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(non-)Dimensional Anms and Visualization - 2

Example 2: Consider th: following problam from your course on Mechanics. A man throws & ball e top of the hill of height  and angle of inclination ¢, as shown in the figure below. Lets assume
thatthe bel i thrown at an angle 6 with speed v. Igncre the heght of the man conpared o the hill. Find the ditance o where th ball itsth hill slope for te irttime. For what values of , 4, v and h
there i a solution? Under what condition there is no solution? Explorethe problem visually sing graphics.

Define: Fist we need tolay out & coordinate systen.

1. We denify the raecory o the ballas a quadre infomaticn that pojeetes follow parsbolic rectoriesor mare approprae]
constant accelerationis parabolic. Thus, we can wite:

Coming to the second example of Non-Dimensionalization and Visualization, let us consider
this problem. You may have seen this problem before from a course in mechanics. But if not,
does not matter, it is a simple enough problem to solve. And we will take up this example as

our next problem.

So, let us consider a hill and on top of the hill, let us say there is a man standing on top of the
hill. The man holds a ball and he throws a ball. At some angle /, the hill makes the angle %
with the horizontal. So, hill has a slope, the slope makes an angle % with the horizontal, man
throws a ball. Ball makes a parabolic trajectory and it falls down and hits somewhere on the

hill slope downwards.

The problem is to find out what is the distance, what is the horizontal distance from the man's
position that is right underneath the hilltop all the way to the point where the ball hit the

slope.

So, in order to solve this problem, first we need to do is, define the problem that is layout the
coordinate system, write down the basic physics components then we will translate it, we will

take the equations that we have obtained from physics considerations, we will translate them



into non dimensional form so that we can take then they become mathematical equations
without any dimensions in them and we will analyze those mathematical equations, visualize
them, and we will find, we will learn something about the solution from our visual results.

Okay, excellent.
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Define; First we need to lay out 2 coordinate system.

1. We identify the trajectory of the ball as a quadratic function from the informaticn that projectiles follow parabolic trajectories or more appropriately that most ger
constant acceleration is parabolic. Thus, we can write:

ol =at sbx+c
2 Equationof e ill s represened by astrght ne
Il =ex+ £

* 3. We need to dstermine coefficients. a. b. ¢. ¢-and 3 by usine some known data points. After that intersection of these two fines give me a soluti

So, laying down the coordinate system, we need to first lay down the origin. So, my second
picture over here shows the origin, let us take the origin right underneath the man at the
bottom of the hill. This dotted line shows the level of the ground. This is the line of

horizontal, hill makes the angle ' with the horizontal, we throw the ball at the angle , we

will ignore the height of the man compared to the height of the hill.

Let us assume the hill is much much taller than the person. As the man throws the ball, it may
so happen that the ball lands up somewhere away from the hill and then there is no solution.
So, we have to find out the condition for which we will get a solution, that means we have to

find out the relationship between the angle #, ¥, /i so that the ball hits somewhere down the

hill.

So, to do that, first we know, we start with some of the known facts that the trajectory of the
ball is going to be parabolic because it is the constant acceleration along the negative

y-direction.



The acceleration due to gravity is constant so there is a constant acceleration problem. For
constant acceleration problems, the trajectory is always a parabola. So, we will take that

trajectory as a parabola. And we will establish that Yball that is the y coordinate of the ball is
given by @ ?+br+ ¢, where @ D.¢ are some constants. So, this is the equation of the

trajectory of the ball, Yball as a function of & is @ P +br+ec.

(Refer Slide Time: 3:50)

Define: First we need tolay out & coordinate system.

1. We identify the traectory of the ball asa i information ths jecti. parabolic trajectories or mare appropriately that most general trajectory of a particle uncer

constant acodention s pasbolc. Thus, we can write:
Joallt)=ar sbxsc )
2. Equetion of the il is epresented by a straight ling

Wil =ex+f

+ 3. We ned to determine coeficients, , b, ¢, o aad 8 by using some known data poins. Afe hatntersecton o these o lnes give me  souton.

Translate: Now we will extract appropriste information out ofthe problem an s that we can compue these coeficints anc find second point o intersecticn,
mathematial form:

() Position: g0 =h

Now, this trajectory intersects somewhere with the hill, so we will also look at the equation of
the slope of the hill, the equation of the slope of the hill is represented by a straight line and
that we will take Yhill, that is the height of the hill as a function of the x-coordinate on this
side of the hill as @ + 7 where v is the slope and 7 is some constant that we need to
figure out. So, these are the 2 equations, this is the equation of trajectory and this is the

equation of the slope.

Now, I have to find out: for what values of x, these 2 curves will intersect with each other. Of

course, we already know 1 solution, that is when the ball is right on top of the hill, which

corresponds to ¥ = hand z =0. So, when ¥ = hand = = (), the ball is placed at the top
of the hill and there is a point of intersection for the slope of the hill and the trajectory of the
ball.



The next point of intersection is what we need to find out which is this one and this may

sometimes exist or may not exist depending on the various parameters of the problem. That is

the height of the ball, the velocity of the ball, the angle  and the angle @
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1. We identify the trajectory of the ball asa i information that projecti parabolic trajectories or mare appropriately that most general trajectory of a particle under

‘constant acceleration is parablic. Thus, we can write:
ol = adt b e 6]
2. Equation of tae hill i represented by a triight ling|
Dl =ex+f @

+ 3 We ncad t determine coefficients, , b, . « and 3 by using some knowr datapoits. Afr that inmr these two lines give me  souton.

“Translate: Noy we vill exract appropriste informaton out o the problem anc sothat S Geficients and find second poit of inersction. We will expressthis nformation in
mathematical form:

() Position:  yg(0) =h
Dball
Velooty:  22lll  _yging
pvebeiy: A ving

2
(i) Accertion: 2201
ar

=0

sdee

In order to find out these coefficients : '5.-'3', o and 7, we will find out the physics

constraints that we already know about this problem. And we will use those physics

constraints to find out the coefficients @; ¥, €, v and 8.
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0

1. We identfy the iraiecory ofthe bll a informatien that parsbolic rajectories or mare approprisely that most general rafctory of a patice under

constant acceleration is parsbolic. Thus, we can write:
= ad +bx+c @

2, Equation of e hill s represenied by a staight line
Jpill®) = e x+ f @

v 3. We need to determine coefficients, , b, ¢, o and 3 by using some known data points. After that intersection of these two lines give me a solution.

“Translate: Now we will extrat appropricte information out of the problem and s that we can compue these coefficiets and find second point o itesseticn. We willexpressthis in‘ormation in
mathematcalform:

() Position: @) =h
Dball

ii) Velocity: —|  =vsing
YRR g

(i) Accelertion:

gy
ar

k=0

() Hill Top: 30 =

() Hill An@;ﬂ' =-m¢
ix

Compute; Using the five piecas of information we can determine the coefficients , b, ¢, @ and .

0o > c=h

oot



That brings us to the translate stage. We want to translate this into a mathematics problem.

So, let us add a few more physics inputs. Here I have taken 5 conditions, because I have got 5

constants - b_.r;’ o and 9. So, here I have taken 5 different conditions. First one is the

position of the ball. I know that Yball at x = () is & so that is one condition.

I also know that when I throw the ball at the top of the hill d yoan/dt ot 3 — 0 is v sinf ,

2
because I know the angle 7. I also know that d ypan/dt , that is acceleration of the ball in

the y-direction is —Y, which is always —Y independent of what the position is and for the

hill, T know the top of the hill is ¥ni{0) = 1 and the hill angle is @ Ynin/dr = — tang

(Refer Slide Time: 6:19)

pE= IE 4 s @52

A W e e

[

1. We identfy the traectory of the ballas a information that parsbolic rajectores or mare approprisely that most general ractory of a patice under
constant aceelertion is parsbelic. Thus, ve can write:

iz ax +hx+c €]
2. Equation o the hill s epresented by a truight lng
I = extf @

+ 3. We need o determine caeffcients, a, b, ¢, a and J by using some known dsta poins. After thtintersection of these two incs give me a soluton.

“Translate: Now we will extrat appropricte ofthe problem anc so that npute these coesfiients and find second point ofinetsection. We will xpress this information in
mathematial fom:

) Posidion: g0 =h

“Yb,u‘
if) Velocity: o =vsing
e T

Ay
ar

(i) Accelertion:

=g
=0
(i) Hill Top: 3piy(0) = h
0

o) Hil Angle: DHY g
&

sdesalt

So at . = (), we have top of the hill. So that is why Ynin(0) = h , and dy/dx , that is the
slope of the hill is equal to — fan ¢ Okay, so will take these 5 pieces of information and use

them to determine @; U, ¢ , cv and 7. Let us go ahead and solve this with the paper and pen.

If you want to solve it yourself and take a pause, go ahead do that.
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1. We identify the teiectory of the ball a a quadretc function from the informiticn that projetiles follow paraboic trajectories or mare appropriately that most general traeciory ofa pticle under
constant acceleration is parabelic. Thus, we can write:

Sl = ax? +bx +¢ €]
2. Equation of tae hill is represented by a straight ling|
il = e x+ @

3. We need o detemnine coefficients, o, b, ¢, « and § by using some known dita points. Afterthat intersection of these two lines give me a solution

“Translate: Now we will extract appropriate information out of the problem and so that we can compute these coeficients and find second point of intersection. We will express this inormation in

mathematical form:
) Posiion: g @ =h O

d
iy Velocy: =2l - yging
a0
2
d
(i) Accelration: L) = _p
a? g

(i) HillTop: 3y0)= h
dypn(0)
) Hill Angle: BL® g
i

‘Compute: Using the vz pieces of information we can determine the coefficients 2, b, ¢, a and 8

T

7
Alright. So, our equations were Yball is equal to @~ + bx + ¢ and Yhill equal to
o + 3 ysing the condition that ¥nill at = — 0 is i and @ Ynin/d T = —tan¢ e can

lx

go ahead and fix o and O first using this we can calculate d yin/ AT anq that is just o

which must be equal to — Y811 & From this condition we get Yhill = h that means, 7 = /1,

So, therefore Ynil = —tang.r + . So that is the equation for Yhill. I want to use other

pieces of information. The other 3 conditions to find out b,c, Okay, let us go ahead and

solve for the second equation.
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o
Equation of Yball as a function of x is @ T~ + b + ¢ My 3 conditions are Yball at = ()

is fi, this implies that ¢ = /. I take the second condition which says that d Ypan/dt g

r = (0 is v sinf!, we evaluate left hand side d -'!f.f"‘”, we get 2a.xx + bi + ¢ =wvsind,

If we substitute = = U, and that gives rid of this term. And over here we substitute
T = v cos !, which is the velocity of the ball or horizontal direction of the velocity of the,

horizontal component of the velocity ball at = = U.



Therefore, we get from here D 1'cos ! 4+ ¢ value of ¢ = f1, so this is equal to v sinfl. I am

L
sorry there is a mistake here, I should have ,when I take dx/d £, there is no ¢. So, we get

rid of that, we get rid of that and so we just have b v cosfl = vsinf and that gives me

b =tanf.

At this point, you can verify that # = tan @ is dimensionless, ¥ has dimensions. ¥ has
dimensions of length, = has dimensions of length, so & should be dimensionless and that is
what we find. Similarly, ¢ has dimensions of length and we find ¢ = /i which has

dimensions of length so these are some of the cross checks we can make during the

calculation.

2
Now, using the third condition it says dy/dt® = —g at all x’s but definitely at = = () so
we can calculate @Y/dt of the ball, we already have calculate dyfdt o5 2axi + bi
taking another derivative of that we get 20 =~ + 207 T + bi = —g.

Evaluating the left hand side at & = () simplifies a few things. First of all, this term vanishes
then also because & is always 0 there is no acceleration in the & this term is 0 and I am left
with @ equal to —9 divided by 2a i* evaluated at evaluated = = 0, & = v cos # so I get

¢ 2 ] i 2 o
—g/(2v" cos”d) —g/(2v°cos™d) +phr

okay, so putting it all together, we have got

which is tan .z + A Okay, so let us go ahead and now look at those 2 equations.
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2

o

(i) Acceeaton: 28l
a?

=0
() Hill Top: 330)= h

Ay

Hill Ar
il Ange: L

~tng

‘Compute: Using th five pieces of information we can determine the coefficients 2, b, ¢, @ and .

M = e=ih
) = b=tmé
i) » o=—E— )
27206 o
@ = B=h
" = a=-tné
‘The equations now become
S
Pogll 8 = —— X +tanfx +h O]
A R

)hm\'n x +h

+ Authis point you cansolve fo nersecion o o curves and ind where they ntescet next. We will explore tis problem by visualization and and cros-check i

i the orly lengh scale n the problem, o we will non-dimensionzlizz yand xin units of h s that we can make a plot. This gives

Bl -gh ‘x

Th 2wk

2 x
=— l +land - +1
b 0 asle h

o Tyg)= X buno X+1
SideJof 6 &

Putting these conditions, I found that Yball is —g/(2v* cos®B)z® + tanb x + h.
Similarly, for Yhill T have got — tano.r + h . Now these 2 are equations which contains
dimensions in them. The next thing I want to do is, I want to non dimensionalize these
equations. In order to non dimensionalize these equations, I want to pull out the dimensions

of all the quantities.

So, ¥ is measured in dimensions of length, .r is measured in dimensions of length and both
of them, I can non dimensionalize by a natural dimension of length that is present in the

problem, which is simply /i, I can measure both = and ¥ in units of fi.

(Refer Slide Time: 14:34)



Which means, erasing all of that. I can go ahead and divide Yball of = by /i and when I do
that there should be 7 here, when I do that, I get

P T oo 7 .
—g/(2v° cos @)z /I +tanfx/h + 1

Now, it is interesting to note that, you know, this term is dimensionless. This term is

dimensionless. And this term is dimensionless so this term should also be dimensionless. But
I want to represent = also in terms of /i, so what I will do is, because I have got x° here, 1

will make this 7* and multiplying /i over here.

Now, given that this term is dimensionless, ¢ by /i is dimensionless. I also conclude that this
must be dimensionless and in fact dimensions of v% and 97! are same. So indeed, this is
dimensionless. What I will do now is I will define capital ¥ or block Y as Yball /1t and
capital X as 2/ 1n terms of this, my equation simply becomes Yball equal to this constant
which I am going to define as ', so I get — ) X? + tand which is already dimensionless
times X + 1,

So, that is my non Non Dimensionalize equation for the trajectory of the ball. And similarly, I

can Non Dimensionalize the equation for for hill. So, I will define Yhin as -f,a’hill,a"aJr ! then I

simply get Yhin = —tang X + 1 sorry, I should make one correction. I did not define

sorry, so I should define ' here and 7 is a dimensionless constant.



a..2 . . .
So, I will define 7 as ¥ h/2v% then 1 will have a cos?6 here, theta is another different

parameter. So, I want to keep it as a separate parameter do not want to absorb ! inside .

is just a measurement of hf1 , 9 is a universal constant, /i is the height of the hill and v is

2
the speed with which we throw the ball and 7 h/v® is dimensionless quantity.

So, ' is a measure of the speed with which we should throw the ball or the inverse square of
the velocity of the ball. So, I have got 3 parameters in this problem, the 3 parameters that [
have in this problem are — 'a11<&> 7 and . So, ¥, # and 7 are 3 of the constants that are
given to me in the problem. And depending on what the values of these 3 constants are, my

solutions can change.
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%
Yol = A randy +h ©
22w
Wil = -tandx+h U]
+ Atthis point you can solve for inersection of two curves and find where thy intersect next. We will explore this problem by visualization and and cross-check with

his the orly length scale n the problen, o we wil non-dimensionzlizz yand xin unitsof h 5o that we can mae a plot. Thi gives
et -gh ‘xz

7 Hxnﬁ’-‘ +1
b 2Py 'h

= Y= L ¥ rano X+ 1
wsth
‘where 1 and X are dimensionlass coordinates measured in unils of £, and y = L’i ~Forthe hill, we get
24

Mg
" b
o = -angXe 1

“To summarize, the two absiract equations that e are dealing with row are

=
Fpai®)= —— X+t X+ 1

o (0]
Fyp(0=-ungX+1

 which hae got hee independens dimens onless prameters: 7, fand ¢. Few tings 0 e here: @

o yisameasureof inverse of speed i uns of g .
 Allthe dimensiorless parameters that define the problem for physically relevant valies are typically order | numbers. Its always casy to analyze a problem in t
n vorh

& The affactc created hy chanaina v and b are not indenendent v ean he chanoed either hy chanaino v or.
sdedlt

w00

“To sunmarize, the two ebsiract equationsthet we are dealing with now are

S
Fp®= —— X2 4 a6 X+ 1
T (10
Py = - gX+ 1

+ which hav gotthree independens dimensonless prameters: 7, fand ¢, Few tings o note hre:

o yis ameasureof inverse of speed i uns of {1
 Allth dimensiorless parametrsthat definstheproblem forphysicalyrlevant vales are typisally orde | umbers. s alviays ey to aalyze  problem n terms of oder | numbers.
o The eifetscreated by changing v and are not independent,  canbe changed eiher by changing v or .

Interpret: We will now plot andintepret our results

) & e
Plot[{ Li x2+Tan[e]x+1,-Tan[¢]x+1,9}/.{¢-»-—1-,e-»—1,1-»1},
Cos[6]2 6 3
w0, 1](0)

10|
05|
-25|

sdorelt

Let us go ahead and analyze that here is my final equation for Yhall and here is my equation
for Yhill and now since these are 2 abstract equations without any dimensions, Y is

dimensionless,  is dimensionless, 7,  and ¢ are parameters, I can go ahead and plot this

by using the plot command like this.

So, I make a plot for this equation for Yhall and for Yhill and the ground level which is

¥ =0 that is the x-axis and I choose some values of the parameters @ and @, I set



I o - . .
O="/6 and ?=7/3 and I set 7= 1, remember that always the dimensionless

parameters of the problem once you Non Dimensionalize are always order 1 quantities.

So, you will always tend to pick some order 1 numbers for these quantities. That is why [

have said 7 = 1, too small values of 7 or too large values of I will end up giving you

unphysical situations.

If I plot all of these 3 things with these values of , ¢ and 7, I get these 3 curves. And for

this particular case, these 3 choices, I do get a solution.

(Refer Slide Time: 20:15)

o Mz aE 4 o B2
s J o uowwamm o
I (I = —llnxnd!o
LI (10

Fy0 = -wn X +1

« which have got thee independent dimensionless parameters: 7, fand ¢. Few tings to not here:

 yis ameasure of inverse of speed in units of \ffh
o Al the dimensiorlss parametersthat efine the problem for physicallyrlevant valuesare typicaly oder | number. s alvays easy to analyze:a problem i fems of order | numbers.
o The ifetscreated by changing v and  are not independen.  canbe changed eiher by changing  or .

Interpret; We will now plot andintepret our results

In[124]:=
Y, Pi Pi
Plot x“+Tan[e] x +1, -Tan[¢] x+1, 0} /. {¢> —, 65 — -;.
[{Cos[e]z + [6] x +1, [6] x+1, } {"G: "3:7 ’

0,0, 1}]

Outfi24}=

sidoralt

A 5 B

g i wop

b= 0
V()= ~tan g X+ 1

+ which have got hre independen: dimensioness parameters: 7, fand ¢. Few thing t not here:

o i ameasure ofimverse of peed i uats of g h

 Allthe dimensiorless parameters thatdefine the problem for physically relevant values are typicaly order | numbers. s always easy to analyze a roblem in terms of order | mumbers.
 The efects created by changing  and A ae not independent.y can be changec ilhe by changing  of

Interpret: We will now plot andinerpret our esults

In[125]:=

- Pi Pi
Plot[{ L x2+Tan[e]x+1,-Tan[¢]x+1,0}/.{¢-»—,e-»—,7->3},
Cos[6]? 6 3

0,0, 13

Oul[125)=

i




If T change ', you see that I may end up getting no solution. And 7/ = 10 pecomes very

large. So, at some point, you know, | = 3 corresponds to a situation like this.

Now, it may appear to you that the angle of the hill is changing, but really is the relative
value of these parameters that is changing and it appears in the plot that you are changing the
value of the hill but we have kept the value of the hill, angle of the hill as constant and we are

changing gamma, which is the essentially changing the speed of the ball.

-
|

So, large value of "/ means small value of the speed or a large value of the height of the hill.

And that shows you how the solution changes as you increase /.

(Refer Slide Time: 21:00)

Tnterpret; We willnow plot and nterpret our esults

n[126]:=

. i i
Mot[{cos[e]Z K +Tan[o] x +1, -Tan[] x +1, e}/. {¢-» 1097 ,1-»5},
0, 0, 1}]
Out[126}=
s O

-Y
Cos[6]

PlotRange - {0, 2)], [{¢s P?i}’ 4 P;}’ {{e, Pg_i}’ % Pz_i}’

Manipulate [P'Lot[{

A x2+Tan[9] x +1, -Tan[¢] x+1, 0], {x, 0,

{

Now, we can actually go ahead and analyze this by manipulate command, by manipulating all

3 parameters and find out, when do we have a solution and when we do not have a solution.
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BEz == 4 o B2
. -,
Inj] Mampulate[P'Lot[[ x“+Tan[@] x +1, -Tan[¢] x+1, 0], {x, 0,2},
Cos[e]?
PlotRange - (0 z]] [{¢ Pi} 0 P1 P1 1)
> —_ — Y -
g ) ) PUERE 3 »ih D

In order to manipulate this, watch the lecture on how to use the manipulate command. And go
ahead and make a plot of these 3 functions, ¥" of the ball, ¥ of the hill, and the ground level

when [ make a plot, do a manipulate of all 3 of them.

I have set some ranges of the parameters for 7, ¢ and 7, over here. For example, 7, I have
set it from % , and I have taken the canonical value as 1, I can go ahead and move the sliders

now. And you can see what happens when I move the slider.
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PE=IE 4 wn B2

In[127]:=
Manipulate [P'lot[{ ¥
Cos (o]

-x*+Tan[6] x +1, -Tan[¢] x+ 1, e], (x, 0, 2},

PlotRange + (9, 2], {{s, P%} 0, 2—1} {fes Zl} 0, 2—1} {tn 11, % 2}

outft27}=




Inf127):=
Manipulate [P'lot[[ i

x2+Tan[6] x +1, -Tan[4] x + 1, a], (x, 0, 2},
Cos[6]?

PlotRange - {0, 2)], [{¢, P%}, 0, P—i}, {{9, ﬁ}, 0, il

ANTRER)

2 3
Out{127)=

2)

+ Homework:
Ern

PE=El 4
e

A

s B2
......... -
In[127):=

Manipulate [P'I.ot[{ -y

s

x2+Tan[e] x +1, -Tan[4] x +1, e], x, 0, 2},
Cos[eo]?

PlotRange » {0, 2)], [{¢, Ps—i}, 0, P—i}, {{9, ﬁ}, 0, Pz—i}, {h’s 1}, :

22l

2 3
Outfi27)=

+ Homework:

As I move I, the velocity of the ball changes and as a consequence, the trajectory of the ball

changes and you can see how the solution that is where the ball falls on the hill changes.
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5 o B
- - e e >
In[127]:=

Mam’pulate[Plot[[ ¥ - x4 Tan[6] x +1, ~Tan[9] x+1, e], {x, 0, 2},
Cos (0]

PlotRange » (0, 2)], {{s, %1}, 0, P%}, {{e 2—1}, 0, P2—1}, {tn, %, 2}]
Out[127)=

0

+ Homework:
sderotd

s PO
e o span v
In[127):=

Manipulate[P'lot[[ i | —x?+Tan[6] x +1, -Tan[¢] x+1, a], {x, 0, 2},
Cos (o]

PlotRange - {0, 2)], [{¢, P%}, 0, P—i}, {{9, il

2 3}: 0, P2_1}s {(Tr 1}, %: 2}]
outf127}=

+ Homework:
e

Let me go ahead and change ! now as I change , again, I am changing the angle at which I
throw the ball and that also changes the trajectory.
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i v L
EEETITEEEEEEEEEEEE——
In[127):=
Manipulate[P'I.ot[{c -[7]2 +Tan[6] x +1, -Tan[9] x+1, e], {x, 0, 2},
0s[6
PlotRange » (0, 2)], {{s, %1}, 0, P%}, {e P3—1}, 0, P2—1}, {tn 1, %, 2}]
Out[127)=
lh!r
K
Homework:
e o
EEETITEEEEEEEEEEEEEEEEEE
n[127]:=
Manipulate[Plot[[C '[T]Z x+Tan[6] x +1, -Tan[¢] x+1, 0}, (x, 0, 2},
0S[6
PlotRange - {0, 2)], [{¢, P?’}, 0, P%}, {{e, 2—1}, 0, 2—1}, {(7, 1, %’ 2}]
outf127}=
2-0£
‘0(
+ Homework:



In127):=
Manipulate [P'lot[[

L .Tanfe]x +1, -Tan[¢] x+1, o}, (x, 0, 2},
Cos[6]?

PlotRange - {0, 2)], [{¢, P%}, 0, P%}, {{e, 2—1}, 0, 2—1}, {(7, 1}, %, 2}]

Out{127)=

+ Homework:

e

Let me go and change ¥ now, as I change @1 change the angle of the hill. And as you see,

the hill becomes more steep, we lose a solution.

(Refer Slide Time: 22:25)

S R gt SR
.|
In[127):=
Manipulate[Plot[{c -[Y]Z x*+Tan[e] x +1, -Tan[¢] x+1, 0], {x, 0, 2},
0s [0
PlotRange - (8, 2}, {{¢, P;"}, 0, P;i}, {{e, "3—"}, o F;i}, {tnn, i, 2|
outj127=

+ Homework:



In127):=

Manipulate[Plot[[ i

x2+Tan[6] x +1, -Tan[4] x + 1, a], (x, 0, 2},
Cos[6]?

PlotRange - {0, 2)], [{¢, %1}, 0, P%}, {{e, 2—1}, 0, 2—1}, {(7, 1}, %, 2}]
outf127}=

‘ O
0
v

+ Homevork:

e

£ 4

a o B
o P

In[127):=

Manipulate[Plot[{ i

x2+Tan[e] x +1, -Tan[¢] x+1, 0], (x, 0, 2},

Cos[e]?

PlotRange - (8, 2}, {{¢, P;i}, 0, Pf}, {fe: 2o, F;i}, {tnn, i, 2|

3
Outfi27)=

+ Homework:

If T change ¢, you see that does not really affect the solution. For as # goes to 0, I still I that
is I throw the ball horizontally I have a solution and as I increase ! my throw is more and

more vertical. I still have a solution. Given that you know the hill is not too steep.

(Refer Slide Time: 22:51)



n[127):=

Manipulate[P'I.ot[[C '[T]Z x+Tan[6] x +1, -Tan[¢] x +1, a], {x, 0, 2},
0S[6
PlotRange - {0, 2)], [{¢, P%}, 0, P%}, {{e, Psl}’ 0, "2—1}, {(-,, 13, %, z}]
outf127}=
o 05 10 15 2)
+ Homework:
Pl ES T
EEEETITEEEEEEEEEEEE
In[127):=
Manipulate[P'I.ot[{c '[']2 X +Tan[6] x +1, -Tan[9] x+1, e], {x, 0, 2},
0s[6
PlotRange » {0, 2) |, {{¢, P?’}, 0, P%}, {{e P3—1}, 0, P2—1}, {1, %, 2)]
Out[127)=

+ Homework:

For a steep hill, a horizontal throw will probably not lead to a solution and you will have to

probably end up throwing it vertically.

(Refer Slide Time: 22:58)



In127):=
Manipulate [P'lot[[

¥
Cos[6]?

PlotRange » {0, 2}, {{¢ Pf} 0, 2—1} {{e, Z—’} 0 2—1} {n % 2}]

W +Tan[e] x +1, -Tan[4] x+1, e], (x, 0, 2},

outf127}=

O

+ Homevork:

sdorelt

% e i e o

In[127):=

Manipulate [P'I.ot[{ ¥

x2+Tan[e] x +1, -Tan[¢] x+1, e], (x, 0, 2},

Cos[o]?

PlotRange » {0, 2)], [{¢, ﬁ}, 0, P—i}, {{9, ﬁ}, 0, Pz—i}, {{‘!, 1}, %: 2}]

6 2 3

Outfi27)=

+ Homework:

Similarly, 7 affects the speed of the ball and changes the trajectory. So, if I/ is very small,
then also you end up having a solution and the ball will end up going very far away. So, this
simple example shows how the interplay of various parameters in the problem can affect the

solution.

(Refer Slide Time: 23:18)



Inf127]:=
Manipulate[Plot[[

W +Tan[e] x +1, -Tan[¢] x+1, e], (x, 0, 2},

=¥
012

Cos[e]

PlotRange + (9, 2], {{s, %1}, 0, P—i}, {{e, ﬁ}, CH 2—1}, {tn %’ 2}|

2 3

oulf127}=

+ Homevork:

i o B2
- e

In[127):=
Manipulate[Plot[{

T 4Tane] x +1, -Tan[¢] x+1, e], x, 0, 2},
Cos[e]?

PlotRange » {0, 2)], [{¢, Ei}, 0, Bi}, {{9, Ei}: 0, ;}}, {(Ys 1},

6 2 3
—0

N

1]

Outfi27)=

+ Homework:

sidorelt

E B 4
e -

In127):=
Manipulate[Plot[[

il
Cos[6]

PlotRange + {0, 2}], {{¢ P%}, 0, P%}, {{es Ps—‘}, 0, 2—1}, {tn,

5 x2+ Tan[6] x +1, -Tan[¢] x +1, 0]’ {x, 0, 2},

N

1]

Out{127)=

+ Homevork:

Ern



Now, we can actually go ahead and find the condition when do we critically have a solution
that is, when do we have a situation like this, that the ground, the hill and the ball all meet at
the same point, a situation like this, this is a critical solution, you slightly deviate away from

this critical condition and you lose a solution.



