Foundation of Classical Electrodynamics
Prof. Samudra Roy
Department of Physics
Indian Institute of Technology - Kharagpur

Lecture — 34
Multipole Expansion

Hello students to the foundation of classical electrodynamics course, under module 2 today we

have lecture number 34 where we discuss the multipole expansion.
(Refer Slide Time: 00:29)
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Today we have, so, our topic today is multipole expansion so, we have already discussed the
dipole. So, let us quickly recap. So, if we have two equal and opposite charge +q and -q separated

by a distance say d then at some point we can find the potential or the electric field due to this

dipole. If this is JI+ this is JI- and from here we have # say this angle is 0 so, this is the P where we

try to find out the potential and if | calculate, so, this calculation is already done.
(Refer Slide Time: 02:06)
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The potential due to the dipole at point # comes out to be 41 and then 242 trat is a very

TE r?
important thing. Now, here the potential goes to so, what we find here potential goes like riz form

this is the way the potential changes.
(Refer Slide Time: 03:07)
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Now, if we look carefully for other cases like a monopole a single charge either plus or minus this
is called a monopole the potential ¢(r) varies like % so, now, we have dipole where instead of
having one charge you have 2 equal and opposite charges say minus and plus and this is called

dipole the potential now varies as riz Now, we can extend these 2 other kinds of charge system



like if I have 4 charge points having say plus and then minus than minus plus these kinds of charge

distribution we call it quadrupole.

And here the potential will vary as r% also we can have like a structure with the charged particles

sitting here 1 2 3 4 5 6 7 another charge is sitting here 8. So, this kind of system is say this is minus,
this is plus, this is minus, this is plus, this is minus, this is plus, this is minus, this is plus, this is
the charge distribution we can have and this is called octapole where the potential changes like r4.

So, different kinds of charge system you can consider and this is the way the potential is changing.

Now, the next thing is we will systematically find out the potential of an arbitrary charge
distribution and later we find that it can be the contribution of monopole, dipole and quadrupole,
octapole and so on. This is the way we can so, | have an arbitrary charge distribution here. So, let
me do that.

(Refer Slide Time: 07:01)
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So, now, we will do the systematic expansion of an arbitrary localized charge distribution so, that

thing so, | should have a region where we have charge distributed and take a small piece of that

and our goal is to find out what is the potential for this small piece at some point P here and suppose
| have origin here at some point so the location from the origin to this small portion is say 7’ and

this location of this is Ji and from the origin to the point P, say, this is my point P this is 7.



So, we know that I mean this is a well-known problem suppose this angle is given and this is say

0’ and this problem is a well-known problem, because we already know what is the potential for

this charge distribution at point P and that is nothing but ﬁ integration of the charge density of

-

here which is p r’ dv’ divided by the distance from here to here which is r. Now, this 71 is 7 - #°.

What is the magnitude of this quantity or if | want to find out the dot product.

So, it should be (7 - #’) ¢ (# - 7’), which simply gives us r> + r2- 2 r r’ angle between these 2,
which is cos 0.
(Refer Slide Time: 10:56)
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So, r? | can write as r? taking common 1 + (rT)2 -2 (%) cos 0 just take r2 common and we are going
to get this one. Now, let us consider this part to be €, which is essentially (%) [(%) -2cos 071 just

write it as € to make like simple, then my r will be simply r [1 + €]'/2.

So, now, | just need to expand this JI this technique we already use to calculate you know this
when we are calculating the potential of a dipole.
(Refer Slide Time: 12:27)
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So, the same technique will be going to use that so, ]1—1 is simply% (1 + ¢)¥2 and | can make a

. . . . 1 3 - . .
binomial expansion like % [1- SE+ s € - 15—6 e + so0 on] this is the expansion we can have. Now, |

can put the value of the € here and if | do that, then | should get some terms, which is very

interesting, why it is interesting we will be going to discuss, so, let me write it.

So, % was my first term and then | write 1 minus this is %e, %e I just write like %e | already know
this is () and then multiplied by [(-) - 2 cos 0] that is my first term. What is my second term |

just write it here + % and my second term is a square of that, so, (rT)2 of it and ((TT) - 2 of cos 0.

What is my next term?

Itis — 15—6 and cube of that so, | have (rr—’)3 and then ((rr—’) - 2 of cos 0°)% and so on.

(Refer Slide Time: 15:31)
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So, now, in the next step what | do is very important that | gather the term based with the power

of cos 0. So, if | do that, then % in the left-hand side it should be % and then | have a bracket the

first term is 1 then | have TT and the cos term is here. So, first order is cos 0, so, | should have
simply cos 6 then | gather all the term associated with cos® 6 and if | do then | should have a term

like + r? (rT)2 , because the cos? 0 is sitting here.

So, you have |1 mean we have like this, no | just gathered all the order of this r this let us separate

out the order of:—, the power of:—, let us do that, so, here we have cube, so, when | make a cos 6,

then its power is 1 then | have a square here and then | have a square here also so | need to adjust

this. So, if | take r — r2, then the rest of the term should be say there is a 3 there, so, | should have
3cos?0’- 1 with a % term.

And if | gather the cube term cube of (TT) this quantity so, + % next term is associated with g and

5cos°0' -3 cos6’

if | take a common then it should be

and so on. So, what | do let me explain once
again so, | have this expansion and after having the expansion now, | am gathering all the term,

which is the power of rr—’



So, if TT is X, so, | first take the term x then the term associated to the x2 then the term associated

with the x3 and so on. So, now, after having all these terms, let us now do something else because
this term we need to identify why this term is there this is important term. So, this is a note. The

note is the coefficient of different power whatever we are getting here the coefficient of different

power of%are very special term, which is called the Legendre Polynomials.

So, what is Legendre polynomial let us quickly understand, so Legendre polynomial is nothing but
the set of parameters, so, let me write it here. So, Legendre polynomials are in principle are a set
of polynomial functions, which are solution of the following differential equation so, you have a
specific differential equation and solutions are basically.

(Refer Slide Time: 22:05)
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So, let me write down the differential equation very famous one (1 — x2) % — 2X Z—z +1(+1)y=

0. This is a very famous differential equation in many branches of the physics, you will be going
to encounter this equation and the solution here y as a function of x and we write the solution like

Pi (X) these are the set of solutions and T of | means different values of | here is 0, 1, 2, 3 etcetera.

I'here is 0, 1, 2 integers. So, | have Po (x) as 1, | have P1 (X) as x, | have P2 (x) as% (3x2 — 1), | have

P3 (X) as % (5@ — 3X).



And then | have P4 (X) would be something like %(35x4 —30x + 3) and so on. In general if I write

what is Pi? So, it will be like this. So, Pi, which is a function of x can simply be written as % and

then - and the function (x* — 1)". So, if you now put the value of | and try to find out what is P

expl0|t|ng this, you will get all these results.

Now, what is why | am doing that, because now, if you carefully look with these expressions that
we have here, the coefficients especially, then let me just highlight this coefficient here. So, this is
the first coefficient 1 am having, then | am having the second coefficient, which is this one from
here to here. And this is the third coefficient, which is exactly the same that value we are having

here, this is the coefficient, this is the coefficient this is the coefficient.

So, these are matching these, these so, all coefficients that we are getting are essentially the
Legendre polynomials of different orders. So, | can write my %after having the knowledge.

(Refer Slide Time: 26: 23)
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| can now write the term% as % then summation | can goes to 0 to infinity and the coefficients of %

important. And then these are the Legendre polynomials with the argument cos 6. So, if | replace
x to cos 0 here, if | replace x to cos 0, then | will simply go back and check and we will find that |

will get this one cos 6 means 6’ because everything in prime, so, I should put a prime here.



So, that | simplify, so | can write it as | = 0 to infinity. So, here | should have | because this ordered

,l
is also changlng — and the Legendre polynomials, this is the way you can expand your ~ L term.

This is quite exciting that you just expand ; term in this way and you will be going to get.

(Refer Slide Time: 27:54)
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So, what should be the form of the potential then? The form of the potential ¢ (¥) let me write once
again it |s — and then integration of —— ol ) now, this %Whatever the % | have, | just write it here

write like this term, which can | take outside the integral because this integral is over prime.

l+1
And then integration (r’) ' and then Py (cos 0°) then p is there already, which is a function of r” and

dv’ over the volume integral dv.
(Refer Slide Time: 29:18)
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So, | can have a series here the potential can be defined can be expanded in terms of some series.

1
4me,

And if | expand this, | will get the term one by one. So, let us do that and the first term is % by

taking | = 0, | have p(#")dv’ this is my first term, what is my second term? riz =1 1’1_2 integration

of r’ and cos 0” p (#')dv’ this is my second.

Here | use the Py so, this value is associated to P = O with cos 6 argument and this value is
associated to Py = 1 cos 60, which is simply cos 6. So, that value is here and so on we have then we
have plus rig then (r’)? then % (8 cos? 0’ — 1) and then p(#')dv’ and so on. Well, this term again is
P1 =2 cos 6 argument. So, that value is this one from here to here, from here to here this is this one

and this is one.
(Refer Slide Time: 31:41)
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So, now, | can write these things individually like ¢1 (¥) + ¢2 (). So, entire potential is divided
into different ¢’s, what these different ¢’s ¢1, ¢2, ¢3 corresponds to the values like this. So, what is

f p(#')av’

my ¢1 here if I look carefully, it is ﬁ integration o this is a known term, so this term is
0

nothing but potential due to the monopole contribution of the potential.

What about ¢2 here which is a function of r again the function of r, so that is !

and then —
.

TEg

integration of r’ and then cos 6> p(#')dv’' | can manipulate | can write this in a different way
1

4ATTE )

then % and this cos 0 | can write it as r’ cos 0’ | can write it as 7*” « 7 as of the figure if you look

careful in this figure whatever the figure | draw so this is 6°so 7« # is simply r’cos 0.

So that | replace here in this equation, so this is r> and # dot integration of r’ p(#')dv’.
(Refer Slide Time: 34:23)
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Now this is known term again and when we discuss the dipole moment then we mention that

integration the dipole moment is essentially integration r’p (#')dv’, so this is nothing but the dipole

moment, so this is the dipole moment. So, once we recognize this is a dipole moment my ¢2 can
be written very nicely and that is simply ﬁ and then this is dipole moment p so | should have
0

R
DeT
72

, S0 this is nothing but the potential due to dipole.

So, now | believe you can understand that when | divide this ¢ systematically 1 can have the
contribution here which is the contribution for monopole, | have a contribution here which is due
to dipole, I have another contribution, which is if 1 do the similar thing I only did for 2 cases ¢1
and ¢2 but in principle | can also find out what is ¢3s and if you do that you will find that this is for

quadrupole and so on.

So that means when | for a distribution of charge, when | have a distribution of charge then
whatever the potential it is exerting on some point r that is the summation of that it seems it is a
summation of all the charge distribution here and this charge distribution is seems systematically
we find that it is a contribution of the monopole here, it is a contribution of the dipole here, there
is a contribution of the quadrupole here and so on if I add all together then I will have the entire

contribution here due to this charge distribution.



But a systematic when we systematically expand this term we find the components of the
monopole, we find the component of the dipole, we find the component of the quadrupole and so
on. So today I do not have much time so in the next class | will try to understand more about the
dipole moment and how to calculate the dipole moment and monopole moment this term the first
term is called the monopole moment, the monopole moment is p r dv this term is called the

monopole moment.

What is the meaning of monopole moment from that you can readily understand that it is nothing
but the total charge q, so total charge q is your monopole moment and so on. So, | would like to
conclude here today and in the next class | am going to discuss about this how the dipole terms
will be there and what should be the consequence of the dipole term, how you calculate the dipole
term for redistribution of the charge and dipole moment calculation for different distribution of the
charge etcetera. So, thank you for your attention and see you in the next class where we discuss all

these issues.



