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Writing Euler’s Method as a Custom Function
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Implementation of Euler’s Method

+ » Let us solve the following differential equation using the Euler's method:

i=-21 m

« with initial cond tion:

At=0=1 ®)

)= FIt_, X ]=-2X
Ouff}= -2 X
Initialization/Define

In2)= Xi = 13
ti=0;
tf=10;
nMax = 500;

_tf-td

nMax

h /IN

Sdodols

Welcome back, last time we learned how to implement Eulers method, we wrote down our code
using the for loop, let us quickly review that, let us take a differential equation X==2X e

want to find x as a function of time and we use initial condition that X (t=0)=1 .

So therefore we define the derivative function thatis =1 as f(t, X)=—2x , fin general can be
a function of both t and x in this case special case it is only a function of x, so we defined

f(t,x)=—2x
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Initialization/Define

nfs)= X1 = 13

ti=0;

tf = 10;

nMax = 100;

W tf-ti "

nMax b

Oulf7t}=

0.1

structure of the solution; datalist = {{ty, xol, (t. 1), (82, &2} ... )

For [datalist = {{ti, xi}};; (+initializations)
Length[datalist] s nMax, («conditions)

AppendTo[datalist, prev+ (h; hfeeprev}], (wincremen
prev = Last[datalist] (+«bodys)

Then we initialize the certain variables number code x initial, xi = 1, t initial, ti = 0, t final, tf =

10 and we decided

nMax equal to some number of steps, let us start out by let us say 100 steps

=t

and then we calculate ~ NMMaX | h is the step size, we evaluated this we got our step size

h=0.1 tis is the o

nly statement we are printing the others are suppressed.
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-

Initialization/Define

Infgef= Xi = 13
ti=0;
tf = 10;
nMax = 1603

tf - ti
h= L

nMax
Oulf70)=

8.1
structure of the solution: datalist = {{ty, xo, (f, 1), (2. %)) O

For [datalist = {{ti, x1]};, (»initializations)
Length[datalist] < nMax, (#conditions)

AppendTo[datalist, prev+ (h; hfeeprev}], (#increments)
prev = Last[datalist] («bodye)
]

Oul15]




structure of the solution:  datalist = {[ry, %o, (1, %), (12, %) ...}

For[datalist = {{ti; xi}};; (+initializations)
Length[datalist] < nMax + 1, (sconditions)
AppendTo[datalist, prev+ (h, hfeeprev}], {#increments)
prev = Last[datalist] («bodys)
]
Oul[15]=
{0,00251, Null}

In7z)= h f 6@ 0.1, 2)
Tz
0.4

L datalist

Oui[74
b (18,13, (8.1, 0.8}, (0.2, 0.64], (0.3, 0.512], (0.4, 0.4096), (0.5, 0.32768)

(6.6, 0,262144}, (6.7, 0,209715), (0.8, 6.167772}, (0.9, 0,134218},
(1., 6.107374), (1.1, 0.0858993), (1.2, 6.6687195}, (1.3, 6.0549756),
(1.4, 0,0438805}, {1.5, 0,0351844}, (1.6, 0,0281475}, (1.7, 0.622518},
(1.8, 0.0180144}, (1.9, 0.0144115}, (2., 8,0115292}, {2.1, 0.00922337},
{2.2, B,0073787}, {2.3, 0,00590296}, (2.4, 0.00472237}, (2.5, 0,00377789},
(2.6, 000362231}, {2.7, 0.00241785}, (2.8, 6.00193428}, (2.9, 0.00154743},
(3., 0,80123794}, (3.1, 0,000990352}, (3.2,4,000792282], (3.3, 0.000633825},
(3.4, 0.00050706}, {3.5, 0.000405648}, {3,670.000324519}, {3.7, 0.000259615},
(3.8, 0.000207692), (3.9, 0.000166153}, (4., 0.000132923), {4,1, 0.000106338),
(4.2, 00000850706 ), (4.3, 0.0000680565), (4.4, 0.0000544452),
(4.5, 0,0000435561}, {4.6, 0.0000348443), (4.7, 0.0000278759),
(4.8, 0.0006223007), (4.9, B.0000178406), (5., 0.6000142725},
(5.1, 0.000011418}, (5.2, 9.13439x10°%}, (5.3, 7.30751x10°F},
(5.4, 5.84601x10°°}, (5.5, 4.67681x10°°}, (5.6, 3.74144x 108
[5.7. 2.99316x10°°) ., /5.8, 2.39452x10°%). (5.9, 1.91562 x




structure of the solution:  datalist = {{ty, xa), (n, 1}, I3, %))

inf73)= For [datalist = {{ti, xi}}j, (vinitializations)
Length{datalist] < nMax + 1, («conditions)
AppendTo[datalist, prev+ (h, hfeeprev}], {+increments)
prev = Last[datalist] («body«)
]

inrzi=hfoe (0,1, 2)
w7z

0.4

Inf7s)- datalist // Last
Ou[7s)

{10.1, 1.62963x 10"

njiz)= dataplot = ListPlot[datalist, Joined -+ True, PlotMarkers -+ None, P

Then we wanted to generate a solution in the structure of set of points, t0, x0, t1 x1, t2 x2 and so
on. So in order to do that, we wrote a for loop and this is the condensed version of the for loop
that we came down to starting for a from, from a longer version, so what did we do in this for

loop?

We initialize data list, the first element of data list is ti, xi, so we created a data list and inserted a
first element in ti xi, this was the initialization step and there was only initialization step that was
required. Then we went ahead and put the condition that I want data list size of data list to be
less than equal to nMax. Because they are nMax number of steps, so we said in fact, it should be

nMax number of steps.

So size of data list should be nMax plus 1, so let me add 1 over here, because the size is already
1 and the, there are nMax steps, so total nMax plus 1 the size will become nMax plus 1. So,
length of data list is less than equal to nMax plus 1 that is our condition to stop the for loop, as

long as this condition is true for loop will continue to execute the body.

The next statement is the increment, but increment is always done after the body is executed. So,
in the body, we only wrote down one statement that find the previous step previous step is the
last element of data list, in this case when the for loop being last element of data list is just initial

value ti xi and after the body is executed the for loop we are going to increment.



Then in the increment step, we increment to data list, the next step and the next step is evaluated
as previous plus the time component is h in the time step we add an h in x we step h times f
acting on previous that is a derivative f is the derivative f acting on previous to quickly remind

you.

Remember the previous is a set of points, for something for times let us say 0.1 and something
for x let us say 2 and we are doing f at at, so f'is send the 2 arguments in that as the first element
of the list and the second clement of the list, the first element becomes time and the second
element becomes the x and f is past these two arguments and f evaluates to the value remember f

was minus 2x so —2¥2=—4

So that is what this does multiplying it with h, h in this case is multiplying this with h gives me
the step size and x, the increment that is to be made in x. And adding that to previous, adding h,
h * f at a previous to h increments both the time and the x simultaneously. So, we have done
quite a bit in this increment statement, we have calculated the next step, added it to the previous

and upended that entire thing to the data list.

So, now this becomes the last element of data list, next time when the body is executed
previously becomes the last, so the the the next step of this time become the previous for the next
time. And in this fashion for loop continues till nMax plus 1 steps and we are going to execute
the for loop now this is done. And if you want you can print the data list, this is my data list, let

us go ahead and check the last element of data list, so last element of data list is 10.1.
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ILEE] B

tf = 18
nMax = 100}
tf-ti

he—— 1IN
nMax

ouTI):

8.1
structure of the solution: datalist = {{fy, o), (6, %), 17, 2} ...)

inf7ef= For (datalist = {{ti, x1}};, (»initializations)
Length{datalist] s nMax, («@anditions)
AppendTo[datalist, prev+ [thooprev}] )
prev = Last[datalist] (+bodys)
]

2= h f e (0.1, 2)

Oull72)=

0.4

o dadaldak Filank
BEFIN |

structure of the solution:  datalist = {{fy, xo), (6, %), f2, x2) ...)

e For [datalist = {{ti, xi}};, (vinitializations)
Length[datalist] s nMax, («conditions)
AppendTo[datalist, prev+ (h, hfeeprev}],
prev = Last[datalist] (+body)

]

2= hfee (0.1, 2)
Oul[72)=

-0.4

Inr7)= datalist // Last
Outl77)=
{10., 2.03704 107"

in17)= dataplot = ListPlot [datalist, Joined - True, PlotMarkers - None, P

oull12)=

{wincrements)

(#increments)

So I must have made a logical mistake because I wanted to calculate to final time tf equal to 10.

So I think this has to be nMax, let us go ahead and do this again and check last element of data is

that is correct it is now turning out to be 10, so you think about this counting, I will move

forward and we will go ahead and make a plot.
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]

2= h f 8@ (0.1, 2)
QuiT2]=

0.4
Inj77)= datalist // Last
{10., 2.03704x10 %)

Inj1z}= dataplot = ListPlot[datalist, Joined - True, PlotMarkers -+ None, PlotStyle » Blue]

Qu12]=
|

ii7s}= solnplot = P'I.ot[a'“, {t, ti, tf}]

Oul[7g)

o

Infg]:=

Outld]=

So, I make a data plot for this I get this plot I make the solution plot for the function the expected

. 2t . .
solution €  and I get this result. I can show them on top of each other and you see there is some
difference, so we are getting this shape of the solution but not quite right the solution, the reason

for that is the step size is too large at this point.

The black is the solution expected solution, other differential equation and blue is the numerical

solution that we have obtained.
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XXl B ]
mitializaty e

Inf81)= %4 = 13
ti=0;
tf = 18;
nMax = 5603 O

tf-ti
hs=

/1N
nMax

OulBs)

8,62
structure of the solution:  datalist = {{ty, xo), {n, 1), {13, %))

infge):= For [datalist = {{ti, xi}}j, (vinitializations)

Length[datalist] < nMax, («conditions)
AppendTo[datalist, prev+ (h, hfeeprev}],
prev = Last[datalist] («bodys)
]

{wincrements)

In7z= h f 6@ (0,1, 2)

IXE] B B

iii5s)» solnplot = P'I.ot[a'“, {t, ti, tf}]

Oulag)

.0

-

So let us go ahead and make the h smaller and we have done this last time remember when we
made h for the smaller down to the let us say nMax = 500 makes h = 0.02 and then we executed

for loop and then the statement I do not require so delete it.

And when I did this you saw that there was a significant improvement in the solution. But you

see still that there is a minor difference.
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BE:IM | - =

ti=0;
tf = 10}
nMax = 1060}

tf - ti
h=

/N
nMax

structure of the solution:  datalist = {{f, xol, {f, x1), (2, %] ...]

Injg6}-= For [datalist = {{ti, xi)};, («initializations)
Length[datalist] < nMax, («conditions)
AppendTo[datalist, prev+ (h, hfeeprev}], [vincrement«)

prev = Last[datalist] («bodys)
]

Injg7)= datalist // Last
OullaT)=
{10., 1.36652x 10"

. T EXL I - -

structure of the solution; datalist = {{ry, xl, (11, x1), (f2, ;) ...

injoe):= For [datalist = {{ti, x1}};, (+initializations)
Length[datalist] s nMax, (scondition«)
AppendTo[datalist, prev+ (h, hfeeprev}], {#increments)
prev = Last[datalist] («bodys)
)

injg7)= datalist // Last

0ulg7)

(10., 1.68297x10%) O

s8]~ dataplot = ListPlot[datalist, Joined + True, PlotMarkers - None,
Outgs)



In[100]:=

Show[solnplot, dataplot)]

And in order to improve that you may probably want to go to higher number of nMax maybe
1000 and we can try this again to even get higher accuracy. You see that there was some small
change in this number that happened is the last value of the data list, so let us go ahead and do

this again, there was some very small change, now let us go ahead and do this now again.

Now you see there is a perfect agreement. So, in order to get this perfect agreement, we had to go
down to a very small value of h, h=0.01, let us go ahead now and understand what is the impact
of h on the quality of the solution. So, without proof I would like to tell you a little bit about you

know importance of h when you are doing Eulers method.
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Remember that we wanted to find the solution from time from t naught to some time tf or this
was ti and this was tn plus 1 and we divided this time axis into small, small, small, small tiny

At

bits, each of this was or step size h and we use Eulers method to do the integration that

AXi

means was calculated as f evaluated at ti - 1 xi - 1 * At or h I should write h, because that is

what we have been calling so this is h.

Now, the question is what is the size of the error? What is the size of the error that is so we are
getting xi’s by doing this process by building up steps, we are getting an xi and we have got a
solution from the integration that is we have obtained solution x as a function of t, so from this

we can obtain what is x(ti).

This is the true value of x from the solution and this is the numerically obtain value of xi. Since

we are making increments of step size h, So, our accuracy will be h, therefore the error will be

order I . So, I expect that x(ti) - xi this should be order H. So, let us go ahead and validate this

numerically.

v — . . . — _2t
Now, the problem that is at hand is X==2X the solution of this is X()/=€ " ofcourse we have

used initial condition x(0) = 1. So, therefore I have obtained I know the solution, so I will



substitute ti in this and that will be my true value of the of the solution and the expected value

something that I have obtained numerically. So, that is what I want to do.

(Refer Slide Time: 10:40)

In[100]:=
Show[solnplot, dataplot]

Out[100]=

Ir{102)
) datalist[2e, 1]
Oul(102)=

In{100]:=
Show[solnplot, dataplot]

In[108]
Exp[-2 datalist[2e, 1]) Qatal-istlze, 2] /1 Abs
Out{105]=

0.00262878

Bih

So, let me go ahead and try to do that really quickly and what I will do is, I will add over here, I
will take data list, I will take a certain point in data list, let us say the the the 20th element in data
list is has t equal to 0.19 and the x value is 0.68. So, now I will take the first element of this 20"
element that is 0.19 and I will calculate my true value by multiplying minus 2 to this that is e to

power minus 2t.



And that is 0.68 to this I will subtract the obtained value which is the data list, same thing 20 and
the second element of this. So, let us just first compare them, so in order to compare them, I am
going to put them in a list. So, the first item is the true value and the second item in this list is the
calculated value or numerical value. So, we see this is a pretty close but there is some difference

between the two and I want to understand what is the difference.

So, therefore in order to understand that difference, I will take a difference of these two numbers
and I will calculate its absolute value, so I will do a postfix Abs, Abs is for absolute value, it is
going to put a mod on that and I get a number 0.002. Now, you see that this 0.002 is for 20th

point, so what I am going to do is now I want to make this arbitrary.
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In[ 106

Table [Exp[-2 datalist[n, 1]] - datalist{n, 2] // Abs, {n, 1, Length[datalist]}]

Qull106]=
l{@, 0.000198673, ©.000389439, 0.000572534, 0.000748186, 0.000916621, 6.00107806,
0.0012327, ©.00138077, 0,00152245, 0.00165795, 0.00178745, 0.00191114,
9.0020292, 0.0021418, 8.00224912, 0.00235132, 0,00244856, 0.002541, 0.00262878,
0.00271207, 0.80279101, 0.00286573, 0.00293636, 0.00300306, ©.00306593,
6.00312511, 0.00318673, 0.00323289, 0.00328171, 0.60332732, 0.0033698,
6.00340928, 0.00344586, 0.00347962, 0.00351068, 0.09353913, 0.
6.00358854, 0.00360968, 0.00362856, 0.00364526, 0.00365986, O
0,00368305, 0.9936918, 0,00369873, 0.00370393, 0.00370746, @
6.00370976, 0.00370865, 0.00370612, 0.00370222, 0.60369701, O
0.00368286, 0.00367402, 0.00366408, 0,00365308, 0.00364107,
6.00361418, 0.00358939, 0.00358376, 0.00356732, 0.68355




BFEF3AN | B

0.08370976, 0.00370865, 0.00370612, 0.00370222, 0.00369701, 0.00369054,
0.00368286, 0.00367402, 0.00366408, 0.00365308, 0.00364107, 0.00362809,
0.00361418, 0.00359939, 0.00358376, 0.00356732, 0.00355012, 0.00353219,
9,00351357, 0.00349429, 0.00347438, 0.00345389, 0.00343283, 0.00341125,
6.00338916, 0.0033666, 6,0033436, 0.00332018, 0.00329637, 0.00327219,
9.00324767, 0.00322283, 0.00319769, 0.00317227, 0.0031466, 0.0031207,
6.00389458, 0.00306826, 0.00304177, 0.00301511, 0.60298831, 0.00296139,
0.00293435, 0.00290722, 0.00288, 0.00285272, 0.00282538, 0.002798, 0.00277059,
0.00274316, 0.80271573, 0.0026B63, 0.00266089, 0.0026335, 0.00260616,
0,00257885, 0.00255161, 0.00252442, 0.00249731, 0.00247027, 0.00244333,
0.00241647, 0.00238972, 0.00236308, 0.00233655, 0.60231014, 0.00228385,
0.0022577, ©.00223168, 6,00220581, 0.00218008, 0.0021545, 0.0
6.00210381, 0.00207871, 0.00205377, 0.00202901, 0.60200441,
6.00195575, 0.00193169, 0.00190781, 0.00188412, @,99182,
6.00181418, 0.80179124, 0.00176851, 0.00174596, 0.00172362, O
0.00167952, 0.00165778, 0.00163623, 0.00161488, 0.0015937
6.00155205, 0.80153151, 0.00151118, ©.00149105, 0.60147,

So let me call this as n and call this n and I will put this inside the table and I will run n from 1 to
length of a data list. So, length of data list and they will give me all the values of this difference,

the absolute values.

And here is my entire list and what I really want to do now at this point is, you see all these
numbers are comparable see the this transferred from point some really small values but slowly
builds up to 0.001 then 0.002 and then eventually it remains of that order, so I want to get a fair
estimate of you know of the of the size of the error, so what I will do is I will calculate the mean

of this whole thing.
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I'T EEN I ]

[
B8}

Table [Exp[-2datalist[n, 1]] - datalistn, 2] // Abs, {n, 1, Length[datalist]}] //

Mean

Out]108] i O
=73, 0,000389439, 0.066572534, 0.090748186, 0.608916621, ,00167896,
meeeets),00138077, 0.00152245, 0.00165795, 0.00178745, 0.00191114,

6.00260292, 0.0021418, 0.00224912, 0.00235132, 0,00244856, 0.002541, 0.00262878,
9.00271207, 0.80279101, 0.00286573, 0.00293636, 0.00300306, 0.00306593,
6,00312511, 0.00318073, 0.00323289, 0.00328171, 0.60332732, 0.0033698,
£.00340928, 0.00344586, 0.00347962, 0.00351068, 0.00353913, 0.0 05,
.,00358854, 0.00360968, 0.00362856, 0.00364526, 0.00365986, 0.
£,00368305, 0.6036918, 0,00369873, 0,00370393, 0.00370746, 0.
0.00370976, 0.00370865, 0.00370612, 0,00370222, 0.00369701, 0.
0.00368286, 0.00367402, 0.00366408, 0.00365308, 0.00364107,
6.00361418, 0.00359939, 0.00358376, 0.00356732, 0.00355

ElFIN - B

Show[solnplot, dataplot]

Qul[100]=

In[107]:=
Table[Exp[-2datalistn, 1]] - datalist{n, 2] // Abs, {n, 1, Length[datalist]}] //
Mean

Oul[i07)=

0.600501165

In[108)
h!

Ouf108)= ©)

0.6001

So this data list, that I have obtained, this data I want to calculate the mean of that, an average.
So, I will apply postfix mean function on that, mean function will give me mean of the all of

these values and there we go.

The mean that we obtain is 0.0005 and let us go ahead and compare this with h. So, the h value,
so the h value I have is 0.01, I set the error average is going to be order h square, so and you see

that it is of that order. In fact that is 5 times higher is very specific to the problem the the the



point and the point over here is that the views the Eulers method we moved in step sizes of h,

Eulers method tells us that errors are of the order of W .

We are not giving a proof of that, we are just giving you that this is the case with the Euler
method within error of order 7 | So, therefore we calculate the average error from all the

calculation we had and we found the average error was 0.0005 and when we calculate K we

found that number was comparable.

(Refer Slide Time: 15:00)

BE Al | ]
s
13 Y :H
tf = 10}
nMax = 1803
tf - ti
nMax

h=

/1IN

out14)
0.1
structure of the solution:  datalist =650..m}. {tox), g, ).

inf118]:=
For[datalist = {{ti, xi}};, (vinitializations)

Length[datalist] < nMax, («conditions)

AppendTo[datalist, prev+ (h, hfeeprev}], (vincrement«)

prev = Last[datalist] («bodys)
]

(LXx] B B

Show([solnplot, dataplot]

Oui[i1g)=

s

in[120):=
Table [Exp[-2datalistn, 1]] - datalist{n, 2] // Abs, {n, 1, Length[datalist]}] //
Mean

Qulf120]=
0,3%55154

In[121]
b2

Cu121]=

0.01



In order to verify this, let us go ahead and re-run this entire thing and in this time we are going to
change a nMax and that is going to change h now my h is 0.1, therefore my error should become
larger it should become of order 0.01, so let us go ahead and find that out, so I will execute this

for loop again.

And I can do the data plot again and you will visually see the difference and you can from here
you can estimate the difference visually, if you move in a line vertically up you do see that the
error is of the order of 0.01 approximately, if I move along this line up here, the value here is
0.01 on the blue curve and on the black curve it is about 0.02 maybe slightly lesser, but then we

are making a ballpark estimate.

So, the error is about the difference between them is about 0.01, but let us go ahead and that is
for 1.0 which we want to calculate mean for this entire range. So, let us go ahead and execute
this statement again, which should give me the mean and we do see that it turns for of 0.005 and

h square is 0.01 so it is about half of that.

So, we found that in this case expected size is 0.01 multiplied by an order one number can

happen, it is not going to be exactly s going to be order 1 number times H in this case that
order one number turned out to be 1.5. We can go ahead and and re-evaluate this for different

value of h and I will invite you to play around with this.

(Refer Slide Time: 16:26)



ElF IR | B
Initialization/Define

kislj

ti =8}

tf = 10;

nMax -Eﬂ;
tf

h

/1N
nMax

Oul[114)

0.1

structure of the solution:  datalist = {{f, xo), (6, %), (12, %) ...)

In[118]=
For[datalist = {{ti, xi}};, (+initializations)

Length[datalist] < nMax, («conditions)
AppendTo[datalist, prev+ (h, hfeeprev}],
prev = Last[datalist] («bodys)
]

(wincrements)

Show[solnplot, dataplot]

Quif119]=

E B
S

In[128]:=
Table[Exp[-2datalistn, 1]] - datalist{n, 2] // Abs, {n, 1, Length[datalist]}] //
Mean

Cui[128)=

0.60100466

inf12g]

So let us go ahead and make it 500 and run this again and we do not need to execute these
statements and you can go ahead and execute this one over here and execute K and you see that
again we find that the mean error that we found in this is comparable to order H So, that
validates the point that when we are using Eulers method, the error is order K .

Let us go ahead and improve this you see we have been going back and forth, back and forth

again and again to execute all of this, but if you want to do a thorough study, you may want to

construct one single function which you can do all of that. So, what we will do now is, we will



turn this for loop into a function that is our Eulers method into a function and for this we will use

module construct.

If you have not watched my video about module construct that is the technical prelim 5 please go
ahead and watch that, because in this now we are going to use the module function to construct,

we are going to turn this into a function, so let us go ahead and do that.



(Refer Slide Time: 17:42)
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Euler’s Method as a function
Inf130]:=
euler[ti_, tf_, xi_, func_, nMax_] :=
Hodule[{h, datalist, prev}, («local variabless)

tf - ti
h=

11 N5 («bodyx)
nMax

For [datalist = {{t7, x7}};, (sinitializations)
Length[datalist] s nMax; («conditions)
AppendTo[datalist, prev+ {h, h func e@ prev}], (vincrements)
prev = Last[datalist] («bodys)

1;

Return[datalist];

fie, x1:=-2)

. BFEFaN 4 . |
Return[datalist];

In[131]:=

fl[t , x Jm=2X
Oul(131]=

-2x

In{t32]:= 0
euler(e, 10, 1, f1, 166]

Oul[132]=
{t0, 1}, {0.1, 0.8}, (0.2, 0.64], (0.3, 0.512}, (0.4, 0.4096}, (0.5, ©.32768},
(0.6, 0.262144}, (0.7, 0,200715), (0.8, 0.167772}, [0.9, 0.134218},
(1., 0.107374}, {1.1, 0,6858993), (1.2, 0.0687195}, {1.3, 0,05
(1.4, 0.0439805}, {1.5, 0.0351844}, (1.6, 0.0281475}, (1.7, 0.
(1.8, 0,0180144}, (1.9, 6.0144115}, (2., 0.8115292}, {2.1, 0.8
(2.2, 0.0073787), (2.3, 6.00590296), (2.4, 0.00472237}, (2.5,
(2.6, 0.00362231}, {2.7, 0.00241785}, (2.8, 000193428}, {
(3., A.AR123794). [3.1. A.ARAGIARG21. (3.2, A, ARATIZ?R?




BEsaM | 8
li
Return[datalist];

fl(t , x ]m=2X
Out]131]

-2x%

IA[131]:2

In[133]

euler(e, 10, 1, f1, 100{)/ ListPlot

So, I am going to add a title over here. So, Eulers method as a function, I am going to call that
function as Euler the name of my function will be euler. All the custom functions or custom
variables that I defined I always start the small letter such as small e over here, because block
letters are used for defining built-in mathematica functions, I do not want to run into any conflict,
so I always define my own functions with small letters. And that is the policy I will use over

here.

So, I want to define a Euler function and to this Euler function, I want to take some inputs such

and my inputs in this case are going to be the initial time ti, the final time tf, initial value xi and |

want to give the function that is the derivative function that is x=f(x) , so this is my input, let

us see what else do we required.

So, here is what our inputs were for the for loop xi, ti, tf, nMax, so, nMax we want also as a input
which tells me how many steps I want in order to do my evaluation, you can use nMax as a input
or you can use h as an input, but I usually like nMax as a input because I fix my final time, I do
not want to you change my final time by defining nMax and h, I fixed my final time, I decide

nMax and from that I calculate h rather than using h to calculate nMax.

As you can also take another approach if you want and I want to do a SetDelayed over here so

colon equal to and I want to define my own functions on going to use the module construct. And



this module construct I am going to have two parts, one is the local variables and others is the

body, so I will write the local variables and different statements of body in different lines.

So, these are my local variables, so let me for illustration let me put that comment over here, this
is local variables which are only visible inside module function and in the body this is going to
be my body there we go and the first thing I want to do in the body is I want to calculate h, so |

want to define h as a local variable.

Remember that there was one h already defined which is a global variable, now now I want to do
to define h which is a local variable. So, I will put an h inside the first argument and that

becomes a local variable you see there is a colour change and now this h is going to be

(tf=ti)/nMaX and we will do a /N , so that it is evaluated to approximate numbers so that the

computation is fast.

And there is my body and then I will go ahead and write other statements of the body and this
point I want my for loop, so I will just go ahead and copy this for loop and paste over there, now
you see that this for loop also has some variables inside it. And I will have to declare those

variables as local.

So, that they are not affected by the global values, I will go ahead and call data list also as a local
variable and you see the moment I do that there is a colour change over here and then there is a
previous and f and clearly this f has to be the local variable function that I am passing and |

wanted to define one more local variable that is previous.

And now I think this is done, I will end this for loop with a semicolon because I do not want any
output from that, I just want to run that for loop and then I am going to return data list, the local
variable data list that has been part of this module I want to calculate that data list, append

information to that data list, I want to return the data list.

And this way I have constructed a function Euler which takes the input ti, tf, xi the function that I
want to pass on, nMax. So, now I can go ahead and execute this and you see when I execute this
nothing happens because this is just the definition made, a SetDelayed definition that I am going

to execute this when I call the Euler function with certain inputs.



So, until unless I call Euler function nothing is going to happen and then I am going to call Euler
function I am going to call it with certain ti, tf, xi function nMax. Alright so, let us go ahead and

do that.

So, for this purpose I will need to define a function so let me call this ff this time, let me call this

f1(t, X)==2X this does not really matter I can make a SetDelayed definition or a set definition

let me make a set definition, there we go.

Now I want to call my Euler function, so I want to call my Euler function with the inputs so my
ti was 0, tf was 10, xi was 1, that is at t equal to 0, x was 1 to the function I just want to pass the
name of the function fl, note that over here I do not need to pass the argument because

arguments are being applied over here.

Here 1 just need to pass function of the symbol, the function of the symbol is the argument for
this, so I just need to pass fl and this f1 needs to be defined, that we have already done, and then
I want to decide nMax equal to a 100 points let us say and I want to execute this the output of
this should be database and that is what I got. I can go ahead and do a, you know list plot on that.

And when I apply a list plot to that is what I get it.

(Refer Slide Time: 24:30)
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Return[datalist];

|
In[131]
fl[t , x ]=-2x
Qui131]
2x
In{138)
mydata = euler (o, 10, 1, f1, 10@
Show[ListPlot (nydata, Joined -+ True], Plot[e™", (t, 8, 10}, PlotStyle - Red]]




Return(datalist);

|
In[131]

fl{t , x]=-2x
Qul131]=

2x
Inf142):

mydata = euler(0, 10, 1, f1, 500);

Show[ListPlot [nydata, Joined MArue], Plot[e™", (t, @, 10}, PlotStyle - Red]]

Oulj143]=
L1

[
[
o4}
el
[
B
-y
B

Return[datalist]}
In[131].
flt , x])=-2x
Qul131)=
2x

Inf144]
mydata = euler (@, 10, 1, f1, 1800];
Show[ListPlot [nydata, Joined - True], Plot[@)‘, {t; 8, 10}, PlotStyle - Red] ]

Oulf1ds=

iy

Let us go ahead and do this, I am going to call this my data equal to Euler, so that is one
statement, in the next statement I will do a list plot this list plot I will say my data and then

joined is true, let us go ahead and execute that, this is what I get one plot.

And I want to compare this now with with the solution, so the solution was I want to enclose all

[ . . —2t
of this inside the show function, the solution was € ~ and t goes from 0 to 10, there we go I can
change the colours make this red so that we can differentiate, so red is my expected solution and

this is my calculated solution.



And I want to improve this so I can just go ahead and change nMax and now you see this has
been defined as a function so I can go ahead and simply call the function improve it, I can further
improve it by changing nMax, there we go and if you want to further improve it, maybe I can go
1000, there we go. So, this Euler function all we have defined as a function and the single call I

am able to do all these 5 or 6 different steps that we were doing before.

Let us go ahead and do one more thing, we are going to define an error function, error function
to calculate the error that we calculate over here, this was the error that I was calculating, mean

absolute error, so in order to do that, I am going to define a function that is an error function.

(Refer Slide Time: 26:35)

In[148
" error[data_, solfunc_] :=Module[{tlist, xlist},
tlist = data[ ;5 , 11;
xlist = dataf ;3 , 21;
Return[xlist];
]
In[148):=
error [mydata, f1]
Outf149]=
{1, 0.98, 0,9604, 0.941192, 0.922368, 0,903921, 0.885842, 0.868126, 8.B50763,
8.833748, 0.817073, 0.800731, 8.784717, €.769022, 0.753642, 0.738563,
8.723798, 0.709322, 0.695135, @.681233@.55?603, 0.654256, 0
8.628347, 0.61578, ©.603465, 0.591395, 8.579568, ©.567976, 0
0.545484, 0,534575, 0.523883, 0,513405, 0.503137, 0.493075,
8,473549, 0.464078, 0.454796, 0.4457, 0.436786, 0.428051, 0.4 L4111,
9,402878, 0.39482, 0.386924, .379185, 0.371602, 0.36417,
A.347754. A.335R99. A.3791R1. A.377507. A.31R145. A IR




Inf150]:=
- error[data_, solfunc_] :=Module[{tlist, x1ist, xtrue},
tlist = dataf 33 ; 11}
xlist = dataf ;5 , 2];
xtrue = solfunc /@ tlist;
Return[xtrue];

soln[t ] =e?"
error [mydata, soln] @

Oul[149]=
‘ l{l, 0.98, 0.9604, 0.941192, 0,922368, 0.903921, 0.885842, 0.868
8,833748, 0,817073, 0.800T31, 0.784717, 0.769022, 0.753642, 0.
0.723798, 0.709322, 0.695135, 0.681233, 0.667608, 0.654256, 0.
8.628347, 0.61578, 6.603465, 0.591395, 8.579568, 6.567976
8,545484, 0,534575, 0.523883, 0.5134085, 0.503137, 0.49

In[151].
soln(t ] =&Y
error [mydata, solno

Outf152)=
{1, 8.980199, 0.960789, 0.941765, 0.923116, 0.984837, 0.88692, 0.869358,
0.852144, 0,83527, 0.818731, 0.802519, 0.786628, 0.771652, 8.755784,
0.740818, 0,726149, 0.71177, 0.697676, 0,683861, ©.67032, 0.657047, 0.644036,
0.631284, 0.618783, 0.606531, 8,594521, 9.582748, 0.571209, 0,559898,
0.548812, 0.537944, 0.527292, 8,516851, 8.506617, 0.496585, 0,486752,
0.477114, 0.467666, 0.458406, 0,449329, 0.440432, 0.431711, 0,423162,
0.414783, 0.40657, 0,398519, 0.390628, 0.382893, 0.375311, 0.367879,
0.360595, 0,353455, 0.346456, 0,339596, 0.332871, 0.32628, @,
0.313486, 0.307279, 0.301194, 9,29523, 0.289384, ©.283654, 0.
0.272532, 0.267135, 8.261846, 0,256661, 0.251579, 0.246597, 0
0.236928, 0.232236, 0.227638, 9,22313, 0,218712, ©,214381, 0.2
0.205975, 0.201897, 8,197899, 0,19398, 8,190139, 8,186374
A.179ARR. A.17557. A.1772045. A.1ARA3R. A.1AS5299. A.1A7

So, I will define another function I will call this function as error and it is going to have 2
arguments, the one argument will be the data that I am going to pass through it, the data will be
in the same structure as my data list and I am going to pass it another function which is the

solution function.

So, I will call it as solution function which is the function of t, so then I can find the difference
and compare, | am going to write this as a module again, so what I want to do here is again

define a set of local variables and then the body in the next line.

(Refer Slide Time: 31:23)



ElFIE ]

1n[153]:=
" error[data_, solfunc_] t=Module[{tlist, xList, xtrue},
tlist = data[ ;; , 11;

ulist = data[ 33 , 21;

xtrue = solfunc f@tlist;
Return[xtrue - x1ist // Abs // Itejn];
]

In{154]:=
soln[t ] =Y

error [mydata, soln]

Ou[155)=
-

BFEF3A0 | B

L ———
nHax

For [datalist = {{t7; x7}}}; (#initializations)

Length[datalist] < nMax, (vconditions)

AppendTo[datalist, prev s+ {h, h func @@ prev}], {wincrements)

prev = Last[datalist] («bodys)

13
Return(datalist];

error[data_, solfunc_] :=Module[{tlist, xlist, xtrue},
tlist = dataf ;3 , 11;

xlist= dar@;; » 215
" xtrue = solfunc /@ tlist;
Return[xtrue - x1ist // Abs // Mean];
]

In[131]:=
fl[t , x ]m-2X

Eine

So I want to define over here, what I want to do is [ want to calculate only define variables, tlist
and xlist, so for tlist, [ will extract from my data the first component of it, so I will take all the
rows, so double semicolon means all the rows of it and the first element or in each row, that is

that is all the times.

And I will get the x list and that will be in order to obain the error element, I press escape, press
2 square brackets, press escape again that becomes a double square bracket and then I do the

same thing to close it and that becomes that that can be used to determine the array elements, I



think we have done this before but this is just to remind you again we will use the double

semicolon to get all the rows and the second element for this.

Let us, see if this is what is going to give me expected results, so let me just go ahead and return,
return t list, I am not done with the function yet, I am just building the functions so I want to test

it out step by step.

So, it is going to return me tlist, let me go ahead and print the tlist now to see this is what tlist
was supposed to be, I want to call error function with the data mydata and some solution function

which have been not defined, so I will just go ahead and pass f1 to it, does not really matter.

Alright, so this is it has taken mydata and extracted the time part of it and I can go ahead and
check for xlist also, so if I make it xlist just take in the data and extracted the xlist, the x

component of the data, alright that is what was intended.

Now I what I want to do is I want to calculate another quantity called xtrue and this is going to
be my solution function, solution function which is a function of only t, I want to apply to each
value, so I am going to use the map operator / add of t list. So, I am going to apply solution

function at each element of tlist will give me a list of true values of x that is expected.

I want to define xtrue as a local variable, go ahead, let us go ahead and check that I am getting
some expected result, so let us go ahead and return xtrue from here and let me in order to pass
this time I cannot pass f1. Because f1 is the derivative function not the solution function, it has 2
arguments, now I am actually using solution function and it is and the argument solution function

is a single element each element of't list.

. . C e . . .oa2t
So I should define that, so my solution function which is just a function of t only is € ~ , so that
is my solution function and I want to pass this is an argument to error function, let us go ahead

. . 2t . .
and do that and there we go. So, that gives me exponential € ~ applied on the times.
Alright so what now I want to do is xlist is the calculated values, xtrue is the true values of x and

what I really want is take a difference of the two, so when I take a difference of two arrays I am

going to get difference of array of difference of elements, so I can go and directly to that I can go



ahead and directly do xtrue - xlist and to this I can apply postfix absolute value and postfix mean

and that will give me there the mean value.

Now, I can do this very quickly with experience, but if you are not entirely sure you can go
ahead and do this step by step, make the checks in between that are necessary for you to do, just
like I printed t list or return tlist and return xlist return xtrue, to verify that I was getting some

expected results.

You can make stronger verifications by evaluating some of the numbers on a calculator or
separately over here and comparing them. But if you experienced you can actually go ahead and
directly to this thing and let us go ahead and do that. So, this is my definition, so now I am going
to get now my error function going to give me mean absolute error returned and let us go ahead

and check that.

So, I am going to get a single number and just to you know verify that from our older code that
when I had 1000 points this is the error that I got, so let us go back to our old code and make this
as 1000 code just to verify that our error function is actually giving what we did before. So, we
can go ahead and calculate the error from the statement over here, there we go those points 0.005

and over here is again 0.005 very good.

So, now what we have done? We have got two functions one is the error function and the other
one is the Euler function, we will define two functions over here and we will keep on using these
functions again and again for testing the calculations we are making. So, let us go ahead and go

ahead and combine this, so I will just copy this and put this side over here.

(Refer Slide Time: 33:48)



fL[t , x ]w=2X}

soln[t ] = Exp[-2t];

mydata = euler (@, 18, 1, f1, 1008];

error = [mydata, soln]

Show[ListPlot [mydata, Joined » True], Plot[soln[t], {t, @, 18}, PlotStyle -+ Red]]
Qut[145):

il
L H
"
ey O
1]

In[154]:=

soln[t ] =e?%;
error [mydata, soln]

BEEAE

tlist = dataf ;3 , 11;

xlist = dataf ;5 , 21;

xtrue = solfunc /e tlist;
Return[xtrue - x1ist // Abs // Mean];

fl[t , x ]=w=2X;

soln[t ] = Exp[-2t]}

mydata = euler (@, 18, 1, f1, 1008];

error [mydata, soln]

ShwlListPlot{mycﬁﬁ. Joined = True], Plot[soln[t], {t, @, 18}, PlotStyle - Red]]

Syntax: "error =" cannot be followed by [
Inf154]:=
soln[t ] = 2%
error [mydata, soln]
Out[155)=

0. 600501165



flt , x)=-2x;

soln[t ] = Exp[-2t];

mydata = euler(0, 18, 1, f1, 1808];

error [mydata, soln]

ShquL'istPlut{mydata, Joined < True], Plot[soln[t], {t, @, 18}, PlotStyle + Red]]
[173]:

W1 7]

0.600501165

Inf154]:=

2
soln[t J=e?";

Now I can go ahead and combine the statement also over here. So, I will define f1(t,x) that is my

derivative function as -2x the solution of this equation is a solution function which is a function

. . 2t . .
of time only and I am going to define that as €  now I will call Euler function to calculate the
solution and then I am going to call the error function to go ahead and calculate the errors so for
this I will pass it arguments my data and solution that is my error let me not put a semicolon

because | want to print it.

And then over here I am going to do a show of listplot of my data and this is the solution

. s . . .. ..
function, so let me replace this € by solution function of t and this is my ti, ti from 0 to tf. And
you go and execute all these 5 statements in a single go, seems like this, the error is the function,
so it has should have argument of the typo there and I want to go and execute now and there we

go. So, we have got the error over here and the comparison of the two plots.

(Refer Slide Time: 35:47)



T CER I
m

fl[t , x ] m=2X}

soln[t ] =Exp[-2t]}

mydata = euler (0, 10, 1, f1, 160];

error [mydata, soln]

Show[ListPlot [mydata, Joined - True], Plot[soln[t], {t, 8, 108}, PlotStyle - Red]]

OuA(178];
0,00851154

ouj17g)

In[154]=
soln[t ] =e?";
i arrar fmudata ealnl
i.i A8
In[180)
fL{t , x ) =-2x;

soln[t ] = Exp[-2t];

mydata = euler(0, 10, 1, f1, 18];

error [mydata, soln] O

Show[ListPlot (mydata, Joined -+ True], Plot[seln(t], {t, 8, 10}, PlotStyle - Red]]
Oul|183]=

0.919928

Outj184]=

Inf154]

enlnfs 1 - a2t,
——



“ !_, X --!x!

soln[t ] = Exp[-2t]}

mydata = euler (@, 18, 1, f1, 50];

error [mydata, soln]

Show[ListPlot [mydata, Joined =+ Tr@]. Plot[soln[t], (t, 8, 18}, PlotStyle - Red]]
Cut]188):

0.0104558

Oul[189)

In[154)
soln[t ] =e?%;
error [mydata, soln]

,,,,,

And now you can go ahead and play around with this, you can make 100, the error changes and
you see the comparison over here also changes I can make it even worse make it 10 and you see
a really get a bad result, my error is order 1 and I am getting a really oscillatory kind of solution

which is completely unexpected for this.

Ofcourse that would happen if we make nMAx very small and h very large. So, in order to get
some reasonable value we should make it larger 50 you see that the error is 0.01 and the
difference in the curve is visible over here. Now, we can go ahead and play this around with for

some more functions, some more other known functions.

(Refer Slide Time: 36:32)



In[180]:=

fl[t_; x_) = Cos[t];

soln(t_] = 5in(t];

mydata = euler(0, 10, 8, f1, 50];

error [mydata, soln]

Show[ListPlot [mydata, Joined » TI"I.Q, Plot[soln[t], {t, @, 18}, PlotStyle + Red]]
Oul[193]=

0.104576

Outi94]=

Inf154]
t

solnft 1=e?%

p——

I[185)

fl[t_, x ] =Cos[t);

soln[t_] = §in[t];

mydata = euler(0, 10, 8, f1, 180];

error [mydata, soln]

Show[ListPlot (mydata, Joined - True], Plot[soln(t], {t, @, 18}, PlotStyle » Red]]
Out[198]=

8.0525018 o

Oul|19]=

Inf154]:=
e}



T CEN I ]

Lty x_] = Cos[t];
soln(t ] = Sin(t];
mydata = euler(0, 10, 8, f1, 500];
error [mydata, soln]
Show[ListPlot [mydata, Joined » True], Plot[soln[t], {t, 8, 18}, PlotStyle - Red]]
Out208]=
© 0.0105352

o)

Let us try fof't x as let us say this Cos(t), you know the solution of that, solution of that is Sin(t),
so if X0 is Cos(t) the solution x(t) Sin(t) given that the initial condition is at t = 0, x = 0. So, that
is my initial condition at t = 0, x = 0 and I am calculating to final time tf, let us go ahead and do

this with 50 points and I want to let us go ahead and execute that There we go.

We get an error of 0.1, mean absolute error of 0.1 and the red curve is the true solution, black
dots, join together is the calculated solution and you say that they are they are pretty close, but
they do not agree with each other very well, ofcourse we can improve it by increasing the
number of points or the number of steps in the calculation and that makes that makes things look

a little bit better.

I can improve it further again there we go it becomes even better and improve it further
increasing more points to get the perfect agreement. So, this is close to perfect agreement, now
you see that the the the error has become 0.01. And we should probably print also the h value or

rather we can do as we can print error divided by h square.

Alright, let us we will we will do that later in a bit, so there we go, we have got, now what we
will do is we are going to go ahead and compare this error I do not need this we will go ahead

and create a list of errors.



(Refer Slide Time: 38:48)
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Out[208]=
0.0105352

Outf208)=

ag

In{217]
flt , x]=-2%;
soln(t ]=e?%

Tﬂh'l.e“[%]2 1N, arror[euler[s, 10, 1, f1, 19”], soln]}, {n

out21g)

{il‘ , B.919928}, {0.61, 0.0851154},
(6.0601, 8.600501165], {1.x10°°, s.eaaas@m}}

ElFAR 4 L]

Oul[208)
8,0105352

Outj209)
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So, let us go ahead and go back to to so we will what I want to do is I want to compare error for
different values of h, so my h is (tf — ti)/nMax, in this case ti = 0, tf = 10, nMax = 100, so if
nMax is 100 so tf over nMax is h and to this I want to compare, to this I want to compare the

CITor.

So, error of my data but my data is obtained by Euler function, so let me go and call this Euler

function. The second argument is the solution function, let me go ahead and put the solution



function as a second argument and this nMax is 100 let us go ahead and calculate that and we get

1/10.05.

So you see this is comparable, actually I want to compare this with the h square, so this is h I

want to compare with K , S0 those two numbers are the same order they are comparable. And
now I want to go ahead and change nMax to 200 over here to see if this comparison works, okay

we get that, now let us go ahead and make this arbitrary.

So, let us go ahead and go back to our older function f1(t, X)=—2X pecause we have straight
values for that a while ago so let us do that again and solution function for this was function of t

—2t . . . e
only and that was € = that is my solution function and initial value of x was 1, so let us go ahead

and do that and now I want to make this automated.

So I want to define this as 10" and I want to very n, so wrap this inside the table and I will go
ahead and say I want to change n from 1 to 4. So, 10 to power 1, so nMax is 10 to power 1 then
next time 10 to power 2, then next 10 to power 3 and 10 to power 4. So, let us go ahead and do

that we are going to get 4 sets of numbers there we go.

So, the first time we get K to be order 1 and we get error also to be close to 1, next time we get

H to be order 0.01 and we get that error of the same order, next time we get error ' to be order
10 i i i i 10°

0.0001, and that is the same size as the error and next time we will get a h as and

. . 5
again error is order of 10~ | So, you see that the error does gets squared.

In fact if you want you can divide this by K that is [ want to divide this by this to see that we get

an order one number. Now, what I am doing is I am dividing the error that I am obtaining by K

and when I execute that you see that I am getting about an order one number, but for very small

h’s you see that the error is even larger it is 50 times larger. So, at some point the error is not K

to become significantly larger.

Alright so this was understanding the Eulers method, writing the Eulers method as a function and

understanding the mean absolute error that we get from Eulers function. So, go ahead and try out



a few more examples of this and you will see that will get somewhat similar results, you will find

that errors that you obtain will be typically of order W , sometimes slightly more, sometimes

slightly less depending on the function of the case you are working. But you see the precision of

Euler’s method is only order K .

Now, that means that if I want to get an accuracy of order K suppose I want to get an accuracy
4 4 2
of 10 that means K is order 10 that means h has to be 10 . So, in order to make h equal

107 have to appropriately choose nMax that is (tf - ti)/nMax has to be 10° , so therefore |

have to appropriately choose nMax.

6
Now, this makes the Eulers method not very useful because if I want to the accuracy of 107 or
even 10° , I need to make h smaller and smaller that means number of steps going to become

larger and larger. So, this is the limitation of the Eulers method, because the order is order of K1

need to make h smaller and smaller to get higher accuracy.

So, therefore next time what we will do is we will look at Improved Eulers method and Fourth
Order Runge-Kutta method. So, that we can get higher accuracy with less number of step size.
So, next time we will review these methods and we will see how they improve upon the Eulers

method that we have worked out so far.

In the meantime go ahead and try out some examples with this method write your Eulers
function, try different cases where you know the analytical solution and see how playing around
with h, nMax ti and tf all other parameters, how does the solution compared with the exact

known solution, we will see you next time.



