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Lecture 67
Normal modes of Triatomic Molecule using Mathematica
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In this video, | would like to revisit the calculation of Triatomic Molecule and this time | want to
show how to do it using Mathematica. However, you may use whichever programming language
you prefer to use, for example, Python or any other one. This is the one which I know and | use.
So, | am going to describe the competition using this one and | hope after this, 1 would have
encouraged you enough to or persuaded you enough to use certain computational tools to also do

the competitions or check the competitions.

And these are also very useful if you are trying to give a lesson in the class. So, let us begin now
what | will do is I will start by bringing in some images of the lecture which I gave. So, | have

put them on my desktop and | am going to insert it here.
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So, there is a way to insert, no not here, insert. So either | can provide the path or | can directly

just I will show you how to do it.
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So we go here. This is one of the files. | bring it here. So, see it is more like a document to me
now, where not only | have calculation, but | have for example the notes. So, this is what we

were talking about Triatomic molecule earlier and here is the matrix U.
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Let me input this matrix, | should come out of the cell and let me define matrix U. To be have to

input an array or matrix, which is also an array. So | start, (())(02:28) need to have three rows or

three columns, | put it like this.

So, first row is k minus k 0, k minus k, 0. Second one is minus k, 2 k, minus k and third one is 0,
minus k, k. I am not sure whether you can see it nicely, so | can try to do formatting, it appears to
be slow. Let us see. Maybe | should select first. Nothing works. So | do not know, so | can show

you this way. So, this is what | have input here. Now let us shift enter.
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Inf3):=
U = {{k, -k, 8}, {-k, 2k, =k}, {0, =k, k}} // MatrixForn
Out[3)//MatrixForm=
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Let us see whether all good by putting it in matrix form. It automatically shows you the option so

| have put it like this here and now | can compare with what | have here in the slide. k, minus k,

0 minus k, 2 k, minus k, 0 minus k, k. So this is fine.
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b {-k, 2k, -k}, {0, -k, k}} // MatrixForn




U = {{K, =K, 8}, {=K, 2K, =K}, {8, =K, K}} // MatrixForm

MatrixForm:
k -k 0)
-k 2k -k
0 -k kj

N7

=

Now let me go back and pull out the other Molecule 2. So, | will take it here let us see. Now this
has is too big. Now, if you see here you will recall that now | have to multiply the matrix U,
which is here in the center with these two diagonal matrices which contains the one over square

root 2, square root of the masses. So, let me do that now.
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mass = {{1/Sqrt[nl], 8, 8}, {0, 1/Sart[n2]}, {8, 8, 1/Sqrt[m3]}) // HatrixFon

Uprime =
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mass = {{1/Sqrt[n1], 0, 0}, {6, 1/Sqrt[m2], 6}, {8, 6, 1 Sqrt[n3]}} // MatrixForm

So, here I will remove a Matrix form, otherwise it will not manipulate, so | shift enter again. So,
that it is the correct expression is loaded. Now, | define U prime, so remember this product of
these three matrices is what we were calling U prime and so | say U prime is equal to before I do

that let me first define this matrix let us call it mass, mass matrix.

Which was defined to be this, so what is that here if you see 1 over square root of m1 this space
here in the, in the image here as | define 1 over Sqrt and m1 00 0 1 over Sqrt and m2 0 0 1 over
square root m3 reduce the size of the that m3. Let us check, by putting MatrixForm whether |
have inputted currently, something is, | mean of course, this is wrong here. This one should have

worked. No, that is having a problem here. | should put a 0. Now, this looks perfect.
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mass = {{1/Sart[s1], 0, 0}, {6, 1/Sart[n2], 0}, {8, 6, 1/Sart[n3]}} ;

So, | again as before | remove this and run it again and if 1 want to hide it, I can just put a

semicolon and then run it this will not show the result.
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So, I have this matrix and to construct U prime | should write U prime, prime is equal to mass, |

think it should be a dot yes dot and U times mass.

You do not need to create a transpose because this is a diagonal matrix. So, that is no problem.
Shift Enter and let us see what we get again to see the result clearly MatrixForm. That is the
matrix which we have, let me see if | have my older note. Anyway. so that is the m prime, U
prime. Now, in the lecture | had identified m1 and m3 to be small m and m 2 to be capital M. So,

that is what | am going to do now.
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mass = {{1/Sqrt[nl], 8, 0}, {0, 1/Sqrt[n2], 6}, {8, 6, 1/Sqrt[m3]}};

Uprine = mass.U.nass /. {nl=n, a2+ N, n3 + a};
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So here, let me remove this again. That purpose, it has solved the purpose, let me put slash dot
meaning | am going to replace and m1l is replaced by small m and m2 the middle atom has a
mass capital m and the third one as mass m small m. So, these are the replacement rules | have
given and let us see, that is nice. Everything looks fine, that is that is good. So, | put a semicolon
here, so that | do not see the output. Now, this is the U prime and if you recall this is the matrix

which gives us the normal frequencies, the Eigen frequencies of the normal modes.
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mass = {{1/Sqrt[nl], 8, 8}, {6, 1/Sqrt[n2], 6}, {8, 8, 1/Sqrt[m3]}};
Uprine = mass.U.nass /. {mlom, m2 W, 03 -+ n};

onega2 = Eigenvalues[Uprime] v
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So, | should find out the Eigen frequencies here and for that | just look at the Eigen values
selected this of U prime that will give us the omega square omega 2 which the 2 is to remind us
that we are looking in the squares. Let us see what happens, it gives the result nicely. That is very
nice, what is that, it that happened because others had to struggle to simplify but anyway, my

students in the class. Anyway, so this is the, these are the omega squares and if you take the

square roots you will get the frequencies.
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mass = {{1/Sqrt[m1], 6, 6}, {6, 1/Sqrt[m2], 6}, {8, 6, 1/Sqrt[m3]}};
Uprime = mass.U.mass /. {nl-m, m2+ M, n3 » n};

omega2 = Eigenvalues[Uprime]
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{9';' M }



Let me just try to do reduce simplify, let me simplify here. See if something happens, this is
more familiar, this is what we have already seen in the lecture. So, you get the frequency here, let
us, let us keep it that way and not hide it. So, as far as the frequencies are concerned, this is the
result. Now, | go to another block here and now I want to find the normal coordinates and for

that I will have to find the Eigen vectors of U prime.
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omega? =Simplify[Eigenvalues[Uprime]]
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So, Eigen vectors it is built in. So, it is very nice that | do not have to write a small program or
something to create to obtain the Eigen vectors that it can Mathematica can do it for us. So, it is
nice. | write U prime. That is all that is all that | should do. Eigen vectors. Eigen U prime. That is

the name | am giving this to this expression. Let us see, nice. It gives something. That is good.
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mass = {{1/Sqrt[nl], 8, 8}, {0, 1/Sqrt[m2], 6}, {8, 8, 1/Sqrt[m3]}};
Uprime = mass.U.mass /. {ml=mn, n2= W, 03 =+ n};

onega2 = Simplify[Eigenvalues[Uprime]]
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i+ eigenlprine = Simplify[Eigenvectors[Uprine]]
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Let me see if | put a simplify whether it can put the these two capital M and small m in 1 square

root, simplify. Does it? No, no.
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We can try again. We can say that, | am assuming. See, Mathematica is always trying to be very
careful. It is assuming that the capital M and small m are complex. It is not taking chance and it
is saying maybe they are complex, so we tell it that, no you can relax a bit. Because the small m

is greater than 0 and also, this one will work. Let us see. Good.
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So maybe capital M also if | put. So, | have done something wrong, probably | should have done
this yes. Now this is good. So, this is correct. So, | have found the Eigen values of the matrix U

prime. Now, if | want to diagonalize the matrix, | should construct the diagonalizing matrix.

For that | have to take all these Eigen vectors and make the matrix O by putting these as column
vectors. So, that is what | am going to do, but | have to remember that | should put only the
normalized Eigen vectors, if they are not normalized, | am not going to get the orthogonal matrix
s0. So, let me first normalize this and nice thing is that Mathematica has this function also has

built in functions.
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mass = {{1/Sqrt[m1], 6, 0}, {0, 1/Sqrt[m2], 6}, {8, 6, 1/Sqrt[m3]}};
Uprime = mass.U.mass /. {ml=m, n2 < M, m3 + n};

omega2 = Simplify[Eigenvalues[Uprime]]
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So, I just put Normalize and what should I normalize, | should normalize E | G E N, it is better if
| copy paste this thing. Otherwise, | may introduce a, let us see whether it works. I think it will
not work. Let us see. It does not work. So, it says the first argument | hope you can see, let me |

am sorry, | did not enlarge it.

Now you can see whatever | have done till now. So, it is saying the first argument is not a
number or a vector, which is true because | have given an array rather than a vector. So, what |

should do is say here these are three vectors, one vector, two vector and third vector here.
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N1 = Normalize[eigenUprime[[1]]]

So what | should do is I should select one of the vectors and that | do by doing let me we check

yes it is absolutely correct, let us say the first entry of the array. If I do this, it should give an

answer. Again, Mathematica is trying to be very careful and we can again tell it to be a bit

relaxed by telling, let me check.
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I do not know whether this will work let us see assumptions. Again, the same thing. Copy and
paste here, let us see whether that works. No it does not work.
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I will remove it and this is fine anyway. Now | say simplify and that simplify | can bring with
these assumptions. So, | copy paste this thing. I could have defined this as a rule and could have

used this.

But anyway, for now, | will just copy paste. Let us go, let us see. So, better than before. So, now
it is, it is not worried so much about whether it is complex and it is taking the square root of
complex number, it happily puts everything under the square root. That is nice. Let us see, now |

should get all the three. So, three, all the three | want to normalize.
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= Simplify[ Normalize[eigenUprine[[1]] ], Assumptions = {m>@, H>8}];

= Sinplify[ Normalize[eigenUprine[[2]] ], Assusptions = {n>8, K>0}];
N

= SinpLify[ Normalize[eigenUprine[[3]] ], Assusptions + {n>8, H>0)];

Cell

So, N1 is the normalized Eigen vector 1. | can just copy paste this. Of course, you can do it in a
much better way, but I can just do simply here and N3, you see it shows in blue if it is it has not
been executed. Now | will run all the three and let me put see that is correct. That is good, so we
have this result now for these three Eigen vectors, which are normalized. Let me hide the results.
| put it like this.

(Refer Slide Time: 20:01)
UULLL‘JF 11*’«\JH’ J.j, '|_m, J.I,IJ_’ ELQH,LIJ\

3= N1 = Simplify[ Normalize[eigenUprime[[1]] ], Assumptions
N2 = Simplify[ Normalize[eigenUprime[[2]] ], Assumptions
N3 = Simplify[ Normalize[eigenUprime[[3]] ], Assumptions

n42= OMatrix = {N1, N2, N3}

1 M 1 1 1 1
=l e L)
n m M




{{I,J;,l},{-llm 1),{1,_2\‘;,1}}

i36)= N1 = Simplify[ Normalize[eigenUprime[[1]] ], Assumptions - {m>8, M>0}];
N2 = Simplify[ Normalize[eigenUprime[[2]] ], Assumptions = {m>8, M>8}];
N3 = Simplify[ Normalize[eigenUprime[[3]] ], Assumptions = {m>0, M>8}];

3= OMatrix = {N1, N2, N3} // MatrixForm

xForm .
1 L] 1

241 \‘IEMM 2+

,
sl

-

1
7
1
2440
‘"J

0
m
-2
Syt 4ms2M
-

Now I construct an orthogonal matrix which 1 will call O, I hope it is not something built in. Let
me see, just to test O equal to 1 does it work? No, It work. No O is protected. See, it says that

symbol o is protected. So, I should not use this. | can define O metrics, then it is fine.

Now | can write it as. So my matrix O matrix, which is what was in the notes called O, was this
matrix and the entries are the vectors N1, I think I am doing a mistake, | should not put all this
N1, N2, N3. Let us see. | do get a matrix, let me put it in MatrixForm. In fact, let me just tell you
that before giving that lecture, | had calculated everything in Mathematica to be sure of all the
factors and all the competition and then only | had made my lecture instead of doing things by

hand.

So, this will be useful for you also to practice. Now, this is the matrix. Let us check whether this
is right. So, let us do some tests on this. Let me do something which most likely is not going to

work and then we will fix it.



(Refer Slide Time: 21:39)
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nl44= Transpose[OMatrix]
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241 2m+M 241
Copy to clipboard n n
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1 n 1
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244 4m+2M 2440
/
J
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So, | say transpose of O matrix, transpose | want to find the transpose of this matrix. Let us see.
Let that work, it should not. No, it worked that is (())(21:59). You see, it just left behind
transpose.

(Refer Slide Time: 22:07)

il i V"

a8 N1 = Simplify[ Normalize[eigenUprime[[1]] ], Assumptions = {m>@, M>6}];
N2 = Simplify[ Normalize[eigenUprime[[2]] ], Assumptions = {m>08, M>8}];
N3 =Simplify[ Normalize[eigenUprime[[3]] ], Assumptions - {m>0, M>8}];

o= OMatrix = {N1, N2, N3} // MatrixForn| Y

1\
242
V =
1

Al43)//MatrixFor

1 M
v M
241 \2m+
Vv n
1

i ] =
2 V2
1 mn 1
=2
4 M
p4in m+2 244n
M N
/
sl44)= Transpose[OMatrix]

1 M 1)
M M
24 28f ,2+-

E"ﬂ l




T ’ T

i3tl= N1 = Simplify[ Normalize[eigenUprime[[1]] ], Assumptions =+ {m>@, M>6}];
N2 = Simplify[ Normalize[eigenUprime[[2]] ], Assumptions = {m>0, M>8}];
N3 = Simplify[ Normalize[eigenUprime[[3]] ], Assumptions =+ {m>8, M>8}];

OMatrix = {N1, N2, N3}

Inj44}= Transpose[OMatrix]

1 L} 1 |
24! ZuH 242

0 5\
0 * g

And the reason is this MatrixForm so | should remove it and do a Shift Enter. | cannot see it.

(Refer Slide Time: 22:15)

Inf38}= (] SimpLity| Normalize[eigenUprime[[1]] |, Assumptions = {m>8, M>8}];
N2 = Simplify[ Normalize[eigenUprime[[2]] ], Assumptions =+ {m>@, M>0}];
N3 = Simplify[ Normalize[eigenUprime[[3]] ], Assumptions -+ {m>8, M>8}];

Inisst= OMatrix = {N1, N2, N3} 1

w_j{{l M 1 1,9’1 ;,_2 n 1

242 0¥h F}’{_E J_E}, 2448 AuEEN 2+ﬂ}}
" [l !

inae}= Transpose[OMatrix]

1 11 1 n 11 1
-L\-:s—{{ 2*!’-_2’ 2+‘_“},{ M’B"z 4m+2M},{\/§,E, 2+2}}

n ] [




Inj38}= ] SimpLity| Normalize[eigenUprime[[1]] |, Assumptions = {m>8, M>08}];
N2 = Simplify[ Normalize[eigenUprime[[2]] ], Assumptions -+ {m>8, M>8}];
N3 = Simplify[ Normalize[eigenUprime[[3]] ], Assumpticns =+ {m>@, M>8}];

nl47= OMatrix = (N1, N2, N3} }

n4e}= Transpose[OMatrix]; Y

But | mean, | cannot see it nicely now. But the competition will happen. This is nice. So, | have
got the O matrix, Orthogonal matrix and transpose matrix. Let me hide outputs, there is, I am not
going to, do not really need to see them. Now, | should have given a name here. O matrix, that is
what will be. Now | should run it again. Now, let us check whether the matrix which I have

constructed it is really orthogonal.

(Refer Slide Time: 23:03)

outj29)= {{1) Jg: l}: {-1, 0,1}, {la '2\]%) l}}

in38= N1 = Simplify[ Normalize[eigenUprime[[1]] ], Assumptions = {m>0, M>0}];

N2 = Simplify[ Normalize[eigenUprime[[2]] ], Assumptions = {m>0, M>0}];
N3 =Simplify[ Normalize[eigenUprime[[3]] ], Assumptions = {m>0, M>0}];

nfe7}= OMatrix = {N1, N2, N3} ;
infeg}= OMatrixT = Transpose[OMatrix];

OMatrix . OMatr

OMatrix

OMatri ,\T




ou29) {{l, Jg, l}, {-1, 0, 1}, {l, —ﬂjé, 1}}

ifze}= N1 = Simplify[ Normalize[eigenUprime[[1]] ], Assumptions = {m>@, M>0}];
N2 =Simplify[ Normalize[eigenUprime[[2]] ], Assumptions = {m>@, M>0}];
N3 =Simplify[ Normalize[eigenUprime[[3]] ], Assumptions = {m>0, M>0}];

n47= OMatrix = {N1, N2, N3} ;
inf49= OMatrixT = Transpose[OMatrix];

ns0- PMatrix . OMatrixT

X

M 2 M m 2 M
outf50}= {{ t—, 0,2 | —— —+—}, {o, 1, 8}, {‘2 — .=
n+M 9.t 2m+MA 4m+2M in W 2m+M A 4m
: 2+7 2+;

i)

igenUprime[[1]] ], Assumptions = {m>0, M>0}];
igenUprime[[2]] ], Assumptions = {m>0, M>0}];
digenUprime[[3]] ], Assumptions = {m>0, M>0}];

Copy to clipboard.
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So, | should get O matrix dot O, see already shows this. | should get unity. It does not. Most
likely. It is correct. Let us see. It does not look like everything is good, but I will. Let me call it,

we will just simplify. Let us see whether it works. Let us see. So, | have first entry is 1.
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o o [ 0, 2 )

3= N1 = Simplify[ Normalize[eigenUprime[[1]] ], Assumptions = {m>@, N>6}];

N2 = Simplify[ Normalize[eigenUprime[[2]] ], Assumptions = {m>0, M>0}];
N3 =Simplify[ Normalize[eigenUprime[[3]] ], Assumptions = {m>@, M>0}];

nf47= OMatrix = (N1, N2, N3} ;
inf49}= OMatrixT = Transpose[OMatrix];

A =Simplify[OMatrix . OMatrixT, ]

oulz9le {{1, \E, 1}, {-1,0, 1), {1, —2\}%, 1}}

ifze)= N1 = Simplify[ Normalize[eigenUprime[[1]] ], Assumptions = {m>@, M>0}];
N2 = Simplify[ Normalize[eigenUprime[[2]] ], Assumptions = {m>0, M>0}];
N3 = Simplify[ Normalize[eigenUprime[[3]] ], Assumptions = {m>0, M>0}];

inf47= OMatrix = {N1, N2, N3} ;

In49= OMatrixT = Transpose[OMatrix];

mis2h= A = Simplify[OMatrix . OMatrixT, Assumptions = {m>0, M>0} ]

ouls2= {{1, @, 0}, {0, 1, 0}, {0, 0, 1}}

So, the let us call this matrix as not A that is a bad name to give, but A11 will be 1. So, this one
is correct. The second is 0. We expect this thing to be 0. At least the signs are opposite that gives
a confidence, M most likely these two terms will, the M goes up, (())(24:23) the M goes up to M
plus for small m 2 capital M plus 4 small m this is correct. That is correct. This looks correct,

actually, this is correct and we want to make it explicit term.

So, let us try this thing again. Hopefully it will work. Perfect you see this is a diagonal matrix
now. So, we have checked that the matrix that I have constructed is orthogonal. If you wish, you

can also multiply O transpose times O and check it will again come out to be identity. So, that is



good. Now this matrix should diagonalize my U prime and if | remember correctly that is what

we call lambda, so let us use lambda.

(Refer Slide Time: 25:30)

Inf22)=
mass = {{1/Sqrt[m1], 0, 0}, {0, 1/Sqrt[m2], €}, {6, 0, 1/Sqrt[m3]}};
Uprime = mass.U.mass /. {ml1-m, m2- M, m3 5 m};

omega2 = Simplify[Eigenvalues[Uprime]]

k (12
outz4)= {0, = 8k _+_}
b om \m M

in2s}= eigenUprime = Simplify[Eigenvectors[Uprime], Assumptions = {m>0, M>0}]

oulzs)- {{1, Jg, 1}, {-1, 0, 1}, {1, -2J§, 1}}

inj3g= N1 = Simplify[ Normalize[eigenUprime[[1]] ], Assumptions = {m>0, M>0}];

N2 =Simplify[ Normalize[eigenUprime[[2]] ], Assumptions = {m>0, M>0}];
N3 =Simplify[ Normalize[eigenUprime[[3]] ], Assumptions = {m>0, M>0}];

nf47}= OMatrix = {N1, N2, N3} ;

4= OMatrixT = Transpose[OMatrix];

ns2i= A = Simplify[OMatrix . OMatrixT, Assumptions = {m>0, M>0} ]
ous2= {{1, 0, 0}, {0, 1, 0}, {0, 0, 1}}

In[53):=

Lambda = DMatrixT . Uprime . OMatrix

K4k K 4k 2k k _ k
vyl VZvavn =
m 204Tm VZYRAN V2R 2¢; # Vn 2¢4Tm W Vnn 2+; K
outf53}= {{ + y =2 +—
2
24+4m 244 2 m [244m 2
M m M
o £\
I J

o

Let us create a new L A M B D A is equal to O matrix transpose O matrix t times U prime, |
think | called it yes times O. If | have done everything correctly, | should get a diagonal matrix
and the diagonal entries should be the Eigen omega squares which we have already calculated
this thing here omega 2. This is what | should expect. Let us see whether that happens. It is not

looking very nice.
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n7i= OMatrix = {N1, N2, N3} ;
inf49}= OMatrixT = Transpose[OMatrix];
ins2i= A = Simplify[OMatrix . OMatrixT, Assumptions = {m>0, M>0} ]

ouisz= {{1, 0, 0}, {0, 1, 0}, {0, 0, 1}}

In[54):=

Lambda = |S1'mp1*i fy [OMatrixT . Uprime . OMatrix , Assumptions = {m>0, M>0}]

2m 2M
{k (4m +4mM+2 ﬁm\fM (2m+M) +M(M+2 m(2m+M Zk‘f“_*'k,f“

Out[54]= )
2mM (2m+M) 2(2m+M) 2
2m _ 2M 2m _
2k }1+ ’4+ L 2k }14- 4+; k(4m AN Z\Em\[
T 202mem) ’ _ (m M] 2(2m+M) ’
k) §
! )

But now we have a lot of experience. | should just simplify it and again, as before with those

assumptions, let us say yes. No. What happened? What it is worried about?

(Refer Slide Time: 26:56)

nl47;= OMatrix = {N1, N2, N3} ;
Inl4g}= OMatrixT = Transpose[OMatrix];

ins2}= A = Simplify[OMatrix . OMatrixT, Assumptions = {m>0, M>0} ]

ouls2= {{1, 0, 0}, {0, 1, 0}, {6, 0, 1}} A

In[55):=

Lambda = FullSimplify [OMatrixT . Uprime . OMatrix , Assumptions = {m>0, M>0}]

{ ((2m+M) +2M‘/m(2m+M) +2ﬁm\/M(2m+M)) 2k\’l+z_m+k1/4+z: [l 2)
J_k_-_

Out[55)=
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if47= OMatrix = {N1, N2, N3} ;

i4g}= OMatrixT = Transpose[OMatrix];

nfs2= A = Simplify[OMatrix . OMatrixT, Assumptions = {m>@, M>0} ]
ouis2= {{1, 0, 0}, {0, 1, 0}, {0, 0, 1}}

In[56):=

Lambda = FullSimplify [OMatrix . Uprime . OMatrixT, Assumptions = {m>0, M>0}]

Outlse= {{0; 0, 0}, {05 E, 0}) {01 0, k(%*;]}}

Maybe full simplfy. Not looking good. Actually, this is not at all looking good. Let us see what
has gone wrong? Could it be this, let us check, that was a problem. So, | should have written O,

U prime O transpose and | had done the opposite thing. But now with this, this is perfect.

(Refer Slide Time: 27:40)

{{l,\‘!i,l}, {-1,0, 1),[1,—2\}%.1}}

o= N1 = Simplify[ Normalize[eigenUprime[[1]] ], Assumptions = {m>8, M>8}];
N2 =Simplify[ Normalize[eigenUprime[[2]] ], Assumptions =+ {m>8, M>8}];
N3 = Simplify[ Normalize[eigenUprime[[3]] ], Assumptions -+ {m>8, M>8}];

1+ OMatrix = (N1, N2, N3} ;
#si= OMatrixT = Transpose[OMatrix];
A = Simplify[OMatrix . OMatrixT, Assusptions - {n>8, ¥>0} ]

({1, 8,0), {8, 1, 8}, {0, 0, 1}}

Lambda = FullSimplify [OMatrix . Uprime . ONatrixT , Assumptions - {m>@, M>8}] //MatrixForm
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IN[Z2):=
mass = {{1/Sqrt[ml1], 0, 0}, {0, 1/Sqrt[m2], 0}, {0, O,
Uprime = mass.U.mass /. {ml=m, m2- M, m3 = m};

~ {[Eigenvalues[Uprime]]
Copy to clipboard.

Out(24= {9, E . kei]}

m m M

n29= eigenUprime = Simplify[Eigenvectors[Uprime], Assumptic

ouf2dl- {{1, !, 1}, {-1, 0, 1}, {1, -2 E, 1}}

m

Let us see, | put in the matrix form just for a nice visualization by MatrixForm and yes the
entries are diagonal and as you see, the diagonal entries are same as what you got before. Shall
we go and check here. Yes, you see 0 k over m and k times 1 over m plus 2 over m and this is
what you have here. So, everything has been correct till now. Which is nice, now that | have

lambda, | am sure that g metrics which, O matrix, which | have calculated is correct.

Because my lambda has turned out to be diagonal and it shows the correct Eigen frequencies or
square of the Eigen frequencies. Now, | want to find out the normal coordinates. So, let me do

that.



(Refer Slide Time: 28:46)

Lanbda = FullSimplify [OMatrix . Uprime . OMatrixT, Assumptions = {m>0, M>0}] // M

0ut[57)//MatrixForm=

o 0
k
e - 0
m
12
B0 k|—+-
m M

i72= OMatrix.Inverse[mass]. {x1, x2, x3}

Wl x1 M Vm3x3  Wmlxl vym3x3 +mlxl n Vm3 x3
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T UMACTIR = (N1, N2, NaT;

ini49}= OMatrixT = Transpose[OMatrix];

nis2)= A = Simplify[OMatrix . OMatrixT, Assumptions - {m>@, M>0} ]
outs2 {{1, 0, 8}, {0, 1, 0}, {0, 0, 1}}

(57

Lambda = FullSimplify [OMatrix . Uprime . OMatrixT , Assumptions = {m>®@, M>0}] // M:

Out]57)//MatrixForm=

6 0
k
- 8
m
12
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m M

Omatrix.Inverse[mass]. {x1, x2, x3}




Lambda = FullSimplify [OMatrix . Uprime . OMatrixT , Assumptions = {m>@, M>0}] //M:

Out{57)//MatrixForm=
0
0

12
00 kf-+
m M

k
- 0
]

n7s)= NormalQ = Simplify[OMatrix.Inverse[mass]. {x1, x2, x3} /. {m1 < m, m2 =M, m3-m}, A

Mx2+m(x1+x3) vYm (-x1+x3) mM
Outf7s]= { ¥ 5 (x1-2 x2+x3)}
V2m+M V2 4m+2M

Normal coordinates, which I have denoted by Q and this is the following I can, | can do it in two
steps, | can get rid of this first. So, I will need to multiply the inverse of that matrix, what | call
mass. | need to take the inverse of it, so that it has diagonal entries that as square root of ml

square root of m2 and square root of m3.

So, | can just take inverse of this matrix. Let us see what happens, because there is no e here.
That is why, it could not do anything. Perfect. This is what we have to multiply and in this |
should dot the vector column vector x1, x2, x3 correct and now if you recall what Q is Q for
getting the Q I should multiply this entire thing with the Orthogonal matrix which | have written

O matrix.

Orthogonal matrix O. O was M capital, actually it is better never type it fully, I can write O, it is
not showing somehow. No problem, this is fine let us see what it is and one problem is because
our ml, m2, m3 is appearing because in the mass when | had defined it was still m1 m2 m3 I had
not made this as small m and capital M. So, let me do that now, m1 is m the middle one was

capital M and m3 was again small m.

Let us see what happens now? Hopefully looks almost fine it is having the, let me go have to
simplify with the assumptions and assumptions are that this is true. Let us see, let me check
whether this is all okay, looks good, the third one is also. This is correct actually, this is correct.

This is what | want to call as normal Q. So, I just run it again. So that is stored, that is the



answer. But | can go one more step and try to impose the condition that center of mass is at rest.

So, | want to or rather it set origin. So, | want to impose that.

(Refer Slide Time: 33:07)

1= & = SimpLify[OMatrix , OMatrixT, Assumptions = {m>8, H>8} |
i {{1, 0, 8}, {8, 1, 0}, {0, 8, 1}}

Lanbda = FullSimpLify [OMatrix . Uprime . ONatrixT , Assumptions - {m>8, M>8}] // MatrixForn
[}
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A =5inplify[OMatrix . ONatrixT, Assumptions = {m>8, K>8} ]
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Mats -3

e

k

0- o

n

nak'ig
\n M}
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A =5inplify[OMatrix . ONatrixT, Assumptions = {m>8, N>8} ]

asie {{1, 9, 8}, (6, 1, 6}, {8, 8, 1}}

Lanbda = FullSimplify [OMatrix . Uprime . ONatrixT , Assumptions = {m>8, M>8)}] // MatrixForn
MRS e
k
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n
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NormalQ = Simplify[ONatrix.Inverse[mass]. {x1, x2, x3} /. {ml <+ m, n2+M, n3+m}, Assumpticns 4 (m>8, M>8}]
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Simplify[NormalQ /. x2 - -m (x1+x3) /M]
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So, this is the thing which I want to impose m times x1 plus x3 plus capital M times x2 is equal
to 0. This is, this is telling that I can put a bracket it will be easier to read. So, this is what | want
to impose. So this look may change this to something here, there should not be a way to define
this as a, somehow it is (())(34:00). Anyway, so | will leave this | wanted to make it as a

comment, | do not know why | am not able to do it.

So, which means that this one what | really want to do is x2 is equal to minus m x1 plus x3
divided by capital M, is that correct? It minus m. This is what | want to impose. So, let me
remove this line it is not necessary. There is a way | have to put a comment you can just put like
this. You can put between these, you open a round bracket with a star and close it again with a

star in a round bracket.

So, that becomes a comment. So this is what | want to do. So in the normal Q, | replace x2 by
this. Let us see what happens that is looking of course good one of the coordinates have become,
which corresponds to the center of mass. Let me simplify a bit, SIM P L I F Y. Let us see what

happens, perfect. Now we can see very neatly. Let me give it a name normal coordinates.
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Lanbda = FullSimplify [OMatrix . Uprime . OMatrixT , Assumptions =+ {m>8, M>8}] // MatrixForn

NormalQ = Simplify[OMatrix.Inverse[mass]. {x1, x2, x3} /. {m1 +m, m2 4 M, n3+m}, Assumptions -+ {m>8, M>8}]

s [
Wx2em{x1+x3) Va (-x1+x3) | aM
e |—— (-2a4m3)]
ART Y V2 \4n+2M

NormalCoordinates = Sinplify[NornalQ /. x2 =+ =n (xL4x3) /K]

¢ m(-x14x3) m(xlex3
e {0, 7
v V7|

y

b

So, here you see x3 minus x1 and you have x1 plus x3. So, these correspond to your asymmetric
and symmetric modes, this is what we saw in our in the lecture. So, we have done the full
competition here using Mathematica and that is mostly it and you can also try to do other

problems, for example when you are looking at the inertia tensor for rigid bodies.

Again, if you are given a rigid body you can look at what it is inertia tensor would be and try to
find the principal moments, find the principal axis using Mathematica or whatever other
programming language you prefer. So, | would encourage you to use one of these languages or
programming languages to do your competitions. | will stop this video here and see you in

another video.



