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Module 11
Quarter and half wave plates, analysis of polarized light,
optical activity, plane wave propagation in anisotropic media

Hello everyone, welcome back to my class. Today, we will study Plane Wave Propagation in
an Anisotropic Media. While introducing you double refractive index media or birefringent
medium. | introduce n, and n, the refractive index for ordinary ray and refractive index for
extraordinary ray. Now, the expression for n, is very simple n, = c/v but the expression for

n, was quite complicated and it was direction dependent.

Now, after this topic we would be able to see how that expression for velocity of extraordinary
ray are refractive index of extraordinary ray was is derived, or what we can say is that the
medium properties are direction dependent in an anisotropic medium, while medium properties

are direction independent in isotropic medium.
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Plane Wave Propagation in Anisotropic Media

The difference between an isotropic and an anisotropic medium is in the
relationship between displacement vector D and the electric vector E

In an isotropic medium, D is in the same direction as E,
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where € is the dielectric permittivity of the medium.

On the other hand, in an anisotropic media D is not, in general, in the

direction of E.
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Now, these things are mathematically understood through a relation between displacement
vector D an electric field E. In anisotropic medium D is in the same direction as E and
therefore, the equation number 32 holds for isotropic medium and which equation 32 says that
D = €E. Where € is nothing but the usual dielectric permittivity of the medium. On the other
hand, in anisotropic medium D is not in general in the direction of E, in that particular case the
€, the dielectric permittivity it becomes tensor and to represent tensor we resort to matrix

representation.
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In an anisotropic media

D, €xx Sy Exz)|Ex
Dy =[fyx/§yy fyZ] E, (33)
D

€28 €2y €u)|E,

/4
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One can show that

€xy = €Eyxs €xz = Ezxy €y = €gy (34)
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Further, one can choose a coordinate system such that

Dy =€y Dy =¢€Ey; D, =€k, (35)
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Therefore, in anisotropic medium this relation holds between D and E. Where the matrix on

the left-hand side is component matrix of displacement vector D, this matrix is the component



matrix of electric field E and this 3 by 3 matrix, it represents the tensorial nature of the dielectric

permittivity.

In usual anisotropic media one can show that off diagonal terms are the same, what | mean to
say is that this term is equal to this term while this term is equal to this term well, and this term
is equal to this term which are given by equation number 34. With this we can see that we are

left with only 6 unknown term in this three by three matrix of permittivity tensor.

Now, if we rotate our coordinate system, then what will happen is that the values of this three
by three matrix element changes. Now, if we align the coordinate system in such a way that
only diagonal terms are nonzero, then such a coordinate system is called principal coordinate
system and the axis are called principal axis. In principal coordinate system or principal axis
system, we will be left with only diagonal terms that are €,,, €,, and €,,. Now, for brevity

instead of writing €, from now onwards we will just write €,.

Therefore, in this rotated coordinate system, we would have these relations D, = €,Ey, D,, =
€yE,, D, = €,E,. Now, this coordinate system is known as as | said before principal axis
system and the quantities €,, €, and €, are known as principal dielectric permittivity of the

medium.
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This coordinate system is known as the principle axis system and the
quantities €, €, and €, are known as the principle dielectric permittivity of
the medium.
If,

, J

\ex #€,#¢€, | (biaxial) (36)

Therefore the principle refractive indices are

€y € €,
ne= |—, ny = 2 n=|— (37
4 €p €p €o

Now, there are two cases, the first case is of biaxial system where in €, # €, # €,. Anisotropic

material in which this relation holds is called biaxial material or biaxial crystal. And in these



type of crystal the principal refractive indices are given by equation number 37 which says that
Ny =/ €x/€o. Similarly, n, = /€, /€, and n, = \/€,/€,.
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and if,

\I@ (uniaxial) (38)

we have what is known as uniaxial medium with the z —axis representing

the optic axis of the medium. The ordinary and extra-ordinary refractive

indices are defined as S
v

Vs
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And the second case is when €, = €,, # €,. For the crystals were in this relation holds are

called uniaxial crystal. Now, in such a medium z axis represents the optic axis, the ordinary

and extraordinary refractive indices in uniaxial crystals are defined as n, = J €x/€0 = \/ €y /€0

and n, which is extraordinary index which is equal to n, it would be equal to /€, /€,. Because

Ny =N, # N

This is your n,, this is your n,,, but we know that n,, = n,, because €, = €, this is not equal to
n, therefore, there is a separate definition n, or n,.. But for isotropic medium all € are the same,

€x = €, = €,. Therefore, there is no some specific directions like principal axis.
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For isotropic medium, any three mutually perpendicular axes would work
S ——

as the principle axis.

iy

We will assume the anisotropic medium to be non-magnetic so that

B=yuH (41)
e

where y, is the free space magnetic permeability.

Let us consider the propagation of a plane electro-magnetic wave

_E = Egeltr=ut) o i:@ (42)—

D=ppilcut) =, [ 43)~
D=0y g @
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For isotropic medium therefore any three mutually perpendicular axis would work as a
principal axis. Now, we will assume the isotropic medium to be nonmagnetic, this would
simplify our mathematics therefore, B = uoH. Where u, is the free space magnetic

permeability you are hearing these two words permittivity and permeability.

| assume that everybody is aware of B, H, D and E but permeability means the ease with which
a material be magnetized in an external magnetic field. Similarly, permittivity is the ease with
which material be polarized in an externally applied electric field. These were the introduction

of the material, there is the properties of the material medium.

Now, we will assume that a plane wave plane electromagnetic wave is propagating in such a
material medium. The electric field and the displacement vector for the electromagnetic wave
can be expressed by equation number 42 and 43 respectively. Where 42 we have expression
for electric field and in 43 we have expression for displacement vector D. You see here we

have k.r — wt in the exponent.

Now, to just let you know that this term k.r — wt represents a plane wave because at t=0 we
are left with k.r and this equation represents equation of a plane. Because say if this is the
direction of k and if you draw a plane here and from this point say this is r; and say this is r,
these are the two vector then the projection of these two vectors on k they will decide k this

expression k.r.

Now, if r; and r, are in the same plane, if they are in this plane then only k. r would be constant

then only we will get same projection on the k vector direction. If this is the projection, then



they will fall on the same point if and only if r; and r,, lies in a plane. This is why this equation
42 and 43 represents plane electromagnetic wave. The phase front is plane, the locus of points
which are oscillating in the same phase they create a plane and this is why this wave is called

plane wave.
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H= Hoei(k.r-wt) _ (44L
B = Byeilkr-ut) (45).

The wave velocity v, and the wave refractive index n,, are defined as

S — —

(s
Thus, |[(| =k= %nw X

Now we will determine the possible values of n,.

. Optics-A. Ghatak

Now, similarly, the expression for H and B field is given by equation number 44 and 45, we
know that the wave velocity and the wave refractive index are defined by this relation where
v, = w/k = c/n,,, this relation we already know. We know that refractive index n = c¢/v and
this is exactly what is written here, instead of writing v and n we are writing n,, and v, just w
represents the wave and wave vector k = (w/c)n and if you take the modulus the vector sign

with direction will go away and the modulus is equal to k = (w/c)n,, we know all these things.

Now, we will determine the possible values of n,, what are the possible values of wave
refractive index which we get in birefringent crystal. Now, since the medium is dielectric from
the Maxwell equation, first Maxwell equation we get V. D = 0. Here we have assumed that the

charge density is 0, no charge density.
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In a dielectric medium

M =0 (47)
i(keDy + kyDy +k;D;) = 0 — - (48)
Dk=0] (49)
D is always right angles to k. 5LE

Similarly sifze in a non-magnetic medium, _@v’ﬂ =0.

H will always be right angles to k.

In the absence of currents (J = 0), Maxwell’s curl equation become

BE
—
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For isotropic medium, any three mutually perpendicular axes would work
S —————l
as the principle axis.

e —

We will assume the anisotropic medium to be non-magnetic so that

B=uH (41)
— _ameaid

where i, is the free space magnetic permeability.

Let us consider the propagation of a plane electro-magnetic wave

_E = Egel(ed)

\‘\‘(1:(,_{
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Now, in the component form equation 47 can be written as equation number 48. Now, you see
that you are getting here k,,, we are getting k,, because we have used equation this equation for
D equation number 43. If you take the divergence of 43 you will get equation number 48. From
here you see that this equation is nothing but it is dot product between D and k and this is equal
to 0.

Since the dot product between D and k is equal to 0, it means that D is at right angle to k they
are perpendicular because the dot product between two quantity A and B is equal to ABcos(0)
and if 8 = 90 degrees then this dot product is 0 and therefore, equation 49 says that D is
perpendicular to k. Similarly, in a nonmagnetic medium we have divergence of H=0 and from

here we can derive H is perpendicular to k.
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VXE=-—=iwB = iwy, (50)
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oD
VxH=—=-iwD (51

where we have assumed the medium to be non-magnetic

E=Epe'® 00— (52)
Retodc gt
Then,

dE, OE
(TxB) =357 (53)
—
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In a dielectric medium

M =0 47)
i(kyDy + kyDy + k;D;) = 0 — _ (48)
Dk=0] (49)
D is always right angles to k. %L"’:

Similarly sifze in a non-magnetic medium, Div.H = 0.
p—m
H will always be right angles to k. 3 LK

In the absence of currents (J = 0), Maxwell’s curl equation become

b
—
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Now, in the absence of current, the Maxwell's curl equation that is curl E and curl H, it can be
written in this form equation number 50, V X E = —dB/dt, and the expression of B we already
know it is given here 45. If you take the time derivative of the B you will get iwB and B =

uoH therefore, you get this final expression for curl H.

Similarly, for VX H = dD /ot + ] but J=0, we already we have already assumed that there is
no current density J is equal to O therefore, it is equal to —iwD. Now, we know that E is
expressed as E = Ege'(®"=%) Now, let us take the x component of equation number 50. In
light of equation number 52. Now, the x component of curl E would be given by 9E,/dy —
0E, /0z.
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(VXE), = (ikyEOZ = iszoy)ei(k'r""t)
& i(kYEZ - szy)

(T¥E = i(k X E), - (54)

Thus,
/‘ VXE = i(k X E) = iogoH (55)

T
H=—(kxE) (56)
WHo
and

VxH=i(kxH)=-iwD (57)
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VXE=-—=iwB = iwyyH (50)

— O, = -
aD

VYXH=—=-iwD (51

where we have assumed the medium to be non-magnetic
E=Epe'® o) — 8 (52)

Then,

=2 L 5
(VX E)y y (53)
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And if you take the derivative of the E, with respect to y and E,, with respect to z then you get
these expressions after a little bit of simplification, the x component of curl E looks like this
i(k X E),. Therefore, full vectorial equations looks like this if you just combine all x, y and z
components then curl E is equal to ik X E which is equal to iwu, X H. Now, from here you
can write the expression of H which is nothing but 1/wuy(k x E). Similarly, for curl H the

fourth equation like fourth Maxwell equation we can write this expression.
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Eqn. (56) and (58) show that
is at i Hi (R,E43)
H is at right angles to k, E, and D HL (K,E&T

it means k, E, and D will always be in the same plane
Substitute Eqn. (56) into Eqn. (58) and use the vector identity
(AXB) ><_C = (A.C)B -(B.0O)A (59)

I 1
/ D= T [(k.k)E - (k.E)k] (60)
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(VX E)y = (ikyEoy = ik,Eqy )e'®7 =99

= i(kyE, - k,E,) -

(7¥Eh = i(kxE), - (54)
Thus,
}’ VXE =i(kxE) = iwgH (55)
SED I
and i
w_u:umm:-@ (57)
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And from here we get the expression for D here D is here on the right-hand side and the
expression D = 1/w(H X k). It means D is perpendicular to H as well as D is perpendicular
to k. This is what equation 58 says. Similarly, this equation says that H is perpendicular to k as
well as H is perpendicular to E.

Now, it means H is at right angle to k, E and D, these equations basically with equation number
56 and equation number 58 we conclude that H is at right angle to k, E and D. And it means Kk,
E and D will always be in the same plane, which is very much obvious, H is not perpendicular

to three quantities. Therefore, k, E and D will always be in the same plane.

Now, we will substitute equation number 56 into 58 here this is our equation number 56 which

has the expression of H we will substitute it into 58. We will replace this H with the right-hand



side of equation number 56 this. With this substitution and we will use this identity which says

that A X B X C = (A.C)B — (B. C)A with this we get this expression for displacement vector
D.
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Thus
K ;
D=w2—‘u0[E—(®E = (61)
B
D= E% [E - (K.E)K] (62)

where & = k/k represents unit vector along k
Since

Dy = €4y = eonEy (63)
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Now, let us simplify it we take k the magnitude of k outside of this bracket then equation
number 60 becomes a equation number 61. A further simplification leads to equation number
62 you are seeing k. k = k/|k| which is unit vector which points along vector k, and we know

that D,, = €, E, which is in principle coordinate system and e, is nothing but e,n2 which we

already which we have already seen.
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The x —component of Eqn. (62)

‘fo,lloCZnZ
n—szx = Ey - iy (e Ey + 1By + ,E,) (64)

w

Since ¢? = 1/(€qlg), we have

ﬁ-xz—xz Ey + KykyEy + Ky yE, = 0 (65)
ne Yy Z x/(xfy'y xXh2HZ
PN SRS ]

w

where we have used the relation %f +id+iki= }



The x —component of Eqn. (62)

22
|Eothoc’ny

7 Ex=Ex- ety + By + K,Ey) (64)
w

Since ¢? = 1/(€qlg), we have

2
(—; -k~ K;) Ey + ixiey Ey + it Ey = 0 (65)
gy st
SR BN | T

where we have used the relation %ﬁ +rd+ki= 13

Therefore, the x component of equation number 62 can be written as this. The equation number
62 the x component of equation number 62 is written like this here. Where in what we did is
that we pick the x component of D then the x component of E and x component of k, k which
is outside the bracket. Now, we already know that c? = 1/e,u, bit of simplification gives

equation number 65.

This looks a bit complicated and here we have used that k7 + k3 + k7 = 1, this is property
which you can use easily here. Now, do notice that this k which is different from wave vector

k or unit vector, these are the components of the unit vector k in this let us call it «, k, K, they

are and k,they are component of the unit vector k.

(Refer Slide Time: 17:35)
I

Similarly,
2
n
uﬁ-‘ Kelty By (—;’—K; —K;f') Ey + kyk,E; = 0 (66)
S/ N : gz
2
1o Kyk,Ey + KyiE. +(n—Z—K2-K2)E =) (67)
6, xKzLy T KyKzLy nﬁ, g Ty 1Hg =L ‘
7/

Since the Eqn. (65), (66) and (67) form a set of three homogenous

equations,
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The x —component of Eqn. (62)

2 Ey = Ey - ky(keEy + Ky Ey + ,E) (64)
Since ¢? = 1/(€qlg), we have
LA -
(% - Ky~ Kz) B +/;‘c,(;yEy +xyk,E, =0 (65)

where we have used the relation %f +rd+ki= }

Now, similarly, we can write the y component as well as z component. This is our E,
component this is y component and this is z component of the same equation. Now, these
equations equation number 65, 66 and 67 they are the component of the same equation and

there are three homogeneous equations you see on the right-hand side here we have 0.
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For non-trivial solutions,

Kkt — — % — i Ky, | =0 (68)

Ky Kyk; Ky~ Ky
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Therefore, for non-trivial solutions the determinant of the coefficient matrix must be O.

Therefore, we equate this coefficient matrix to 0.
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For a given direction of propagation (i. e. given value of k,, k, and k),
e -

>

the solution of Eqn. (68) gives us two allowed value of n,.

From Eqn. (68), it appears as if we will have a cubic_equation in nﬁ,

which would give us three roots of nZ. However the coefficient of n,

=

will always be zero and hence there will be always two roots.
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For non-trivial solutions,

n
Kk P K~ Ky, [=0 (68)
Ny =
\ ) - =
Kk Kyk i =i
xKz yz @ x Ny ‘
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Now, for a given direction of propagation that is for a given value of k,, k,, and k,, the solution
of this equation number 68 this determinant gives us two allowed values of n,,,. But if you look
into equation number 68 then you say that n2, is coming here, here, here. It means that we will
have an equation which will have n,, to the power 6 as dominant order and then the order will

appear in this equation.

Now, therefore, from equation 66 it appears as if we will have a cubic equation in n?,, it means
the dominant order would be nZ, to the power 3 that is n$,. Which would give us three roots of
n2,, but the coefficient of ng will always be 0 and hence there will be always two roots, there

would be only two roots of n2,. Now, | stopped today's lecture here, we will continue with this



derivation in the next lecture and then we will see what would be the final expression of n, and

n, in uniaxial crystal. Thank you for joining. See you in the next class.



