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Lecture - 20
Waves in guided structures and modes
(contd.)

We will be discussing the simplest type of optical waveguide namely the dielectric

interface planers slab waveguide.
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And, in the discussion we will look at the symmetric nature of the refractive index
profile and the TE modes TM modes of the waveguide, then eigenvalue equation
symmetric and anti symmetric modes which we will see is a consequence of the
symmetric refractive index profile. Then we will define a quantity which is very relevant
and very important is used for defining almost all kinds of optical waveguides, then we
will look at the a number of modes supported by an optical waveguide of this kind then

the field distribution across the waveguide.

Then there will be another important point that is the mode field that is the single mode
operation of the waveguide, this particular property is very useful extremely useful in
almost all applications then we will look at the cutoff properties of the various modes
which are supported by the waveguide. Then this consequence of symmetric refractive
index profile which will give rise to only symmetric and anti symmetric modes. So, with

these points in mind we will discuss the planer dielectric slab waveguide.
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So, this is one the simple most structure where you have the refractive index n 1 which is
sandwiched between the 2 same refractive index layers that is of refractive index n 2,
these are the 2 interfaces so that there a there are 2 regions region 2 and region 1.
Because, of the nature of the waveguide we assume that this y direction that is along this
direction the waveguide is infinite and there is a refractive index profile variation only

along this x direction.

But this variation is a constant it gives rise to constant homogeneous refractive indices,
so there is a change in the refractive index across the interface. So, we will look at this
property we assume that the thickness of the slab is d, so that and we set our coordinate
system across this middle axial line such that the upper interface falls at x equal to d plus
d by 2 and the lower interface at x equal to minus d by 2. So, these are the notations in
parameters that will use in the determination of the waveguide modes and eigenvalue

equations.

So, in this case the wave equation that is satisfied by the waves which will be
propagating through this structure, in each of the homogeneous layer of the waveguide
will be given by this homogenous equation. That is we consider the TE mode therefore
this E y is the electric field component which is non managing and H x H z will also
associate with this E y. So, for region 1 that is within this layer which will got the core

and the other 2 layers surrounding this core will be called the cladding is the



conventional nomenclature. Where so n square of x the refractive index varies along this
direction, which is constant as long as this mode of x is less than plus minus delta 2. So, |
define this layer which will have a refractive index n 1 and otherwise everywhere this is
equal to n 2 square. So, the cladding refractive index is n 2 whereas the core refractive

indexisn 1.
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So, for TE modes once again we will look at this configuration we have E y field which
are parallel to the interface planes E y and H field magnetic field components will lie in
the x z plane. So, it will give rise to 2 components and this E y comes through this
equation that is this homogenous equation that is del square E y by del x square plus this
quantity into E y equal to 0. So, this the mathematical representation for the refractive
index profile and the wave equation for this structure as long as we are concerned with

the TE modes.
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For the region one that is the one this region that is this region within the core we have
this equation, because this n square of x now assumes a constant value that is n 1 square.
So, for the core we have this equation and for region 2 that is for the cladding there are 2
such regions, so we have this equation and we write this slightly in a modified way we
take this minus out and put it in this form. The intension is very simple because beta we
will see that beta should lie somewhere between k 0 nl and k 0 n 2. So, to make it
positive beta square minus k 0 square n 1 n 2 square, this quantity will be positive which
is the transverse component of the propagation constant in the cladding and we call this

quantity as gamma square so I write this equation for cladding like this.

Then we define the mode parameters this we have seen these are the x components of the
k vector in the core and cladding, so kappa square is written as k 0 nl square minus beta
square beta is the z component of the propagation vector beta is z and kappa will have a
x component and along y direction we have assume that the waveguide is infinite. So, we
get rid of the y component of this k vector, so the k x and k z these 2 constitute k k x
within the core we have called kappa and outside this k within the with the within the
cladding we call this is gamma and because nl is more than beta we write in this way

whereas beta is more than n 2, so we write in this way for modes to be supported.

So, we will look at this condition later with these definitions then we can write this

equation that del square E y del x square plus kappa square E y equal to O for the first



equation and for the second equation we can write this del square E y by del x square
minus gamma square E y equal to 0. So, these are the 2 equations to wave equations for
E y governing the propagation of the electric field in the structure for the core and the

cladding.
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Solutions: TE- mode
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Ey(x) = Ce™ + De™ for (2)

We may write (1) in this form : Ey(x) = Acoskx + Bsinkx
Also € = D as the waveguide is x —symmetric in Rl profile

We write (2) for both regions:  E,(x) = Ce™™  forx > g
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So, so the solutions to 1 and 2 the solution to this equation is very well known very well
known and it appears very frequently in physics, this equation will give you an isolated
solution for E y which can be written as A e to the A dash e to the power of i k x plus B
dash e to the power of minus 1 k x. I used dash because we can we can simplify this using
some different constants and for the cladding region. This equation will give you the
solution that is which will be exponentially decaying solution because, you have a minus

here this equation is also very well known in physics.

So, these 2 equations put together will give me the complete field solutions in the core
and cladding of the symmetric refractive index dielectric waveguide. So, we may write
equation 1 that is what I told just now that we can write in the sine cosine form, so this A
e to the power of 1 k x B dash e to the power of minus i k x can be simply written in this
form A cosine kappa x plus B sine kappa x. Now because of the symmetric nature of the
waveguide because this side and this side they are identical, so both of them will be
treated with the same constant. So, therefore C and D are same as long as the waveguide

has a symmetric refractive index profile.



The variation of the field along with this direction and along this direction will associate
the same constant that is what the idea is and in that case this quantity the first part will
represent an exponentially decaying wave when x is positive. But this second part will be
representing an exponentially decaying wave when x is negative and because C e is
equal to D e. So, this will represent only the upper heart of the upper half of the interface.
So, the wave which will be which will be travelling across this layer will be e to the
power of minus gamma X, but the wave which will be travelling across this will be e to

the power of plus gamma x because x is negative here.

Therefore with this notation and convention we write this equation E y for d x greater
than d by 2 that is for upper half C e to the power gamma x and E y for the for the layer
below the lower interface will be represented whenever the C and D they are identical in

the case of a symmetric structure.
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Now, we will use the boundary conditions for the continuity of the tangential component
of the fields, so at x equal to plus d by 2 that is at the upper interface. At upper interface
we can use this E y must be continuous across the interface layer and that gives you a
cosine I just have to plug in that x equal to plus d by 2 on either side of this of this
equation on either side of this equation this equation and this equation in these 2

equations we will use x equal to plus d by 2.



So, that gives you this condition and if I assume the continuity of the derivative of the
field that is del E y del x across the interface, which is also a continuity condition we end
up with this equation. Now, that if we just combine these 2 if we just combine these 2
equations multiplying 1 by gamma you just have to multiply one by gamma then this
quantity and this quantity will be same. But with a difference of minus sign and if you
then add then you will add up with this condition tan kappa d by 2 equal to A gamma
plus B kappa by A kappa minus B kappa is a very very well known equation. So, I have
used the continuity condition for the upper interface and that is for the field continuity
and the derivative of the field continuity I have not used the lower interface, which will

also give me the same boundary same equation same relation.
(Refer Slide Time: 13:13)

d '
Now, at x = — - : lower interface

/ d\ [ _g
Ey(x=—EJ =Ey(x=——) > Acos— — Bsin— = De” %"

h region |l : "lregion Il
dE, | d) 0E d
_}' - :_)' = —— = n— —_ i
&x( 2) ﬂx(x 2) AKsin— + Bk cos yDe 2

region || region |l
kd Ay-Bx

" . :t —_—
Multiplying (1) by y and equate : tan— Ak + By

' NPTELONUNE Purtha Royhaudhasi
CERTIFICATION COURSES . J
Physics

So, to see that at x equal to minus d by 2 at the lower interface that is x equal to minus d

IIT KHARAGPUR

by 2, if I plug in this relation then I will end up with this equation this relation and also
from this continuity of the derivative of the field will give me this condition and
preceding in the same way that is multiplying 1 by gamma and then if we equate these 2
because in this case this right hand side will be equal and from there we can we can get a
relation. So, there is a slight difference between this A gamma plus B kappa, whereas in
this case A gamma minus B kappa and in the denominator you have plus; whereas, in the

earlier case it was minus but both of them will represent tan kappa by kappa d by 2.
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So, therefore these 2 must be equal to represent the same waveguide and same parameter
same structure this eigenvalue equation must be holding good. Now if you simplify this
will give you a condition that if you multiply this into this and this into cross
multiplication will end up with this simplified condition twice A into B kappa square
plus gamma square. It is a very simple algebraic steps to execute, then we will end up

with this equation, now once we have this equation in hand it tells you 2 possibilities.

First one is that that either kappa square plus gamma square must be equal to 0, in that
case gamma square equal to minus kappa square. But that means that means nl and n 2
they are equal, if you look at the definition of kappa and gamma nl and n 2 because beta
will cancel k 0 n1 square will be equal to k 0 n 2 square. So that means nl is equal to n 2
that means all layers are the same there is no waveguide there is no interface so that is a
trivial condition. So, we will not continue with this condition we will look at this A B

equal to O the other possibility, so that means either A equal to 0 or B equal to 0.
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So, these 2 conditions will lead to the other possibilities, so this one I have already
explained that that kappa square equal to minus gamma square will give you no interface
and this is a trivial condition for this. Let us suppose we start with the condition B equal
to 0, then from this equation from this equation if I put B equal to 0 B equal to 0 then
you get that gamma by kappa and this gamma by kappa.

If I put this equation then the tangent value of this lets go to this, so tan k d by 2 will
become equal to B equal to 0 you have put so you get gamma by kappa, so tan k kappa d
by 2 will be equal to gamma by kappa. So that is the equation which comes out of the
condition that B equal to 0. So, I put B equal to 0 I get this condition and in the similar
way if I put A equal to 0 I will get this condition. In that case I will put when you put A
equal to 0 you get kappa by gamma the reciprocal of the earlier case that is an with an

negative sign right, so you get 2 conditions for B equal to 0 and A equal to 0.
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Now, eigenvalue equation so this defines the eigenvalue equations this, if I put this in the
solution of E y for the core that is mode x less than d by 2 I get this field solution which
tells you because it is a cosine function, so the fields are symmetric. So, this gives you
the symmetric field distribution all fields will be symmetric and this is a anyway a
evanescent field evanescently decaying field at the outer at the at the cladding region
starting from the interface. So, using this using this condition in this equation then we get

the eigenvalue equation using this condition.

We get the eigenvalue equation as this tan k d by 2 tan because in that case we have to
multiply d by 2 and d by 2 numerator and denominator if you bring it to the left hand
side you get k d by 2 tan kappa d by 2 equal to gamma d by 2. So, this is the eigenvalue
equation corresponding to the symmetric field distribution which corresponds to the
condition that B equal to 0 and let us define this V number which is a very important
parameter for optical waveguides, V defined as k 0 half of the thickness this is different
in different text books. This is half of the half of the thickness and this is the numerical
aperture and nl square minus n 2 square, so the core cladding refractive index square

difference.
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So, V square is equal to this quantity and you can see that the that you can write this
equation as k d square by 4 and gamma d square by 4 because, if you add one if you
subtract 1 beta square and then add 1 beta square this quantity will correspond to
correspond to kappa and the other quantity will correspond to gamma. So, that is why [
have written this V square is equal to this, so V square can be put into this form and you
can see that V square equal to x square plus y square if you call this quantity equal to x

and if you call this quantity equal to y.

So, you can write this equation which is the equation of a circle of radius V and these are
the equations which are the outcome of the of the eigenvalue equation. Now, now I so
this is the consequence of the definition of V number which appears in terms of the

kappa and gamma and this is the eigenvalue equation.
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Now to look for the solution of the modes [FL] in the same way in the same way A equal
to 0 e to the E y of x this will be the field solution and that corresponds to anti symmetric
modes and these the evanescently decaying field will be the same. Using this condition I
again from here can arrive at this condition which will be the eigenvalue equation for the
anti symmetric modes. We can actually put 2 of them together in 1 compact eigenvalue

equation which will represent both symmetric and anti symmetric modes.
(Refer Slide Time: 19:58)

Again using V number :
2 (xd\2 | (vd\?
=v=@)+6)
=X+t — )
Eigenvalue equation . txd vd
| V | I —— — —
genvalue equ 5 Col===
=)f y=-xcotx —— (C)

/- NPTELONLINE 0 o Tl il b
T KHARAGRUR T i Jartha \HUm.quuu

Physics



Now, again using V number for the anti symmetric modes we can write this equation
which is the same and for the eigenvalue equation now this time it becomes y equal to

minus x cot of x cotangent of x. So, we have 2 eigenvalue equations and one equation of

a circle.
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So, we plot them we plot them because we are looking for the solution of the modes, so
this is your X tan x this is your X cotangent x alternatively they are appearing and now I
draw a circle of radius V which is equal to this which is equal to this. So, at this point it
will be gamma d by 2 and at this point it will be kappa d by 2. So, this radius the point of

intersection of the circle with the curves B and C gives the solution to the eigenvalue

equation.

So, you can see that this there will be one solution here for the value of V which is less
than pi by 2, here this will be less than pi again it is close to pi so on and so forth for this
value of V and if you increase the value of V we will get we will get more number of

solutions. So, it is the V that is going to decide V number we going to decide how many

modes will be supported in the structure.
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Now from this figure you can see when the value of V is less than pi by 2 is less than pi
by 2 because this line less than pi by 2. So, you have only one symmetric mode, but if
the value of V is between pi by 2 and pi between pi by 2 and pi then you have this point
of course, this encloses this point. So, you have one symmetric mode the value which
lies between pi by 2 and pi somewhere here then you can have one symmetric one
symmetric mode and one anti symmetric mode. So, there will be 2 modes and in this way
if you proceed for the values of V which lies between twice m plus 1 pi by 2 and twice m

plus 2 pi by 2 that is within a spread of pi by 2 between these 2 positions.

Then you will have m plus one symmetric mode and m plus one anti symmetric mode
modes. So, this is simply just by induction of these 2 initial facts we can we can arrive at
the conclusion that the total number of modes will be supported that is equal to twice m
plus 2, provided that the value of V lies between this is twice m plus 2. So, this is the
total number of modes which will be supported, we will see how the modes look like

now equation A is so total number of modes we have supported.
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Now, thus this condition gives you twice m plus 2 modes and if this V lies between twice
m pi by 2 and twice m plus 1 pi by 2 between them, then the total number of modes in
the same way will be twice m plus. That means whether you are you are at the symmetric
mode or you are at the anti symmetric mode as the last point of intersection. So, in these
way you can generalize the condition that the total number of modes supported, in the in
the waveguide will be a integer which is closest to or greater than this twice V by pi. So,
this is a very beautiful finding and it is used for determining the properties of the

waveguide when we know the V number.
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So, it tells you that this V number gives you many modes that is k d by 2 equal to x this
approximately equals to this quantity. So, the point of intersections are the solution so
this is a rough way of estimating the propagation constants for the various modes
because, this at the cutoff at this point x equal to pi by 2 these are very close points you
can just have a look at it this is very close to pi this is also very close to pi by 2. But this
will be even more closer when you approach for large number of modes, so therefore, a
an empirical way of finding the mode parameters the mode the mode propagation

constants by using this relation ok.
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So, these are the mode field distribution you can see for m equal to 0 you have this
symmetric mode which is called the fundamental mode m equal to 0, for m equal to 1
you have the anti symmetric mode and for m equal to 2 you have again the symmetric

mode. So, these are the modes which will be supported in the structure.
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Single-mode operation
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When V is less than 0 V is greater than 0, but less than 2 you have one symmetric mode.
So, for this regime of operation when I choose the waveguide parameters in such a way
including the wavelength, such that the V number falls between 0 and pi by 2 then the
structure we support only one mode and that is the fundamental mode such a waveguide
is called a single mode waveguide at that operating wavelength and you see that this
mode will be symmetric about x. All the even modes that is n m equal to 0 2 4 etcetera
will be all symmetric modes, so we have a and we call this wave waveguide as a single
mode waveguide which is very relevant and very important in the study of in the in the in

the signs of optical waveguide.
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Single-mode condition
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Therefore, the conditionis: d < >
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So, if the waveguide dimension, d, core and cladding RI's n; ,n, and
the wavelength of operation, 4, are such that above relation holds-

the waveguide supports one mode, fundamental TE mode
and is referred to as operating in the single-mode regime
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For single mode operation V equal to V equal to this quantity because we have defined
this, so therefore the condition d is equal to half of lambda 0 nl square minus n 2 square.
So, if the web guide dimension that is core refractive index and lambda 0 are such that
they satisfy this condition, then you automatically take care of the single mode nature of
the waveguide the waveguide supports one fundamental TE modes and it is referred to as

the single mode regime of operation.
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Example: Single-mode waveguide

Consider a situation:
The core and cladding Ri'sare n; =1.50, n, =1.48

the wavelength of operation 4y = 1.5 pm

1 1.5
d<-————<3.07um
241,502 - 1.482 ;

required waveguide dimension d = 3.07um

waveguide operates as single-moded one for all wavelengths below 4; = 1.5 ym
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Let us take an example the core and cladding refractive indices are nl equal to this,
which are the typical values for glass and planar optical waveguides and the wavelength
of operation is it is equal to 1.5 micrometer. If you plug in this values in the in the
relation here then you get the value of d which is very close to 3.07 micrometer. If the
waveguide dimension is less than this wavelength of operation is this or below this and
the refractive indices of the core and cladding are these, then this waveguide will be a

single mode one for all wavelengths which are below lambda 0 equal to 1.5.
(Refer Slide Time: 27:19)
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Cut-off: TE- mode
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v That means for a guided mode 8 can not be less than kgn,.

v At this value of §, the mode ceases to propagate

v i.e., what is called the cut-off of the mode.

v For guided modes, nj < <n}.

 Wence, f=kn y=0= V2= (%) 4 (1) 5 y=Hoy

Then, xtanx=0 ie, VtanV=0 forsym

Also,  xcotx=0 ¢ ycotV=0 forantisym

Dw. Q.
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Then the cutoff property for guided modes you have this property because, anyway the
propagation constant has to lie between these for every mode. Now if they are critically
equal that is k 0 n 2 is equal to B 2 beta 2 then that is what we call the cutoff so that gives
you the condition. So, if gamma that is k 0 n 2 minus beta 2 square will become equal to
0 that is equal to gamma equal to 0, because of this condition so that tells you V equal to
kappa d by 2 which is equal to x. So, x tan x equal to 0 from the eigenvalue equation and
x cot x will be equal to 0 these are the conditions for symmetric and anti symmetric
modes and V end up with this condition that tells you for V ¢ V ¢ will be equal to 0, V ¢

will be equal to m pi to get this condition equal to 0.



(Refer Slide Time: 28:11)
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Cut-off: TE- mode

VtanV =0 forsym
VeotV =0 forantisym
The cut-off V values for various modes are V, = mn m=024....sym

-li m=135....antisym

v Even and odd m values correspond to cut-off of symmetric and antisymmetric modes
v And fundamental mode has no cut-off, i.e, fundamental mode will be always present
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So, so that is so I just roughly take the value of m equal to 1 2 3 that gives me the value
of V ¢, the cutoff V value at which and below which those modes will be supported.
Fundamental mode has no cutoff because, you whenever there is some excitation it is
always the fundamental mode and you can see from this equation also that there is no

cutoff for the fundamental mode it is always present in the waveguide.
(Refer Slide Time: 28:47)
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Symmetric Rl profiles

Now consider a symmetric waveguide

Then the Rl profile can written as:  n?(—x) = n%(x)
For TE modes the wave-equation is
dzEy(x)
dx?

+ kg n¥(x) E, = B2E, (x);

Transforming x — —x wave equation becomes
d? Ey(-x)
dxt

+ k§ n?(-x) E, = B2E,(-x);
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Now, there is one issue one important point that if you consider a symmetric refractive

index profile of the waveguide you can write this mathematically like this and for TE



modes you can write down this equation which is an eigenvalue equation. If you
transform x to minus x I can write this equation like this, you can see that both the
equations I mean both the both the e E of y E of E y of x and E y of minus x they satisfy

the same equation.
(Refer Slide Time: 29:18)

Symmetric RI profiles

So we see that

both E, (x) and E, (~x) satisfy the same equation

Hence, E, (x) and E,,(—x) are eigenfunctions with same eigenvalue
So these e;re either degenerate states

OR E,(—x) must be a multiple of E,,(x)

E,(-x)=1E,(x)
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So, both E y and E y of minus x satisfy the same equation hence these 2 are the Eigen
functions with the Eigen value. So, this means that these 2 are the degenerate steps or it
could be that this must be a multiple of E y. So, this possibility of degenerate sets can
also be shown to be the identically the same consequence. But if we consider E y of
minus x equal to lambda times this, this will this then again you transform this x to

minus x that is E y of x will become lambda into E y.



(Refer Slide Time: 29:54)
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Symmetric Rl profiles

Ey(_x)= A Ey(x) -------------

Transforming x — —x again, we see
E,(¥)=AEy(~x)=A2 E, (x)

A=1-2=11

E)'(_x)= + Ey(x) P

Therefore the fields are either symmetric or antisymmetric
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So, I put minus x again put back x equal to minus x which gives you that lambda square
equal to 1, so that is lambda equal to plus minus 1. That means, E y of minus x is equal
to plus minus this is this is very clearly the condition of the symmetric nature of the
symmetric and anti symmetric nature of the mode profile. So, therefore if the fields are

either symmetric or anti symmetric provided that the refractive index profile is of
symmetric nature.

(Refer Slide Time: 30:29)

Fields of symmetric Rl waveguide

Ey(—x)=-E,(x) Ey(-x)= Ey(x)

AT A
IRV ARVALYS

antisymmetric symmetric

symmetric

First three modes- symmetric and antisymmetric fields: E, (-x)= £ E, (x)
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So, you can see that E y of minus x equal to E y of x is a symmetric field, but E y of
minus x equal to minus E y of x then it is anti symmetric and so on. So, these are the

these are the consequence of a symmetric refractive index profile.
(Refer Slide Time: 30:47)

--------------- Summary of discussions =============-

v' Symmetric Slab waveguides, TE —modes , eigenvalue
equations, symmetric and antisymmetric modes
v' V number, number of modes , field distributions, single-

mode oper'ation, cut-off properties, symmetric Rl profiles
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Now, I conclude here by saying that the we discussed this symmetric slab waveguides for
the TE modes we will take up the TM modes next. We discussed the eigenvalue
equations and then symmetric and anti symmetric modes even and odd modes which are
supported by this waveguide, we have try to depict the mode pictures also mode profiles.
Discussed the V number then from the V number how we can evaluate you can estimate
the number of modes that will be supported, field distribution of the modes then very
very particular thing about the optical waveguides is the single mode operation for this

slab waveguide that also we have discussed.

Then we discussed the cutoff properties symmetric refractive index profile and the

consequence of that in terms of symmetric and anti symmetric field profiles.

Thank you.



