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Maxwell’s Equation: A Complete Overview 

 

Hello student to the foundation of classical electrodynamics course under module 4 we have 

lecture 65 today. And this lecture basically we will try to understand Maxwell's equation once 

again. Last day we discussed few things but a complete overview I will like to provide to 

understand this Maxwell's equation in terms of scalar and vector potential, so let us start. 
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So, we have class number 65. So, quickly recap what we have done, so I should say that this is 

understanding of the Maxwell's equations. So, Maxwell's equations: a complete overview. So, let 

us start with the Gauss's law quickly I remind. 
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So, what Gauss's law says?  
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In Gauss's law in electrostatic we had �⃗�  • d𝑠  is 
𝑄𝑒𝑛𝑐𝑙𝑜𝑠𝑒

𝜖0
 that is 

1

𝜖0
 ∫𝜌 𝑑𝑣 over v. So, the total amount 

of electric flux is 
𝑄𝑒𝑛𝑐𝑙𝑜𝑠𝑒

𝜖0
 and in terms of ρ it is this one. And from that we had that ∇⃗⃗  • E⃗⃗  dv Gauss's 

law = ∫
𝜌

𝜖0
 𝑑𝑣, 2 for any volume and then eventually we get the equation Maxwell's equation 1. 
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And that is ∇⃗⃗  • E⃗⃗  is 
𝜌

𝜖0
 that is our first equation. What about the second one? 
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Second one is Gauss's law in magnetostatic and that basically tells me that the ∮ �⃗�  • 𝑑𝑠 , that is the 

flux is 0. And that tells me like that magnetic monopole does not exist. And we had an expression 

from here that the ∇⃗⃗  •  �⃗�  should be 0 that is our equation 2. 
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Then we had the Faraday’s law, which says that the EMF can be generated due to the rate of change 

of magnetic flux in a closed loop mathematical statement is this. And if I want to write in an 

integral form it should be �⃗�  • 𝑑𝑙  = −
𝑑

𝑑𝑡
 and I should have �⃗�  • 𝑑𝑠 , where this is a surface integral. 

So, that eventually ∇⃗⃗  × �⃗�  • d𝑠  = −
𝑑𝐵

𝑑𝑡
 • d𝑠  and we had our third equation, which is saying ∇⃗⃗  ×  �⃗�  

= −
𝑑𝐵

𝑑𝑡
, that is our third equation, 3. 

 

What about the final equation, fourth equation? Fourth equation is essentially the Ampere's law 

modified by Maxwell's. So, we had Ampere's law with a modification by Maxwell and what was 

that? That was �⃗�  • 𝑑𝑙  in integral form that should be equal to μ0 Ienclose, this Ienclose is now 

containing 2 term, so I should write one is Iconducting and another is Idisplacement. So, that eventually 

gives us the fourth equation. 
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And it was ∇⃗⃗  × �⃗�  = μ0 𝐽  plus that modification μ0 ϵ0 
𝜕�⃗� 

𝜕𝑡
, that was the expression we get. So, these 

are the 4 equation written in green colour are the Maxwell's equation starting from the fundamental 

laws. Well, now let me write these 4 equations together, so if I do then again I should write 

Maxwell's equation. 
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So, first one is �⃗� , which should be a function of 𝑟  and t, that is 
𝜌(𝑟 ,𝑡)

𝜖0
. Second equation dot �⃗� , now 

�⃗�  and �⃗�  I just put a space time dependency, this depends on space and time. Third is ∇⃗⃗  ×  �⃗�  is 



−
𝜕�⃗� 

𝜕𝑡
 it is a function of r and t and finally ∇⃗⃗  × �⃗�  is μ0 𝐽 , which is a function of r and t, this is source 

term +μ0 ϵ0 
𝜕�⃗� (𝑟 ,𝑡)

𝜕𝑡
. 

 

So, here in this equation if you note carefully these are the vector equation, all these fours are 

vector equation and this vector equation should have some component and component wise if I 

write, so the unknown here is 6 because if I write in component wise then it should be Ex, Ey, Ez, 

Bx, By, Bz. So, unknown, there are 6 unknown in this set of equations, 6 unknown. And these 6 

unknowns are essentially Ex, Ey, Ez that is one set and another is Bx, By, Bz, this 3, so this is 3 + 

this is 3, so total 6 unknowns are there. 

 

Now the number of equation if you look there are 8 equations. So, 8 equations are there to solve 6 

unknowns that means there are certain equations, which are not independent. So, how many 

equations are there? 
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So, there are in general in component form there are 8 scalar equations, there are 8 equations. So, 

how you get these 8 equations? Because this is a scalar equation if you look carefully, so this is 

one equation, this is a scalar equation, this is one equation, this is a vector equation, so component 

wise if you write there should be 3 equations and this is also vector equation. 

 



If I write component wise Bx, By, Bz if I try to write in this component form there should be 3 

equations. So, 2 1 + 1, 2, 3 + 3, 6, 6 + 2 there should be 8 equations. So, among 8 I should write 

there are 2 scalar equations; these 2 scalar equations are this and this. If I expand this it should 

leads to only one equation, if I expand this it should leads to only one equation, so only 2 equations 

are there. 

 

And there are 2 vectors equation, which leads to 6 equations, which vector equations? ∇⃗⃗  × �⃗�  is 

−
𝜕�⃗� 

𝜕𝑡
, left-hand side is a vector, right-hand side is also a vector, so component wise there will be 3 

components, so 3 equations are there. Here we have ∇⃗⃗  × �⃗�  = μ0 𝐽  + μ0 ϵ0 
𝜕�⃗� 

𝜕𝑡
, so this belongs to 1 

equation and this belongs to 3, this belongs to 3, so overall 8 equations are there. 

 

So, now the question is 8 equations and 6 variables. So, that means there are some equations, which 

are related to each other. So, there is a connection, so you should note that. So, there is a connection 

between this 2 source term here ρ and 𝐽 , they are not independent and they are related to the well-

known continuity equation. So, they satisfy this equation, so that means they are related, they are 

not independent, these 2 are not independent. 

 

Since we have a relationship between ρ and 𝐽 , so this 8 equation now reduces to 7 equation because 

1 constant equation is there, 1 constant is there. So, now still we have 1, equation that need to be 

correlated. So, 8 equation and then we have 1 constant it becomes 7 equation but I need exactly 6 

equation because we have 6 unknowns. So, the other constant is something quite interesting and 

that is we are having a continuity equation that we get from the concept of the electrostatic 

problems. 
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Now once one can expect, now there will be in principle there will be a similar connection between 

the something called magnetic charge and magnetic, not magnetic charge it is called magnetic 

charge density like the electric charge density like magnetic charge density. Obviously which 

happens to be 0, we know that there is no magnetic charge, which happens to be 0 because we 

know that there is no magnetic charge. 

 

But if it is there then there should be a similar connection magnetic charge density and the magnetic 

current density, that is which is also 0. Because we know that there is no magnetic current. So, that 

means I suppose to have an expression like ∇⃗⃗  • 𝐽 magnetic + this is the magnetic current density and 

then I have 
𝜕𝜌𝑚𝑎𝑔𝑛𝑒𝑡𝑖𝑐

𝜕𝑡
 = 0 but these are not there, this is not, both are 0. 

 

So, in the equation then how the equation looks like? Then the equation was something like ∇⃗⃗  •

 �⃗� , now it is 0 but if I have that it should look like this and another thing divergence, so another 

thing is 𝐽  here. So, I should have ∇⃗⃗  × �⃗� , which is now −
𝜕�⃗� 

𝜕𝑡
 then maybe we can have another term 

like μ0 𝐽 m. Like the way we had here μ0 𝐽  we should have but these 2 ρm and Jm both are not there, 

it is not present in reality. 

 

But still we have an equation 0 = 0, so that makes an another constant. So, the first constant is the 

connection between ρ and 𝐽 , which is very much there, this is the electric current density and 



electric charge density but the magnetic current density and magnetic charge density should also 

follow the similar relationship. They should also follow a continuity equation but in reality they 

are not there, so in real world they are not there, so this is 0. 

 

But this also makes another constant 0 = 0 that also makes another constant. So, there are second 

constant, so this is the first one and we can say this is another kind of constant one can expect one 

can have 0 = 0 by considering the magnetic current density and the magnetic charge density, which 

is not there in the real world. But this still I can consider as a constant, constant number 2. And 

that basically makes the total number of variable equal to the total number of equation, total 

number of unknown variable equal to the total number of equation from these 8 equations. 

 

So, we had 8 equation but 2 constant if I remove then we should have 8 equations in our hand. 

Now again go back to the Maxwell's equation and writing this Maxwell's equation in a 

homogeneous and non-homogeneous form. 
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So, say I should write ∇⃗⃗  •  �⃗�  is 
𝜌

𝜖0
, ∇⃗⃗  •  �⃗�  is 0 and then ∇⃗⃗  × �⃗�  + 

𝜕�⃗� 

𝜕𝑡
 that is 0 and ∇⃗⃗  × �⃗�  - μ0 ϵ0 

𝜕�⃗� 

𝜕𝑡
 

that is μ0 𝐽  with function 𝑟 , t. Here also I should write this is a function of 𝑟 , t. So, I just rewrite 

the Maxwell's equation once again but here I can see that this 2 equations, which is sitting in the 

middle are homogeneous and the equation in the top, this one and this one are non-homogeneous. 

 



Because it is containing the source term, here we have one source term 𝐽  and here we have another 

source term ρ. So, this is with source term and this is also with source term, so they are in principle 

non-homogeneous. Now let us exhaust the content of the homogeneous equation because the 

homogeneous equations are easy to deal with. So, let us try to understand what we can get from 

these 2 homogeneous equations. Already this treatment we did earlier but let us do once again. 
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So, I can have the ∇⃗⃗  •  �⃗�  to be 0, so that readily allow us to write the equation that �⃗�  = ∇⃗⃗  ×  𝐴 , 

vector potential 𝐴 . This is not new, we had done this earlier but again I am doing. So, that means 

I can have this equation, so this equation now transferred to another equation and that equation is 

this one. So, the information what we had is ∇⃗⃗  ×  �⃗�  = 0, I can transfer this equation in terms of 

∇⃗⃗  × �⃗�  = ∇⃗⃗  × 𝐴 , where we have a liberty to choose 𝐴  we also discuss this part. 

 

Now what we do that? I will put this information �⃗�  = ∇⃗⃗  × 𝐴  into the second homogeneous 

equation. And if you do then let us put this information, so what I do this? Put this piece of 

information to another homogeneous equation, so I start with 1 homogeneous equation and I get 

something and then I put this information to another homogeneous equation and then if I do I can 

have ∇⃗⃗  × �⃗�  + 
𝜕

𝜕𝑡
, in place of �⃗�  I just simply write ∇⃗⃗  × 𝐴  = 0. 

 



So, this is again a not a very unknown equation because we did it earlier. So, I should write this is 

∇⃗⃗  × (�⃗�  + 
𝜕𝐴 

𝜕𝑡
) = 0. Now once we have a curl of some vector field equal to 0, we are in a position 

to write this vector field to a gradient of a scalar and I can write it this vector field = gradient of 

some scalar and I have ɸ here, where the ɸ is a scalar quantity. So, my �⃗�  is now −∇⃗⃗ ɸ −
𝜕𝐴 

𝜕𝑡
. So, 

what we get so far is this. 
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We have done this earlier but now we are try to understand in using the 4 Maxwell's equation few 

things. So, �⃗�  is now ∇⃗⃗  × 𝐴  and �⃗�  is now −∇⃗⃗ ɸ −
𝜕𝐴 

𝜕𝑡
, both the equation we derived earlier but now 

I am writing again. And this is the way one can write the electric and magnetic field in terms of 

the vector and scalar potential, this is right. So, you can see here 6 component of �⃗�  and �⃗�  can be 

exhausted from the 4 components of 𝐴  and ɸ. 

 

So, whatever, so how many components are there? So, at the end of the day I need to find �⃗�  and 

�⃗� , so �⃗�  has 3 components Bx, By, Bz, E as 3 component Ex, Ey, Ez. But from these 2 equations I 

can see that this 6 component can be compressed or can be extracted from the 4 component of 𝐴  

and ɸ. Because 𝐴  is a scalar quantity, 𝐴  is a vector quantity having 3 component but ɸ is a scalar 

quantity. 

 



So, 𝐴  is having Ax, Ay, Az, ɸ is a scalar, it should only have one component ɸ, these 4 component 

are capable enough to describe �⃗�  and �⃗� , where �⃗�  and �⃗�  are having 6 component Ex, Ey, Ez and Bx, 

By, Bz. Now, so what should I get what should I write? So, 6 component of �⃗�  and �⃗�  that is 3 

component of �⃗�  and 3 component of �⃗�  can be extracted from the 4 components of the vector field 

𝐴  and the scalar field ɸ.  

 

Now I would like to stop here because I do not have much time to discuss further but the next day 

what we do that will continue this treatment because we are just started to understand few things. 

So, we write the 4 Maxwell's equation in a form where we had 2 homogeneous and 2 non-

homogeneous equations that is the starting point here, in this part. Now we exhausted the 

information of the 2 homogeneous equation ∇⃗⃗  • �⃗�  = 0 and ∇⃗⃗  × �⃗�  + 
𝜕�⃗� 

𝜕𝑡
 = 0. 

 

And after taking the information out of these 2 homogeneous equation we find that �⃗�  = ∇⃗⃗  × 𝐴  and 

�⃗�  = ∇⃗⃗ ɸ minus the time derivative of the vector potential A⃗⃗ . So, next day what we do in the next 

class? We will put this value of B⃗⃗  and E⃗⃗  in this non-homogeneous equation. So, we had 2 very 

important equations here with having source that is this 1 and 4. So, whatever the information we 

extracted from this we will be going to put here in this equation and in this equation. What we put? 

 

We put this information that the B⃗⃗  is curl of this information, which is B⃗⃗  is curl of a vector field A⃗⃗ , 

so that information and E⃗⃗  is −∇⃗⃗ ɸ  −
𝜕𝐴 

𝜕𝑡
. So, we put this information in equation 1 and 4 and then 

we are going to check that what we get from equation 1 and 4. So, then we will see that the entire 

expression all the equation will now come into the form of 𝐴  and ɸ and then we have a different 2 

important differential equation for 𝐴  and ɸ, I am going to try to solve this. 

 

And from that one can extract information of electric field and magnetic field in terms of the scalar 

and vector potential. So, with that note I like to conclude here, thank you very much for attention. 

And see you in the next class where we continue this treatment, thank you and see you in the next 

class. 


