Design of Power Electronic Converters
Professor Doctor Shabari Nath
Department of Electronics and Electrical Engineering
Indian institute of Technology, Guwahati
Module: Snubber Design
Lecture 32
RC Snubber Analysis - II: Underdamped Case
Welcome to the course on design of power electron converters. So, we were discussing RC

Snubber. We had started its analysis and we saw the circuit that we will be using for analysing
the RC circuit. So, now in this lecture, we will be analysing the first case that is your

underdamped case.
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So, before going further, let me just show you the waveforms in the circuit again. So, this is the
circuit that we were discussing Rs and Cs are the snubbers, i is your the current through this loop
which flows through this snubber and the parasitic inductance and then you have this diode
voltage e and then this is the diode current i D and these were the waveforms. So, first we are
supposed to get this this snubber current i t and using that number current then we can obtain this

device voltage e t and then that we will be further using to design this Rs and Cs.
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So, we had started by writing these KVL equations. This is the first equation in the second

equation, please remember the second equation we will be using it again and again and these

were the initial conditions.
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Cont...

Solution of (5) is P ®

If & > w, f.e. (> 1 both roots are real and over damped case.
If & = w, i.e. ¢ = 1 equal roots and critically damped case.
If @ < w f.e. ¢ < 1 complex roots and under damped case.

Then, we had this differential equation which we are supposed to solve and so, the solution of
this differential equation is this the current this the standard solution of RLC circuit and then we
had these three cases based on this value of zeta which is your over damped case critically
damped and under damped case. So, we had seen till here. Now, we will take up the first case,

which is your under damped case.

(Refer Slide Time: 02:27)

Underdamped case ( < 1

Aredtt 4 Apet
e~ ™(By coswyt + By sinwyt) (8)
where, wg = v/wo? — o is damping frequency.
Att=0,i(0)= I = By.
Differentiating (8)

dife) _
@ C

ift)

(g sinwgt + Bacoswyt) + (—a)e™ (I coswyt + B sinwgt) (9)
From (2),
i)

e=E-Lp &

Att=0,
di(t dift
Rly = E- L,% = L,%h:o =B Rilr
Substituting above in (9)
E= Bl By - ol
LP
(%“"H’Q‘n

= 5= "
d

So, underdamped case zeta less than 1. So, this also you might have done in your circuit course.

So, what you have is your underdamped case, this can be written as



. st Syt
i(t)=Ae™ + A,e

=e (B, cosw,t + B,sinw,t)

And what is omega d? Omega d is the damping frequency which is

_ 2 2
0, =\ o, —a

And then, we have to obtain these solutions for Bl and B2 because we have to replace this by

using the initial conditions.

So, initial conditions at t = 0 you know that i(0) = Irr reverse recovery current and if you
substitute here this goes out, so, B; becomes equal to Irr and then if a differentiate this di t by dt,

you will get

% = (-1,0,sino,t+ B,w, cosw,t)+(-a)e ™ (I, cosw,t+ B, sinw,t) o)
e=E-L, 4it)
From (2), dt

€= RS ]rr

So, you apply the initial conditions over here. t =0 So, then you know this

RJ, =E-L, % =1L, % =E-RJ,
1=0

di(r)
Substitute 4! from above in (9) for t = 0, we get

E-RIT
— " =B w, —al
L 2%7d rr

p



So, we have obtained both the constants B1 and B2 by using the initial condition.
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Again using (2),

E-Rlr) 4 o) _
(_E'MH- }sinwt+{(E LR,J',,)
Wy p

=E- L,,:"" [{ = Iy +

+ aly = aly cusw,t}

=E - Le® {(ﬂ) {cosw,,t = isim..:,,.r} +( Ef!n- + lrivg) sinu.,-t]
Ly Wy Wy

Note, 02 + wy? = wo? and we? = lp+ Therefore,
7

e=E—-(E-Rely) {cosw,,r— S sinwt} emot 4 ‘Lsinwdte“‘“ (10)
wg Cowg d

Underdamped case ¢ < 1

it)= Aredtt + Apet
= e ™(Bycoswyt + By sinuwgt) (8)

where, wy = /wo? — o is damping frequency.
Att=0,i(0)=k =B

Differentiating (8)
% = & (=g sinwgt + Bacosiwgt) + (~a)e” (I coswyt + Bosinwgt) (9)
From (2), )
e=EF- L,,d;tﬂ
Att=0,

dift dift
Roby = E - L,% = L,%hﬂ: £ Rilr

Substituting above in (9)
ﬂ =By - aly
Ly
(E—l&l")+a,”
= B=—Fr

W
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So, then from there once you have obtained it, what you can do is you can find out your e

because ultimately our objective is to find out e using this it. So, di t by dt you substitute this B1



and B2 and this is what you will be then getting this is a little long expression that you will be
getting and you rearrange it when you rearrange you can rearrange it like as shown in screenshot.

2

(04
- ]l‘l‘ + ]l‘ra)d
a)d

I

L

And further from there what you see is that ( j can be reduced to C.o, , because

your

2 2 2 o
04 +a)d _a)() and LPCS

. So, applying that fact it reduces to this.

o . w 1 . &
e=E—(E—-R]I, ) cosw,jt——sinw,t e ™ +—L—sinw,te ™
w, Co,

s

(10)

this is an important expression that we will be using later on as well.
This is the expression of e the voltage across the device.
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Next is that you have you can differentiate this voltage de by dt. So, whatever expression we
obtained for e, you differentiate it, so, you can differentiate it, it is a little longer expression again

you are getting you rearrange it. So, after rearranging this is what you are going to obtain for de
by dt.

Now, what we want is that, we have to equate (11) shown in screenshot to 0 because if this de by
dt if we equate to 0, so, then we can obtain the peak value the maxima of e and that is what we
want to find out and that is what we want to reduce also. So, before obtaining that de by dt and
equating it to 0 and finding out the peak, we would like to see what is the nature of this de by dt
this rate of change. And to do that, we can actually simplify this expression because this is a little

longer expression.



(Refer Slide Time: 07:32)

So, to simplify it, first we see that at t equal to O this ratio e by capital E this can be written as Rs
Irr by E (shown in screenshot) and which can be further written is 2 zeta into chi. Now, what is

this chi? Chi is defined as the initial current factor which is equal to

So, from where is this coming up.



%Lplfr

X =1
~CE*

initial inductor energy So, chi will be equal to Irr by E root

~ Final capacitor energy

So, this is actually your

over of Lp by Cs, this is called as the initial current factor. So, this initial current factor and this
damping ratio zeta this we have already defined is alpha by omega 0 which . So, this is what it is

going to be Rs by 2 root over of Lp by Cs (see screenshot).

So, when you multiply these ¢ and X then becomes equal to Rs Irr by E. So, e by capital E at

equal to 0 becomes equal to 2 zeta chi. Then at this d by dt at t equal to 0 at initial condition what
it is that we want to find out in terms of that zeta and chi. So, for that you substitute t equal to 0

here (see equation 10), then what you obtain over here is this E minus Rs Irr 2 alpha plus Irr by

Cs.

So, then you again do some substitution in terms of these and what you will be finally obtaining
de
| T E@QC -4+ 1)

will be 1=0 (12)

And what substitutions are we doing to obtain (12)

Rslrr = 24’%E (13)
R
LS = 20w,
r (14)
L _ Eya,
C (15)

Now, we have to observe this equation, now, this can be greater than 0 or it can be less than 0.
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So, this one, 2 zeta the minus 4 zeta squares chi plus chi, if this is greater than O(see the
screenshot) that means, what that your this voltage will this dv by dt the rate of change of the
voltage de by dt this is positive. So, at t equal to 0 whatever it was, this peak is going to be
greater than that, but if it is negative that means, what at t equal to 0 whatever was your voltage
over here it is if this d by dt is less than 0, so, this is going to further come down and so, this is

what your finally, whatever the voltage is going to be equal to.

So, this capital E1 the peak voltage that we had considered will be equal to Rs Irr in that case
because at t equal to O that is the voltage that is the voltage E at equal to 0. So, this is not that
much of a problem because this usually is not going to be that high. But if this de by dt is greater
than 0 that means, there is the this voltage is going to increase and then here it may be higher

than the blocking voltage capita E.

So, and that is that the capital E1 how high it can go we want to limit it by this number design
and so, we are interested more in this case when your d by dt is going to be greater than 0. So,
we have to find out then what is the condition at which this can be greater than 0 this slope or the
rate of change of voltage across the device is going to be positive. So, for this 2 zeta minus 4 zeta

square chi plus chi to be greater than 0 this is what it implies and this is quadratic polynomial.

So, here it is going to be having 2 roots, this quadratic equation will be having 2 roots these are
the 2 roots and we know that this chi is going to be greater than 0 because this is the ratio of 2

energy’s says no question of it being negative. So, this is greater than 0 that means, what from



here you can easily see that this is greater than 1. So, this 1 is greater than O this first one the plus

1 and the minus 1 is going to be less than 0.
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First derivative of the polynomial 4¢2y - 2( ~ when
equated to zero
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Further we can differentiate it find out the first derivative of it equated to 0. So, that will either
give us the maxima or the minima. So, that gives you this zeta as equal to 1 by 4 chi and then
you can find out the second derivative. So, second derivative is 8 chi, you know chi is positive

s0, this is greater than 0 so, that means this is minima.



So, from that what you obtain is that you have these 2 the roots were this expression is going to
be 0 and it has the minima in between which is your 1 by 4 chi. So, this will be the nature of the
quadratic expression. And so, what we are interested in is where we saw that this term is less
than 0. This term less than 0 is when actually this upper 1 becomes greater than 0 and so your d

by dt is greater than 0.

So, that means what this is the portion where we are interested in that means your this is the
value of zeta which that is between 0 to when it is less than this term. So, that is what then we

find out that

1+1+4y°

¢ < 4x and that is where your d by dt is going to be greater than 0.
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To obtain Ey at ty, we make % =0 and using (11)

2 _ a2
(E-Riy) {zamwn _ ot =a)
wg

s‘mu,n} emen
It { a } oy
+ — { coswyty — —sinwgty p € =0
(c, Wy
he (Wdz_ ) alr } : _
= {(E - Rl )2a + a}wﬂddﬂ £ {(E— R,F,,)T T sinwgt; =0

(E-Rebr)2e+ /s
AT
(E- Rzl - 2

w,

=5 tanwgty = —

)

Now, we want to find out the peak of E the device voltage and we had denoted by E1 and we
also said that that that occurs at time tl1. So, we equate this d by dt to 0. So, you write down the
expression again equated to 0 rearrange it and when you do the rearrangement, you can write this

as like this tan omega d t1 and which is equal to this expression (17) shown in above screenshot.
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E Numerator of (17):
(E = Rehe )20+ 'Ci = Ewo(2( - 4%+ X)
Note:
L
= m =S5 = (wo
wg = ue? -0 =wo(1- ()
wit —of =wpi(1-2%)
Denominator of (17):
(wdz - uz) aly uuz(] - 2(2) Exwolw,
E-Roby) =% " (- =
( ) wy Cowg ( 59‘ )%2“*(2) worf1- (2
Ew,
= ——(1-¢* - 2x+43% -
\/1—_g1( = 2Ax+4Cx - Cx)
=B 0 ag-atragy)
Vi-a

13/%

Now, further what we want to do is that we want to express it in terms of chi and zeta. So, this is

the numerator of your tan omega d t1. So, you solve it to do these substitutions in terms of zeta



omega 0 and chi and the denominator also the same thing you do it you substitute everything in

terms of zeta omega 0 and chi.
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Cont...

Therefore,

(& -4+ XV ¢ (18)
(1-30x -2 +4¢%)

=) (19)

tanwgty =—

1
t :Ehn’lf[(‘x)
_tan (¢ x)

7w, 1?(2

(20)

u/%

So, then this is what you will be obtaining

tan oo, :_(25—49’2%+2x)\/1—§2
(1-3Cx =287 +457x) (18)

=f(C,x) (19)

. So, what we see that this is a function of the zeta and chi. So, that means, what we achieved is
by doing this is that this omega d t1 because we are interested in this time t1 this time t1 we have
obtained as a function of zeta tan chi although this is a little involved function complicated
function, but we have obtained it. And then from there your t1 will be 1 by omega t tan inverse
of f zeta and chi the function of that. And omega t you know that this is the damping frequency

this can be written as omega 0 root over of 1 minus zeta square.
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In (10), 2nd and 3rd term is of the form

f(t) = (Acoswgt + Bsinwgt)e ™

dr(t) : —at St

—— = (—Augsinwy 4 COS Wy = d 2] =

i = (—Auwy sinwgt + Buwg coswgt)e™ ™" + (—a)(Acoswyt + Bsinwyt)e™ " =0
= (~Awg - aB)sinwyt + (Buwg — ad)coswgty = 0
_ Bug—aA

Stk Awg +aB

e Aug+aB

i i \/l+tan2udt_ /(Awg + aB) + (B — oA

b tanwgt Buwy - aA
o VIttantugt  \f{Awg+aB) + (Bug — aA)
/
15/3
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Again using (2),

)
dt
(EBir) 4 o) _
=E- L,,E'm [{ = Iy + sinwyt + (E R’f")

=
wy Ly

@

=E—L,

+aly — al,,}cnsu,t}

=E- Lpt_m {( 3 _LR‘J"

o
){cosw,t— isinuﬁt} + (— e + lriig) sinwdr]
Wy Wy

Note, 02 + wy? = wo? and we? = lch Therefore,
A

[/
e=E—(E - Ryly) {cosw,,t— S sinu,,t} e sinwgte™ | (10)
wy Cowy

Now, what we are interested in is that, we want to find out the expression for capital E1 the peak
voltage. We found out the time and t1 at which it occurs, but more than that, we want to find out
the peak voltage. So, to do that, let us see this part of the derivation. So, this expression of e that
we had obtained this expression can be written as a sum of for cosine and a sine the second and
the third term. You can directly solve it also, but that may be more tedious. So, to simplify it, I
have shown the derivation in this form. So, that expression of e the second and the third term can

be written as A cos omega dt plus B sine omega dt e power of minus alpha t, you can write it like
that.



And then you differentiate it df t by dt. So, this is what we will be obtaining and we are
interested in the peak. So, let us equate it to 0. So, once you have equated it to 0, you can obtain
this tan omega d t1 which is B omega d minus alpha A by A omega d plus alpha B. Then further
you know that your cos omega d tl can be written as 1 by root over of 1 plus tan omega square
omega d tl. So, from there this is what you will be obtaining cos omega d t1 and then similarly,

you can obtain sine omega d t1 this is what you will be getting(see above screenshot).
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In (10), 2ndl and 3rd term is of the form

f(t) = (Acoswgt + Bsinwyt)e ™™

df(

t
?) = (—Awg sinwgt + Bug coswgt)e ™™ + (—a)(Acoswyt + Bsinwgt)e ™ = 0
= (—Awg - aB)sinwyt + (Buwy — ad)cosuyty = 0

Buwg —aA
= tanwgt = AugtaB
b e 1 _ Awg+aB
i VIttandugt  \/(Awg +aB)? +(Bug — aAf
) tanwyt Buy - aA
Sinwgty = =

VIttantagt /(A +aB) T (Bug— oA}

Now, we solve the denominator (see above screenshot). So, the denominator is this, you open it

up and you try to reduce it. So, when you reduce it this is what you will be obtaining omega 0



square is A square plus B square and that you substitute in the original expression. So, original

expression means this was your f't1 we substitute for cos omega dt and sine omega dt 1.

So, when you do that, this is what you will be obtaining and you try to reduce it. This is finally

1) = ( jm e
a)()

what you will be getting

. So, this is what we see at time t1 this is what your second and third term will reduce down to.
So, we have to square out square the coefficient of cosine and squared the coefficient of sine

part.
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So, then that is what I had applied here (see above screenshot). So, at time t1 that is that peak,
this is what it is going to be this is the cosine your coefficient and this is your sine coefficient.
So, if you square it out and then take the root of it, square root of it, so, you just basically expand
it and then try to reduce it. So, after reduction solving of this this is finally what you will be
obtaining E plus e power of minus alpha tl root over of this expression. And we do not like this

Rs Irr and so forth, we want to express all in terms of those ratio chi and zeta.
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Note:

% =2wo
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So, that is what we will be doing then we will be doing all these different substitutions.
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Substituting the above in £y

L
Cswp

ahy

2
) +2(E- Rs'n-)m

E =£+r“ﬂ\/ (E = Rele)? +(

2
=£+e-“fl\/ (E~20ER + (EX%2) 4 2(E - 20y SEX

Wo Wo

=E+ e E (1 - 20x) 4 X2 + 20(1 - 200X

=E -+ MEVIH K - K+ 2y - 40+

=E+e MEV1- 2y + 2
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And when you substitute in this expression of E1, this is finally what you will be reducing it to. I
am not going through all these things, you can do all these derivations on your own it is just

simple math, you have to sit down and do it. So, this is what you finally obtain

E =E+e™E\1-2ly+x°
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So, that is what you obtain here E1 by E as equal to this here we have also substituted for your
t1, alpha t1 is this because t1 you already have. So, you can write for alpha t1 as well and so, this

is what you will be getting

[— ! fmo]
¢

I-28x+2°

El
,x)=—=1+e
p(C.x) Z

(21)

and so, that is what is written over here. Now, we are also interested in this dv by dt average.
Now, what is this dv by dt average that we are talking about. Now, here this is the way your

voltage rises this is your e waveform and this is your capital E1 which occurs at time t1.

So, at this part we are basically interested in the first rise only. So, this is what we are calling it as
the dv by dt average, which is your ratio of E1 by tl. This rise in the voltage also we want to
limit by this snubber design we can do that that we had discussed before. So, you divide this E1
by t1 and this is the function that you are going to get.



avl _E _ oEpC.N1-¢
dt av tl tan_l f(é’ X)

E? xp(&,0)\J1-¢7

T L1, tan £(S. %)

(22)

So, because t1 expression we know that this is what it comes out in terms of this tan inverse of
this function zeta comma chi. So, that is what we have written here this dv by dt average that is
what you are going to get. So, this one (equation 21) and this expression (equation 22) these are

the ones that we will be using later on for doing the snubber design.
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- (25)
4

Now, we saw zeta less than 1 it could be also that your there is no damping that is zeta equal to 0
and that is a special case of this underdamped condition that we in the expressions that we

obtain. So, you simply substitute zeta equal to O in all the above expressions that we had

obtained. So, this is what you will be obtaining

10(0,95)=5=1+\/1+)c2

E

(23)
.o tan"'(-y) m—tan” y
= -
@ Do (24)
dv| o, EQ+y1+2)
dt|, m—tan" g
B y(+4l+2%)
- -1
LI, m—tan (25)
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Key Points

* Damping ratio, initial current factor, damping and natural frequency
* Known parasitic inductance, reverse recovery current and blocking voltage

* Expression for peak voltage and dv/dt in terms of damping ratio and initial
current factor

So, we did some derivations and you saw some big big expressions and equations solving out.
So, do not get lost in the equations or the derivation, what we did was that that we first applied
the KVL we got the equations and then we got the solution for i current for the RLC circuit, then
those who are standard solutions and then you have to get the constants applying the initial
condition, once you obtain that from there we found out the expression for e which is your 1
minus di by dt once you have the equation for 1, then you can do differentiation of it obtain di by
dt and then from there you can obtain the equation for the device voltage e which is what we

want to limit the peak value and also the rate of change the dv by dt.

So, our objective of the derivation is to obtain the peak voltage E1 and this E1 by t1 that is the
initially how the voltage changes. So, for that, we solved it and we saw what are the conditions at
which the slope dv by dt can be positive and then we obtained those expressions in terms of zeta
and chi your damping ratio and the initial current factor. So, that is what overall in the derivation

that we had done.

And here your damping ratio initial current factor, damping frequency and natural frequency
these are the important terms that you should be remembering for this derivation and further
when we see this snubber design. And what is known here the parasitic inductance value Lp is
assumed to be known and that means, you have some idea of what it is and the reverse recovery
current Irr also you should be having some idea of it or an estimate of it and what is the blocking

voltage capital E that usually we will be knowing based on for which circuit you are doing this



snubber design. And as I told you, what we have finally found out is the expression of the peak
voltage and the rate of change of the voltage that is your dv by dt in terms of your damping ratio

and initial current factor. Thank you.



