medium where
the light came from. So, in the previous lectures the metallic components have played the
role of simple mirrors right. If you remember the reflecting surfaces we were discussing.

Surface Plasmon Polaritons (SPP)

* Visible light cannot propagate through highly conductive media such as metals.

* When a light beam crosses the boundary into such a medium, its intensity rapidly diminishes within a
short distance known as the penetration depth, which can be substantially smaller than a wavelength.

* A metallic surface acts rather like a mirror from which light is fully reflected back into the contiguous
dielectric medium whence it came.

* In previous lectures, metallic components have indeed played the role of simple mirrors.
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So, you can think of metallic components there and the purpose there was to simply act
as mirrors. Now, if | say the metal also supports some kind of light waves ok. So, do not
be surprised with that. So, typically what happens you know when you see incident wave
there is a reflected wave, but there are conditions in which you are also able to excite some
kind of surface waves on this metal surface ok. So, they actually travel along the
boundaries of the metal ok and typically they are confined to sub wavelength dimensions.

So, such light waves they travel along a metal surface in the form of a guided surface
wave. So, it may propagate on, but not in ok the metallic wires. So, that you have to
understand it does not penetrate too much in to the metal rather it is mostly guided along
the surface of the metal ok. So, they are basically useful in integrated photonic circuits as
wave guides ok. So, you can actually transfer information across this metallic surfaces
over a very very short distance.



Surface Plasmon Polaritons (SPP)

* However, metals can support light waves, provided that they
travel along the boundaries of the metal, in regions confined to 4 =
sub-wavelength dimensions. % 4{5"
(o,
* Such light waves travel along a metal surface in the form of a % q.@zé
guided surface wave. It may propagate on, but not in, metal \t Kspp
wires, and it may be guided by subwavelength metallic =
structures configured as integrated-photonic circuits. Directional
i plasmon
* Such structures may also serve as resonators within which light excitation
may be confined, or from which light can scatter strongly at
specific resonance frequencies.
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Such structures can also serve as resonators within which light may be confined or from
which light can scatter strongly at a specific resonant wavelength or frequency. So, there
are couple of applications with SPPs which we have covered briefly during our
introduction lecture. So, here we will go into the fundamentals of this SPPs. We will also
look into some applications in the next lecture, but today's lecture will be mainly on the
fundamentals. So, surface plasmon polaritons or SPPs ok.

So, these are basically what electromagnetic waves. Where they travel? They travel along
metal dielectric or metal air interface fine. And where they are seen which range they are
seen? They are practically seen in the infrared and visible frequency range and they are
called surface plasmon polaritons or SPPs. So, this is illustration of surface plasmon. So,
this is the thin planar metallic film and this is the boundary of the metallic film.

On the top you have dielectric. So, what are happening here? You can see that the field
or surface wave is allowed to propagate along the surface or the interface between this
metal and dielectric. So, you can say more specifically that surface plasmon polaritons are
electromagnetic excitations propagating at the interface between the dielectric and a
conductor and they actually decay along the perpendicular direction. So, you can
understand because they decay very sharply along the metal. So, you can only see only
one such representation is shown ok.



Surface Plasmon Polaritons (SPP)

* These electromagnetic waves that travel along a metal-
dielectric or metal—air interface, practically in the infrared

or visible-frequency are called Surface plasmon polaritons Dielectric
AWAVAVAY:

* More specifically, Surface plasmon polaritons are :\\ //:\\ /A //:\\ f
electromagnetic excitations propagating at the interface ‘+ - * + + ol
between a dielectric and a conductor, evanescently o . >
confined in the perpendicular direction. Metal

Figure: Illustrations of surface plasmon (in the

* These electromagnetic surface waves arise via the coupling
planar metal film).

of the electromagnetic fields to oscillations of the
conductor’s electron plasma.
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So, electric field lines from plus to minus ok. And here also from plus to minus plus to
minus it is denoted by an electric field line, but along dielectric you can see that the electric
field is much more extended into the dielectric region ok in the perpendicular direction.
So, this is the way they are propagating and the field is extended more towards the
dielectric region. Now, this electromagnetic surface waves arise by the coupling of the
electromagnetic fields ok, two oscillations of the conductors electron plasma. So, this is
where you are basically you can actually use light to excite this kind of surface waves.

So, they are kind of interaction between the electromagnetic fields ok to the oscillation of

the conductors in this case is metals electron plasma right. So, this is again similar kind of
diagram, but only one thing is shown here extra that is the direction of a SPB propagation
and this is what | was talking about that in the metal they extend less while towards the
dielectric they can extend much more in the transverse direction. So, in order to investigate
the physical properties of surface plasmon polaritons we have to apply Maxwell's equation
to the flat interface between a conductor and a dielectric. So, these are again
electromagnetic waves. So, they are bound to follow the Maxwell's equation.



Surface Plasmon Polaritons (SPP): The Wave Equation

In order to investigate the physical properties of surface
plasmon polaritons (SPPs), we have to apply Maxwell’s
equations to the flat interface between a conductor and a
dielectric.

SPPs

* Remember, the Maxwell’s curl equations:
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: Vx H=Jot + ar (L17.2) planar metal film).
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So, if you remember the Maxwell's curl equations these are the two curl equations right.
So, curl of E is — Z—]: , J external (Jext) that is the external surface current density, curl of

H equals Jex: + Z—[t) ok. Now, if you consider the case where there is no external charge

and current density. So, you can actually get rid of this term and this term ok. So, no
current  charge so you can get rid of this one first ok.

2
So, you can actually combine these two and write V x V X E equals —pu, ZTIZ) ok. That is

very simple you can take the curl you take the curl equation here ok. So, what you get you
get V x V x E ok equals minus dot E of curl of B ok, B equals uyH. So, you can actually
take out u ok and you can write like this ok. So, you are left with curl of H and curl of H
you put from that formula by putting J external to be 0 ok very simple.

Now, the VX V X E can be written as you know gradient of divergence of E minus
Laplacian of E ok. And this particular term ok we can expand further, but first let us see
what happens to divergence of D. D is nothing but €E ok. So, you can write thisas E - Ve +
eV - E ok. And if you remember that if there is no external stimulus something like you
know free charges.
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* In the absence of external charge and current densities, the
Maxwell equations (L17.1 & L17.2) can be combined to

yield equation (L17.3) : Dielectric
AWAVAVAY:
VxVxE= —Hog (L17.3) '\ /’\ /‘\ /'\ /‘
+ + + - - - + + + - - -
* Using the identities V X V X E = V(V - E) — V2E as well S e o
asV - (¢E) = E - Ve + &V - E, and remembering that due Metal

to the absence of external stimuli ¥ - D = 0, (L17.3) can be

rewritten as: Figure: lllustrations of surface plasmon (in the

planar metal film).
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So, V- Dis also 0 ok. So, that you can put here and you can simplify the equation further.

So, in that case this term so, this is D. So, this V- D becomes 0 ok. So, what you require
here you see from this so, VXV xE can be written as V(V-E)—V2?E .

So, VZE remains like this divergence of E can be obtained from this formula ok. So, from
this equation so, this is there this part is 0. So, you can write this as —i will be going to

the denominator. So, i and then you are left with this. So, increase there is a gradient of
permittivity ok.

So, it is not an isotropic medium in that case it looks like this. And the right side remains
like this ok it is pretty simple. So, D is simply replaced by €E in this case ok. So, you also
have a o coming into the picture because this ¢ is basically the £(r) ok. So, for negligible
variation of the dielectric profile that is if you consider that € is (r) ok over distances of
the order of one optical wavelength that means, you are not having much variation in the
dielectric permittivity in that case you can safely take this term also to be 0.



Surface Plasmon Polaritons (SPP): The Wave Equation

* For negligible variation of the dielectric profile £ =
£(r) over distances on the order of one optical wavelength,

( L17.4 ) simplifies to the central equation of Dielectric
electromagnetic wave theory: \ /A\ /\
_ NVAV/AW/AY
vE_ 280 s AW/A\W//A\W//A\W//a
o= dr= + + + - - - ++ +
= - S’
* Practically, this equation has to be solved separately in regions Metal

of constant &£, and the obtained solutions have to been

matched using appropriate boundary conditions. Figure: lllustrations of surface plasmon (in the

planar metal film).

* Equation (L17.5) needs to be casted in a form suitable for the
description of confined propagating waves.
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So, you are just left with this term and this term ok. You remove the negative sign from
both sides what you are left with V2E — ciz So, that is basically u, over c? is nothing but

Uo€o OK. So, this is a simplified version of the wave equation ok. So, practically this
equation has to be solved separately in regions of dielectric constant € ok if there are
variations in different region.

And the obtained solutions have to be matched using appropriate boundary condition.
Now here that is a requirement because the epsilon is not same throughout right because
we are considering about the propagation along an interface. So, in one side of the interface
the permittivity is different to the other side of the interface right. So, we have to solve
them separately in the two regions and then you have to ensure that you know they are
matched using proper boundary conditions.

So, that is the requirement. So, this particular equation needs to be casted in a form
suitable for the description of the confined propagating waves. So, let us have a look how
we can do this. So, we have seen the wave equation now let us try to solve this ok. So, we
can assume a time harmonic electric field which is E(r,t) you can describe this as
E(r)e~ ™t ok. And if you put that into that particular wave equation it looks like

V2E + kZ<¢E = 0.



Surface Plasmon Polaritons (SPP): The Wave Equation

* A harmonic time dependence E(r,t) = E(r)e™f of the
electric field is assumed and inserted into (L17.5), which it

vields VE+kE=0  (176) %\ /A@+{A ﬁ

where k; = w/cis the wave vector of the propagating +++
wave in vacuum.

>

Metal
Equation (L17.6) is known as the Helmholtz equation. Figure: lllustrations of surface plasmon (in the

. . | tal film).
* Next, the propagation geometry needs to be defined. planar metal film)
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So, what is kg that is w/c ok. So, k, is the wave factor of the propagating wave in
vacuum. So, this equation we have seen before this is nothing, but the Helmholtz equation
right. So, now we have to see the geometry. So, the propagation geometry needs to be
defined next.

So, let us assume a simplicity of a one dimensional problem ok. So, this is basically a
one dimensional problem that along z something is changing, but you have along x and y
there is no variation in the permittivity right. So, you can think of a ah planar wave kind
of a geometry and the waves here propagate along x direction in the Cartesian coordinate
system right. So, specifically if you consider this x propagation direction ok there is no
variation along y. So, permittivity is only function of z.



Surface Plasmon Polaritons (SPP): The Wave Equation

* Assume for simplicity a one-dimensional problem, ie. £
depends only on one spatial coordinate.

* Specifically, the waves propagate along the x-direction of a
Cartesian coordinate system, and show no spatial variation in

the perpendicular, in-plane y-direction (see Figure); therefore | \]1/1 T —
e = g(z). y

* Applied to electromagnetic surface problems, the plane
z = 0 coincides with the interface sustaining the Fgure: Definition of a planar waveguide
propagating waves, which can now be described as  geometry. The waves propagate along the x
E(x,y,z) = E(z)ePx, direction in a Cartesian coordinate system.

* The complex parameter § = k, is called the propagation
constant of the traveling waves and corresponds to the
component of the wave vector in the direction of propagation.
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So, applied to the electromagnetic surface problems the plane that is z equals O that is
basically the x y plane ok that coincides with the interface sustaining the propagating wave
because the propagating wave is actually in that particular surface ok. So, there you can
describe the electric field as E (x, y, z) can be taken as E(z)e '8%. So, this clearly tells you
that your wave is propagating along the x direction and the electric field is basically
extended here in the z direction ok. So, the complex parameter which is g ok that is
nothing but k. So, if you think of a wave vector your x component of the wave vector is
basically the propagation constant for this travelling waves and the cross that corresponds
to the component of the wave vector as | mentioned ok.

So, if you take that and put this into the previous equation you will get this is the form of
the wave equation. So, now, you are very specific that V2E where is it if you go back yeah
this is the equation. So, V2E is now because E is now only in the z direction ok and
propagation vector or propagation constant you can say is only along the x direction ok.
So, field along z and this guy is only along B is along x direction.

So, this is how you can write it ok. So, this becomes the wave equation for this particular

2
;(ZZ) + (k3e — ?) So, this is the propagation constant of the wave

that is travelling in this interface ok times E = 0. Now, naturally such a equation also will
exist for magnetic fields. So, you can have for magnetic fields ok just the directions would
be different.

a
case. So, you have



Surface Plasmon Polaritons (SPP): The Wave Equation

* Inserting this expression into (L17.6) yields the desired form
of the wave equation:

—a + (ke FHYE=0 (L17.7)

I . . — [ \‘]%-dile(tmn of propagation)
* Naturally, a similar equation exists for the magnetic field H. m
* Equation (L17.7) is the starting point for the general

analysis of guided electromagnetic modes in waveguides. Figure: Definition of a planar waveguide

geometry. The waves propagate along the x
* In order to use the wave equation for determining the direction in a Cartesian coordinate system.

spatial field profile and dispersion of propagating waves,
explicit expressions for the different field components of E
and H need to be derived.

e . - o Source: 5. A. Maier, Plasmonics: fundamentals and applications, 1, 245, New York: Springer, 2007
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So, you can take this equation as the starting point for the general analysis of the guided
electromagnetic waves in any waveguide. Now, in order to use the wave equation for
determining the spatial field profile and the other dispersion of the propagating waves
explicit expressions need to be written for E and H ok that is very important. So, this can
be done in a very straightforward way.

Surface Plasmon Polaritons (SPP): The Wave Equation

* This can be achieved in a straightforward way using the curl
equations (L17.1 & L17.2).
* For harmonic time dependence d/0t = —iw, we arrive at
the following set of coupled equations:
\V (direction of propagation)
dE. OEFE, y
T wugH, (L17.8)
dy dz
”_E' _ “_E: = iwuoH, (L17.9) Figure: Definition of a planar waveguide
dz dx geometry. The waves propagate along the x
direction in a Cartesian coordinate system.
dE, dE, )
-_———_= Hr},ff..”_ (Ll?.lﬂ')
ax dy
o . . Source: 5. A. Maier, Plasmonics: fundamentals and applications, 1, 245, New York: Springer, 2007.
‘o., mcu“‘ﬂllﬂﬂl HNPTEL SWZ’?H Source: B. E. Saleh and M.C. Teich, Fundamentals of phatonics, John Wiley & Sons, 2018,




So, if you remember the curl equations that you have seen previously. Now, if you
introduce the harmonic time dependence that is d/ dt as —iw, you can get this set of
coupled equations ok. So, these are the equations that correlate your electric and magnetic
field components ok. So, Hy is basically connected to E; and Ey, Hy is connected to Ex and
Ez, H; is connected to Ey and Ex ok. So, this is not a rocket science you can go and sit down
and write down the vector equations and then put those components you will see you will
get this after you apply those conditions ok. Similarly, you can also get the other set of
equations that correlate electric fields to magnetic fields ok.

Surface Plasmon Polaritons (SPP): The Wave Equation

dH. OH, . ,
22— _jwegeE, (L17.11)
dy 9z
dH oH.
f — —=% — —jweeeE, (L17.12)
az dx ‘\I,/
x (direction of propagation)
dH, 0H, ) 2
— — —— = —iweeE;, (L17.13)
ax dy
* For propagation along the x-direction 9/dx = if and Figure: Definition of a planar waveguide
homogeneity in the y direction d/dy = 0, this system of geometry. The waves propagate along the x
equation simplifies to: direction in a Cartesian coordinate system.
JdE,
o e —iwpoH, (L17.14)
JE
—= —ipE. = iwpH, (L17.15)
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So, these are interrelated equations fine. Now, we assume that the propagation happens
along x direction. So, in that case d/ dx can be written as iff ok and we have considered
that the y direction is homogeneous. So, there is no variation along y. So, 3/ dy = 0. So,
if you put these conditions here things get even further  simplified ok.

So, the first equation that you have seen ok this one ok this term becomes 0, this can be
written as this particular form ok. So, you can simplify these equations and directly ah
correlate Hx to one electric field component and so on. So, these all these equation, the 6
equations again get further simplified because of this condition. Now, it can be easily
shown that the system allows 2 sets of self consistent solution with different polarization
properties of the propagating wave. So, there are basically 2 solutions which are possible.



Surface Plasmon Polaritons (SPP): The Wave Equation

iIPE, =iwpugH. (L17.16)

dH,
2 — iwepeE, (L17.17)

ag

oH . . . '
'j-‘ — ”“ H; = 7“!):’"1#"}1 v (L1718) \]%-din?(tmno' propagation)

¥y

iBH, = —iwegcE, (L17.19)

* It can easily be shown that this system allows two sets of self- Figure: Definition of a planar waveguide

consistent solutions with different polarization properties of ~8eometry. The waves propagate along the x
the propagating waves direction in a Cartesian coordinate system.

* The first set are the transverse magnetic (TM or p) modes,
where only the field components E, , E, and H, are nonzero,
and the second set the transverse electric (TE or s) modes,
with only H,, H, and E, being nonzero.

. = - Source: 5. A Maier, Plasmonics: fundamentals and applications, 1, 245, New York: Springer, 2007
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So, the first set are nothing but the transverse magnetic TM or you can also call p modes
ok. And in this case you are only bothered about Ex, E; and Hy ok. So, these are the
components which are non-zero and in the second set you are basically talking about
transverse electric or s modes. So, in this case it is like H x, H; and Ey which are non-zero
ok. So, if you actually consider only the TM modes you can see that the system of
governing equations.

So, 14 to 19 so we can think of from here to here these are the 6 equations interconnected
equations. If you put these conditions that only Ex, E; and Hy are non-zero then the 6
equations actually boil down to this one ok. That is very simple and from this you can also
find out what is the equation of wave. So, this is what was not shown previously.
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* For TM modes, the system of governing equations
(L17.14 — 19) reduces to:
1 oH
E.=—i —~  (L17.20)
wepe 02
z
ﬂ \]/ direction of propagation)
E.=— H, (L17.21) y
= wWEePE
* and the wave equation for TM modes is: Figure: Definition of a planar waveguide
. geometry. The waves propagate along the x
d.,H\ + (/\(:,L _ /41) H, =0 (L17.22) direction in a Cartesian coordinate system.
& A - g Source: S. A. Maier, Plasmonics: fundamentals and applications, 1, 245, New York: Springer, 2007.
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So, this is in terms of magnetic field ok. So, electric field was written in terms of E; and

magnetic field is written in terms of Hy ok. So, this is how the wave equation for the TM
2
aaszy + (ke — B*)H, = 0 ok. Now, if you think of the TE modes they

are having analogous set. So, again remember in TE these are the components which are
non-zero ok Hy, H; and Ey are non-zero.

modes look like

Surface Plasmon Polaritons (SPP): The Wave Equation

* For TE modes the analogous set is:

1 OE,
H =i =%  {ELRTE)
wily dZ
B z
II: = L'\ (L1724) x (direction of propagation)
wily y

with the TE wave equation
Figure: Definition of a planar waveguide

geometry. The waves propagate along the x
direction in a Cartesian coordinate system.

d° y ,

* With these equations, surface plasmon polaritons can be
investigated mathematically.

Source: S. A. Maier, Plasmonics: fundamentals and applications, 1, 245, New York: Springer, 2007.

ﬂ 0T Guwahati I (’DN PTE L swayam Source: B. E. Saleh and M.C. Teich, Fundamentals of photonics, John Wiley & Sons, 2019.




So, take those 6 equations and put only these 3 things as non-zero you will be left with
these 2 equations and that will also give you the TE mode wave equation to be this one.
So, this is what we have seen earlier right. Now, with these equations you are able to
investigate the surface plus 1 polyetron modes mathematically because these are the 2
modes which are possible along this interface fine that can give you a solution. Now, let
us take SPPs at a single interface. So, the most simple geometry that can support surface
plus 1 polyetron mode is nothing, but a flat interface between a dielectric which is non-
absorbing ok on one half that is we can take we can split the space with a boundary at z
equals 0.

So, z greater than 0 you can take that half space to be dielectric non-conducting sorry non-
absorbing as well and the bottom half you can think of you know z that is z less than 0 is
nothing but a conducting half space fine. So, this one you can take a real dielectric constant
that is &, whereas metal usually have a complex dielectric constant and that has got also
dispersion. So, metal does not have a flat dielectric profile. So, you can actually take it as
a function of w .

Surface Plasmon Polaritons (SPP) at a single interface

* The most simple geometry sustaining SPPs is that of a
single, flat interface (Figure) between a dielectric, non-
absorbing half space (z = 0) with positive real dielectric

constant £, and an adjacent conducting half space (z < 0) r
X

described via a dielectric function &4 (w). Dielectric
* The propagating wave solutions confined to the interface, :
i.e. with evanescent decay in the perpendicular z-direction Metal
can be obtained using equation set (L17.20 — 22) in both
half spaces —forz = 0 Figure: Geometry for SPP propagation at a
H,(z) = AyeiPrehs (L17.26) silngle .interface between a metal and a
- dielectric.

E.(2) =iA, kyePre—hs (L17.27)

ENED

E.(z) = —A Lp"“e*"s: (L17.28)

WEYEL
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So, you can take this as &;(w) ok. Now the providing wave solutions they confined to this
particular interface ok that is we have assumed that the evanescent fields are basically
decay along the z direction in both case. So, if there is a case let us first investigate these
two halves separately. First let us look into z equals O that is into the dielectric region. So,
these are the equations we have understood that for this particular case Hy,Hy, Ex and E;



are non-zero and we can write the equations to be like this ok.

So, that is for z equals 0. So, if you consider z equals, z is less than 0 in that case all this
z's will be actually replaced by minus z. So, here if you put z equals minus z ok. So, you
get the equation in this particular form ok. So, I would recommend you guys to write down
the equations on a piece of paper to look at them at the same time.

So, that will possibly help you to understand this better ok. So, these are basically
which are these equations ok what are these values. So, if you go back you have your
answer here ok. So, Hx ,H; and Ey ok. So, that is for TE modes and if you look into the TM
modes yeah look at the TM modes Ex, Ez and Hy. So, these are the three components that
you require and these are the three components that has been described here.
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* Forz<0
H,(z) = Ajefrehis (L17.29)
E.(z) = —iA, ke et (11730 ‘ ‘ ‘
WEE | N Dielectric
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E.(z) = —A|——¢'Pehrs (L17.31)
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* k =k, (i = 1,2) is the component of the wave vector
perpendicular to the interface in the two media. Figure: Geometry for SPP propagation at a
single interface between a metal and a
* lts reciprocal value, £ = 1/ |k,|, defines the evanescent dielectric.
decay length of the fields perpendicular to the interface,
which quantifies the confinement of the wave.
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So, we are basically discussing about the TM modes in this case. So, with that what we
figured out that ki can be written as k,i. So, i is nothing but 1 and 2 that is that these two
particular region. So, this is 1 this is 2 ok and you can also find out that it has got a
reciprocal vector that can be described as Z which is 1/ |k,| ok. So, what is again what
is k; that is the component of the wave vector perpendicular to this interface between the
two media and you can also think of a reciprocal to that particular vector and that defines
the evanescent decay length to the field which is perpendicular to the interface and this also
guantifies the amount of confinement along each side ok. So, if you actually discuss about
the continuity of magnetic field and electric field at the interface ok you will see that this
two amplitudes a 1 and a 2 they  should be same.



So, what are these two amplitudes? So, these are the amplitudes describe here ok and they
should be same ok. I am not going into the exact details of each of this. So, that poses the

requirement that % should be equal to — z_z that means the two permittivities should have
1 1
opposing values ok. So, with that convention you can write that the confinement to the

surface what you have seen here that demands that the real part of permittivity of &; should
be negative if you want the other one to be positive ok.
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* Continuity of H, and £, at the interface requires that A, = A,
and:

2 (L17.32)

k] £ z
« Dielectric

* Note that with our convention of the signs in the exponents in
(L17.26 — 31), confinement to surface demands Re [g,] < 0 if
&, > 0 — the surface waves exist only at interfaces between
materials with opposite signs of the real part of their dielectric
permittivities.

Metal

Figure: Geometry for SPP propagation at a
single interface between a metal and a

* The expression for H, further has to fulfill the wave equation dielectric.
(L17.22), yielding:
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So, that is possible when you choose one is metal and another is dielectric ok. So, that is
what we understood that a metal dielectric interface will actually be able to support surface
plus 1 waves. So, in that case the expression for Hy gets further simplified and that has to
further fulfill the wave equation and that gives you these two values of k; ok. So, ki square
that is the component of the wave vector along this interface this one in the metal and this
will be k> that is the component of the wave vector along z direction into the dielectric.

So, you can actually obtain these two values. Now if you combine these two these
equations this ratio and these values from here you are able to obtain the dispersion relation
of the surface plus 1 polaritons which are propagating along the interface. So, you can

€1&2

obtain what is g that can be written as k, . So, that is a very very important

E1t+&y
relationship that defines the relation between the propagation constant and the frequency.
Now you must be wondering where is the frequency term here where is the propagation



constant term here. So, B if you remember this is basically the propagation constant along
the X direction right.
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* Combining equations (L17.32 — 34), the dispersion relation of
SPPs propagating at the interface between the two half spaces:

£1&2

B=ko = (L17.35) z
Verte | . Dielectric

* This expression is valid for both real and complex ¢,, ie. for
conductors without and with attenuation.

Metal

* Before discussing the properties of the dispersion relation

(L17.35) in more detail, the possibility of TE surface modes are Figure: Geometry for SPP propagation at a
briefly analyzed. single interface between a metal and a
dielectric.

* Using (L17.23 — 35), the respective expressions for the field
components are: forz > 0
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So, this is basically where the k part is coming from ok and then &; as | mentioned &, is
implicitly &; function of w. So, this is where this clips in. So, you actually get w-k
relationship that is this dispersion relation for SPPs propagating along this particular
interface which is in x direction. Now this expression is valid for both real and complex
w1 that is for conductors with or without attenuation. So, you may think of a metal which
is lossless in that case also it will work ok, but that the requirement is that you need to have
this one satisfied ok.

So, % should be equal to — i—z this has to be satisfied ok. Now before we go into discussing
1 1

the dispersion relation and what exactly it conveys let us also have a look into the
possibility of TE surface modes ok. So, this was what we have seen is for the TM surface
modes. Now similar kind of approach so we will start with the TE set of equations that is
basically equation number 23 to 35 ok.

So, in each case we have to see that what happens for the TE modes. So, we will be only
discussing with those components which are nonzero for TE case and that is basically Ey,
Hx and H; right. And we write this for z equals 0 also we write it for z sorry z greater than
0 that is in the dielectric we also write the same sort of equations for the space z less than
0 ok that is what happens in the metal ok. So, direct correlation because here this figure
this one and this one are on the same page.

So, I will be able to compare it. So, quickly you see how they are different. So, H; function



of z equals Az. So, A is the amplitude in the dielectric in metal you have the amplitude of
A1 ok. So, this is a parameter that is different then you have Bwpu, that remains same
propagation constant is also along this one. So, that remains same e ~#*, e =A% that is fine.
What is different the decay the decay constant in dielectric is e 27 that is fine ok.

Now, in this case that is greater than O when z is already negative you can replace this
minus z by z because z itself is negative. So, you simply have z and the constant decay
constant in metal is ki ok in dielectric it was ko. So, this is how you can actually see the
equations are being different ok that is all. So, all these equations here are A1 A1 A; for
dielectric you will have A2 A2 Az ok very simple similar to the previous case.
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@Ho Figure: Geometry for SPP propagation at a
single interface between a metal and a
* Continuity of £, and H, at the interface leads to the condition: dielectric.
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Now, if you look into the continuity of Ey and Hx ok across the interface. So, these are the
2 components you have to see they are continuous then this is the condition that comes out
to be. So, you will get A, (k; + k) equals 0. So, if you take that particular condition we
have to see what can give us that particular this particular condition ok what actually gives
us that. So, since the confinement to the surface now you have to make sure that there is
confinement on the surface. So, you will require that the real part of this ki is positive and
also real part of k> is also positive then only they will be confined along the surface ok.
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* Since confinement to the surface requires Re [k;] > 0 and Re[k,] > 0,
this condition is only fulfilled if

A, = 0,sothatalso A, =A, = 0. z
« Dielectric
* Thus, no surface modes exist for TE polarization.

* Surface plasmon polaritons only exist for TM polarization. Metal

* The next step will be examine the properties of SPPs by taking a closer ~ Figure: Geometry for SPP propagation at

look at their dispersion relation. a single interface between a metal and a
dielectric.
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So, this condition can only be fulfilled if A1 is 0 and if A1 =0, Az also becomes 0 that
means, there will be no amplitude possible when you are considering the TE polarization.
It means no surface modes can exist for TE polarization. So, in simple word we can say
that SPPs are only TM polarized waves clear ok. So, once we understood that SPPs are
purely TM polarized waves and we have also seen a glance of their dispersion relation.

Let us look into the dispersion relation and see what it actually conveys. Now here is a
plot ok dispersion relation of the SPPs. So, at the interface between a Drude metal with
negligible collision frequency. So, you can think of as almost lossless ok, but it is having
a negative permittivity, but it is lossless it is a real one ok. So, Drude metal permittivity
you have seen previously in the previous lectures. If you take gamma that is a collision
frequency to be 0 your Drude metal permittivity will be simply &; function of w will be
nothing but 1 minus w, square by w square as simple as that ok.

So, if you take that and you consider the two cases in one case it is this Drude
metal and air interface, in other case it is this Drude metal and silica interface. So, the air
interface you are drawing it using gray curve. So, this light color lines are basically for
that case and if you see the black curves they are basically for the metal silica interface.

Now this we have seen this is the dispersion relation ok. So, now what are the parameter
values for &,? If it is air, &, is 1 and fused silica if you think of fused silica ¢, is nothing
but 2.25 fine.

Now in this particular plot you see one thing that the frequency is basically mentioned as
a normalized frequency and normalized to what? Normalized to the plasma frequency of



the metal. So, this kind of graph you can use for any metal if you actually know the plasma
frequency you can actually find out what is the frequency actual frequency we are talking
about. So, this is a normalized one. Again, the wave vector is also a normalized one you
can see it is basically B¢ over w, ok. Now, here what is happening that the solid curves
that you see they are basically the continuous curves they are the real part of the wave
vector beta and if you take the dotted part or the dashed part or the broken curves they
basically correspond to the imaginary part of the g .
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for a metal with negligible damping described by the real Drude 1 7 silica
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2.25) interface.
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* In the plot, frequency w is normalized to the plasma frequency ‘ Dspshica
w,, and both the real (continuous curves) and the imaginary part

(broken curves) of the wave vector 8 are shown.
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* Due to their bound nature, the SPP excitations correspond to the
part of the dispersion curves lying to the right of the respective
light lines of air and silica.

Wave vector fic/amy,

Figure: Dispersion relation of SPPs at the interface
between a Drude metal with negligible collision
frequency and air (gray curves) and silica (black
* Thus, special phase-matching techniques such as grating or  curves).

prism coupling are required for their excitation.
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Now due to the bound nature the SPP excitation correspond to the part of the dispersion
curve that lie to the right of the respective light lines. So, these are basically the light lines.
So, here light lines means here the dispersion relation is simply w = ck ok. And this one
what is the dispersion relation for this one? w = ¢ by nk ok

So, these are called the light lines ok. So, you will see that in both case the SPP relation
are basically lying towards the right of this Now if you look into the case that they do not
exactly match. So, for air you see there is no case where there is a direct matching of
momentum. So, you can take this as a momentum vector or k vector. So, for a given energy
you will see that there is no match between the momentum of the SPP is generated in the
air interface with the photons that are in the air ok. So, you have to do some kind of phase
matching or momentum matching using some techniques that we will describe maybe in
the next lecture ok.
And we will see how we can able to excite surface plus bonds on air interface or silica
interface. So, for silica this black line you have to look into this particular line as your ah
light line. For SP in air interface this curve you have to look for this particular grey line



ok fine. Now there are certain regime in this particular graph which also needs special
attention.

First of all radiation into the metal occurs in the transparency region. So, what is the
transparency region when the frequency is more than the plasma frequency that is when

w / w, is greater than 1. So, this particular is region. So, if you draw an imaginary line
horizontal line at this w /w, equals 1. So, anything above this is basically the
transparency region ok.

So, in that case the radiation into the metal will occur in the transparency region. Now
between this region and the bound mode. So, these are basically two bound modes the SPP
modes ok. So, there is basically a region like this you see here no solid lines are possible.
And what is only possible here is nothing but purely imaginary g .

So, imaginary S does not allow you propagation right. So, there is basically a frequency
gap region that this particular region you are not able to excite any mode. Now if you look
into the region of small wave vectors here. So, when the wave vector is small ok that is
you can consider about mid infrared or lower frequencies ok. You can see that the SPP
propagation constant is very close to ko
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* Radiation into the metal occurs in the transparency regime w >
w,. Between the regime of the bound and radiative mades, a .
frequency gap region with purely imaginary [ prohibiting |/
propagation exists.
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*  For small wave vectors corresponding to low (mid-infrared or 06
lower) frequencies, the SPP propagation constant is close to kg
at the light line, and the waves extend over many wavelengths

into the dielectric space. o8
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* In this regime, SPPs therefore acquire the nature of a grazing-
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Figure: Dispersion relation of SPPs at the interface
between a Drude metal with negligible collision
frequency and air (gray curves) and silica (black

curves).

* In the opposite regime of large wave vectors, the frequency of
the SPPs approaches the characteristic surface plasmon

frequency __ %% (L17.44)
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So, k, will be the propagation constant in the light lines. So, you see here they are very
close the curve and the straight lines they are almost overlapping ok and the waves they
extend over many wavelengths into the dielectric space ok. But in the regime ok and in
this particular regime SPPs therefore, acquire the nature of grazing incidence light field ok.
So, here it is more or less you know at very small value of wave vector SPPs have very



similar k naught as the light lines. And if you look into the opposite regime here where the
wave vector is very large in that case ok the frequencies of the surface plasmon they
actually reaches a saturation kind of thing and that is basically the frequency of surface
plasmon resonance ok. So, that is a characteristic surface plasmon frequency at a particular
interface and your SPPs will actually try to go and reach that particular frequency ok.

Now what is the good thing about this is that for a given frequency you are able to get
SPPs with very large wave vector ok or wave number. So, that actually allows you to have
very short wavelength and this is where the amazing thing about SPPs are. For similar
frequency you are able to have wavelengths which are very very tiny. So, you can actually
confine electromagnetic radiation into those small region or you can manipulate
electromagnetic radiation in that very small scale that is not possible by photons.

So, that is why so these are light lines ok. So, here w equals ck that is it. So, there is a
relationship between the frequency w and the lambda ok it is a linear relationship. But
when you come here they are having a non-linear relationship and that allows you to
basically do this wonder that for a given frequency you are able to bring your wave vector
as large as possible or you can say wave number as large as possible that allows you to
have wavelength very very small or as small as possible. It cannot be infinitely small
because there is a saturation here which corresponds to the surface plus 1 frequency and

this is the wonderful thing about SPPs ok. So, you can actually see that what is the
@p

1/1+€2
permittivity, here &, is that permittivity right.

characteristic frequency ws,, it is the . In this case epsilon d is the dielectric
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* Surface plasmon polariton (SPP) wave at a metal—dielectric boundary, as depicted in Figure (1) with w,and w, are
plasma and surface plasmon polaritons frequency, respectively.

* Figure (2): Frequency dependence of the permittivities of the dielectric and metallic media, &, and ¢,
respectively. The condition |&,| > &,, required for the existence of the SPP wave, is satisfied for w < w..
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So, these are the cases let us quickly look into this. So, surface plus 1 polyetron wave at
metal dielectric boundary this is what we have seen that this actually propagates along the
boundary high low high low high low and so on. But the field extends more into the
dielectric region less into the metal this is how it propagating nicely. Now if you look into
figure 2.  figure 2 actually plots the good things about ok.

So, here there is a reversal in the denomination. So, the parameter for dielectric is &; here.
So, let us consider &; ok. So, it is a positive value. So, you have drawn it here &, is negative
because that IS the metal.

So, let us plot this one. So, if you remember the Drude model. So, &, in this case will be
1 minus omega p square over omega omega square. So, at w equals w,, the value is 0 ok.
And at w equals w,, you will see that this value is same as minus &; and this is the
resonance ok. So, the frequency dependence of the permittivities of the dielectric and the
metallic media are shown in this case. And the condition that modulus of &, should be
greater than &; that is required and that is  satisfied for w less than wg .

So, if you have frequency below this ok this is the case this is the region where your SPPs
will exist. Figure 3 is basically the dispersion relation we have just seen. So, this one as |
told you this allows transparency. So, this is basically the bulk surface plasmon or you can
say bulk plasmon polariton BPPs ok. And these are the these two dotted ones are the light
line.
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* Figure (3): Dispersion relations for the BPP (bulk plasmon polariton) and SPP waves. These plots are calculated

using £;= 2.25 and @ = w,/y/ (1 + &1) = 0.55 w,.

* Light lines in free space and in the bulk dielectric medium are shown as dotted red.

Source: S. A. Maier, Plasmonics: fundamentals and applications, 1, 245, New York: Springer, 2007.
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Why the slope is different w equals ¢ by n times k or beta ok. So, that is why the slope for
silica is different than air the air one will have the highest slope. And this is how it actually
gets saturated towards omega s that is this particular characteristic plasmon frequency. So,
in this case wy is w,// (1 + &;) . here because permittivity(e;) is 2.25. So, you can do this
calculation it is 0.55 times w,, . So, you can mark this point. So, this is the final value
towards which this this curve will approach ok. | believe this particular concept is clear.
So, with that we will stop here today and in the next lecture we will look into the
mechanism of exciting surface plasmon polariton atoms and some of their applications.
So, thank you if you have got any queries you can drop an email to me at this particular
email address mentioning MOOC on the subject line. Thank you.



