Introduction to Classical Mechanics
Assistant Professor. Anurag Tripathi
Indian Institute of Technology, Hyderabad
Lecture — 32
Two-body problem, Conic Sections in Polar Coordinates

(Refer Slide Time: 00:15)

VeplEfe PROPLEM: ,
KepLofe PROBLEM: [
[ —7); i ‘;_”u J!
AT R T |
7 (s “‘
—{ @ PR | | "
£ 4 (and Qo Y MU, Do 1 ‘
| \
R Ul - G = .“.: %, |
i My ; ‘
h "wl" | rl
| \
1 \ L n S
: > bq‘” Fﬁ i \\ - 2
] : ([ fé }
0 t A
¥ { " f " F_p( .w_( + ‘ £ piw [
R | gt A ( |
Ty 1 ‘
p L Lp
le | J o ff (R) - !
% i 1
| a

We were looking at the Kepler problem last time and we looked at the curve of effective
potential and it looked like what you have on the right hand side here and we saw that it has a
minimum which is it has only one minimum and there are no other extremum and the curve
has the shape and we want to analyze this capital problem further, but before we do so let us

just have some fun today with learning about certain some some curves in polar form.
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So, usually we are more familiar with curves in polar, in Cartesian coordinates and today |
would like to discuss about them in polar coordinates. So, one of the simplest curves one of
the simplest one is a circle and you know it is equation x square plus y square it is equal to 1
if it is a unit circle and it is centered at the origin. What is it look like in polar coordinate the

same equation, the same circle? In polar it looks like r is equal to 1.

Now | will shift this circle along the y axis meaning I will take its center to lie at y equal to 1
so | shift it so that you have this. So the center is shifted to 1. Now what is the equation of
this circle? So let us look at what it looks like in Cartesian it looks like x square plus y minus
1 square equal to 1. Let me draw the circle again so that those of you who are seeing it on

smaller devices can see it easily.

And this is your center of the circle and this is the origin so circle is touching the origin and
we are measuring with respect to here. So let us say this is some point p on the circle which
has a radius r and makes an angle theta forgot this it makes an angle theta and | want to know
the equation of the circle in r and theta. So, you put x equal to r cos theta, r cos theta and you
square it then you put y to be r sin theta. And then you have minus 1 you square it and that
should be equal to 1.

Now let us just do this very trivial algebra | am doing it because it is so trivial to show. So
you open it up it gives you an r square sin square theta that I will combine with this term first
term then you get a 1 and then the product, the cross product. So, I get this plus the first term

from here gives me r square.



| have U sin square theta plus cos square theta equal to 1 then | have minus 2 r sin theta
minus 2 r sin theta and then you get a 1 from here, but that cancels with that 1 here so | get a
0 on the right hand side which | can factor into r, r minus 2 sin of theta that is equal to 0 and
which immediately gives you the equation to be r is equal to 2 sin theta. So, the equation of

this is r is equal to 2 sin theta.

You can change the radius to something else let us say if the radius was not 1, but was a, then
this will become r is equal to 2 a sin theta that is what it looks like in polar coordinates. So, if
you are given sin theta and you plot it in the Cartesian coordinates you get the sinusoidal
curve, but if you plot sin theta in polar coordinates you get a circle. Now we will ask before 1
let us ask what would the equation of the circle would be if you shifted the circle along the x

axis, along the x axis if instead of this you had let us say this thing.

So, if you have a unit circle which is just touching the coordinate axis what will be the
equation for this and you should find out that this has a polar equation r equal to 2 a cos theta
let us see whether it looks reasonable. So when theta is 0, | should get r to be here which
means 2a cos 0 is 1 so 2a looks good. Please check that this is what you get for this circle.
Now next we would like to ask, what are the polar equations of parabola?

So, | would like to ask now if I am given a parabola what does it look like in polar

coordinates this or this? So, let us look at this now.
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Before 1 move on to polar, polar equations of parabola, | want to encourage you guys to use
some programming language to do for example plotting and solving things. So, this scale you
should have and | have here Mathematica in front of me. | believe you can access
Mathematica for free online. So there is some free freely available thing available from
Walfram | checked the website so | thought that maybe I will show you how small things you

can do here.

This one is not free this one is through my institute subscription, but you can search online.
So, let us say | want to just let me show you addition of two numbers here. So, | write 2 plus
2 and | hit shift enter so | should be pressing shift and then hitting enter it calculates and you
get 4 so that is the way it shows | hope you can see here easily let me see if | can anyhow. So

here it is lying in 1 meaning | have input 1 here 2 plus 2 and output 1 is 4.

If you want to plot something let us say you have some function sin of x. So here is the
syntax the sin should be written with capital S and the function argument has to be in square
bracket. So that is what 1 am doing x ranges from let us say 0 to 2 Pi so capital P and for the
plot so | am plotting this you can learn the syntax on your own | do not want to spend time on
that I just want to encourage you to do this that is why I am doing it here.

So, you get the sin function. That is a plot of sin function which you know. Now, let us do
our polar plot so, I I said that if you want to look at the circle it will look like 2a sin theta or 2
sin theta for a unit circle. So, | want to plot it and it is called polar plot if you want to plot in
polar coordinates so Polar capital Plot so I close open and close the square brackets and what

do I want to plot?

| want to plot sin of theta let me call theta as t and the values of t should run from 0 to 2 Pi
and let us see what I get when | do this and you know what I should expect | should expect a
circle. Remember sin theta is a circle in polar coordinates and that is what you get. When you
see here it is touching the x axis on the circle is touching the x axis. You may also see let us

say | change sin of t to cos of t.

I mean | can plot both the things together, but 1 do not want to do it right now so cos of t here
let us see what do you expect? We expect the circle to be having its center on the x axis so
this is what you get let us say nothing happens hence there has to be something mistakes
because | have written cos t here it should have been cos. Let me again shift enter let us say

perfect.



So, please one programming language which you can use to do all these analytical
manipulations and Mathematica is one of them you can use anything, any programming
language. | am not going to base any of the questions on Mathematica so if you do not learn
this no problem at all, but if you learn it, it will be very good for you and given that it is free

as far as my understanding, goes it will be very good for you.

So, we will continue with with parabola and also | will show you some plots in Mathematica

for parabola after we have derived the equations.
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Let us recall what parabola is? It is a set of points which are at equal distance from a given
point which we call focus and a given line which is called directrix. So, let us say this is my y
axis, that is my x axis and | choose that given point to be or the focus to be here a distance a
away from the origin and | want my parabola to have a have its vertex here at the origin. So,
which means that if this point has to be equidistant from this point and the given line, then the

directrix should also be a distance a away from the origin.

So, my directrix will be passing through this. So this is my directrix. So, let us say, | | draw a
line parallel to the directrix or x axis from here, this length is 2a from here to here so I mark a
length 2a here on this side and similarly 2a on that side. So, clearly because this length is
equal to this length my parabola will pass through these two points as well and then I can

draw my parabola to be like this and here.



So that is our parabola and you know what the equation it has in Cartesian coordinates it is X
equal to 1 by 4 a y square. This isy. This is x that is fine all good. Now, let us find out what
the equation looks like in polar coordinates, but before 1 do that | want to shift the origin from
here to the focus. So, first I do shift the origin to the focal point to the focus so which means |
start with this equation which I have here x is equal to 1 over 4a y square and shift my x axis

such that focus is, the origin is here.

So, | should write x plus a whole square 1 upon 4a y square. So, after shifting the origin to
the focus, | mistake here | get x plus a as 1 over 4a y square so here in this in this equation |
have just shifted the origin. So now substitute x equal to r cos theta and y equal to r sin theta
in this equation and | got I get r cos theta plus a is equal to 1 over 4a r square sin square theta

which | can write as 1 over 4a r square 1 minus cos square theta.

So, | take this term cos square theta on the left hand side and get r cos of theta plus 1 over 4a
r square cos square theta plus a equal to 1 over 4a r square and you will be able to solve it
quadric equation and you can solve it for just complete the square and then you can write the
following. So, from this you will be able to show that r is equal to plus or minus of r cos of

theta plus 2a gets a trivial algebra that you have to do.

And of course you get two possible solutions from here which are the following maybe |

should go to next page.
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So you get one solution as r is equal to minus 2a remember a is positive 1 plus cos of theta
that is one possibility another possibility is r is equal to 2a over 1 minus cos of theta and you
should try to plot these two curves and you will get the following you already know what you
will get because that is what you have constructed. So, this one will correspond to this which

is what we started with this is the origin.

And this one also corresponds to the same thing no surprise because that is what you started
with. So there are two, these two equations give the same parabola at the origin. | will
encourage you to also check the following the different state of the above you choose r equal
to 2a over 1 plus cos theta then you get the following. You get a parabola like this, but this

time it is opening up on the left hand side.

And similarly here if you put r equal to minus 2a over 1 minus cos of theta then you get this
parabola. So, that is the equation of parabola. So, you have some number in the numerator
which controls the you see what this 2a is, look at the 2a here or here. This 2a it is just the
distance of the vertex from the directrix that is what it is and then you have 1 plus cos theta or
1 minus cos theta in the denominator. Next | would look at an ellipse and write down its

equation in polar coordinates.



