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Lecture — 02
Maxwell’s equations and electromagnetic waves (Contd.)

So, in this class we will discuss the wave equations, for electromagnetic waves and their

solutions.
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The content of this discussion is like this, the solution in the Cartesian coordinate system
which will give rise to the plane waves or speaking otherwise that a plane wave satisfies
the Cartesian system of coordinates. The solution in spherical coordinates which will
give rise to spherical waves and the solution in cylindrical coordinates systems which

will give out cylindrical waves.

So, these are the main three categories of electromagnetic waves, which are the direct
outcome of the solutions of the Maxwell’s equation the waves wave equation. You may
recall that if you have a point source, then immediately around this point source; there
are spherical waves, but as you move away from the spherical waves the curvature
becomes less and less and you end up with a plane wave. But this if the source is a line

source, then the waves corresponding waves which will come out from the source will be



cylindrical waves. So, these three different kinds of waves we will try to analytical

solved starting from the wave equation and will also look at the properties.
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Electromagnetic Waves:

The pair of wave equations:

27 .
2F = lﬁ_E for E field
¢t ot

2—' -
7%B = 10°B for B field
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Electromagnetic Waves:

In general,
electromagnetic waves

7 Zw = l@
¢? at? )
where 1) represents E or B
or any of their components
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So, the pair of wave equations in free space is represented by an electric field equation

and a magnetic field b vector equation, where c is the velocity of the electromagnetic

waves in free space.



Now, from this set of two equations as we have seen earlier that it can be put into a
general and compact form using psi, where this psi represents E or B fields or any of the

component. So, it could vector wave equation or it could be a scalar wave equation.
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3 Solutions for Waves:

v Aplane wave
satisfies wave equation in Cartesian coordinates

v' A spherical wave
satisfies wave equation in spherical polar coordinates

v Acylindrical wave
satisfies wave equation in cylindrical coordinates
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This equation when we solve that then we will see that if we solve it in the Cartesian
coordinate systems, we will find that it will give a solution which is a plane wave and
when we solve this equation in the spherical polar coordinates, then the resulting wave
will be a spherical wave. In the same way if we solve it for cylindrical coordinate system
the waves will be cylindrical wave these are very basic and very fundamental it is

important to know the behavior of the waves.
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Solution of 3D Wave Equation:

v Plane Wave Solution
wave equation in Cartesian coordinates

waves from a source at large distance
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Therefore for a plane wave solution we start with the Cartesian system of coordinates. As
I have mention that electromagnetic wave at a large distance from the source becomes

almost a plane wave.
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Cartesian coordinates
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So, in Cartesian coordinate system as you know we are very familiar, that your point is

represented by three components x y and z.
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Solution of 3D Wave Equation:

In Cartesian coordinates

P2y Py Py o 1y
ax2 yz a2 2ot

Separation of variables

Y (y.2,t) =X() Y(y) Z(2) T(t)

'* NPTEL ONLINE \CP(.L‘I-M.LL E.T(mﬂmaﬁ’ma
Physics

IITKHARAGPUR CERTIFICATION COURSES

So, in this system the Laplacian is represented by del square del x square, del square del
y square plus del square del z square. So, in this Cartesian coordinate system we can
write the wave equation in this form that the three components equal to 1 by ¢ square and
the time derivative double derivative of times. So, for such equation it is well known that
the separation of variables should be applicable to find out the solutions. So, expressing
the psi which is a function of x, y and z and t for this case. We can write this psi of X, y, z
and t as psi of psi x of x y of y z of z and t of t because these are the four independent

variables associated with this equation.

Now, if I replace substitute psi by this X y z and t, then the first quantity will give you del
square x by del x square multiplied by this quantity. In the same way the second quantity
will give you del square capital y by del y square multiplied by the other three quantities
and so on. For this quantity this will be del square capital T by del t square into 1 by c

square multiplied by the three x y z parameters.
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Substituting for Y we obtain

1azx+1azv+1azz_1(1azzp)
Xox2 vay? zaz2 c2\Tot?

v Variables are separated out

v Each variable-term independent

v' And must be a constant

' NPTELONUNE Pastha RoyChaudhuci

IITKHARAGPUR CERTIFICATION COURSES

Physics

And now if you divide that equation, if you divide the equation where you have already
substituted this value by psi that is by x y and z, then the equation will take the form of
this that is 1 by x del square x by x square and so on. You can see that the variables are
now separated out, each variable term is now independent they are not connected they
are coupled with any of the other. So, if it is so, each of the terms are independent then
they must be equal to a constant. Putting that constant for each of them, this I put equal

to minus k x square this one equal to minus k y square.
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So we may write

10 2 18 o
X dx? g Y ay? Y
10%z _ —k2 wwr__ 2
7022 z T at?
where we use
2

w
=k thy +k =k
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You can see here I can put this minus k x square k y square k z square and put this I use
minus omega square. Where, this then if you if you put it back minus k x square minus k
y square minus k z square equal to minus omega square into by ¢ square. So, that is what

appears here. So, omega square by c square equal to this, but this is equal to k.
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Solutions are then : X(x) — eiikxx and the time part
Y(y) = elikyy T(t) = plint

The total solution is :

Y (oyzt)= X() Y(y) Z(2) T(t)

= e i (ky x+ky y+kz 2)2ot]
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So, the solutions of each of this equation solution of each of this equation is of this form
x equal to this, y equal to e to the power plus minus i k y y and similar z equal to e to the
power of plus minus i k z z and the time part will become t of t equal to e to the power of

plus minus i omega t.

So, the total solution is now you have started from this equation so, I put them back I get
that A is a constant, and then you multiply these three quantities which will appear in this

form and this is the plane wave solution.

So, starting with the Cartesian coordinate system for the Laplacian, we end up with the
solution of psi. Because psi represents the electromagnetic waves the e vector or any of
the components of psi the v vector or any of the components of B in general each

component will satisfy this plane wave equation.
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A plane wave:

¥ (x,3,2,t) = dei( ki £at)
= A illkextky y+k; 2)tat]
A wave whose phase is constant over a plane surface at any instant of time:
(ke x +ky y +k; 2) £ wt = const

kex+kyy+k;z=const ——) equation of a plane surface
Xy z

& 1 _— .
1 + m * = const [= et are the direction cosines
X
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Now, a plane wave is usually written in this form and if you write this, this is the
compact form using this r. So, if you decompose thisr, k dotrask x x plus ky y plus k z
z then this quantity represents the phase of the of the electromagnetic wave. Now, if you
look at the definition of the plane wave, a wave whose phase is constant over a plane

surface at any instant of time is a plane wave.

So, to look for that, I have this phase which is this quantity and now that has to be
constant. So, we look for the locus, where this phase remains constant. Now because at a
given time we will look for this phase, constant phase plane so this omega t is a constant
as a result this quantity is also constant this is the well-known equation of a plane. If you
write in the form of the direction cosines, then x by 1, y by m and z by n equal to constant
where, this | m and n are represented by 1 by k x 1 by k y and so on. So, these are the
direction cosines of. So, the reciprocal of the components of the propagation vector

represents the direction cosine for the plane electromagnetic waves.
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Traveling 3D plane wave
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So, electromagnetic waves as you see that the phase remains constant over a particular
plane, these are the periods over reach the phase remains constant is a propagation of

(Refer Time: 11:24) pictorially.
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Traveling 3D plane wave () (f-’, t) = Aei(ﬁ.f t wt)

E = JE, +1Ey + kE, B =18, +]B, +kB,

E =Eyqe {|(kx x+key y+k, 2)-wt] B, = By g illex x4ky y ey 2)-at]
A

E,=Eye i (e x+ky y+k 2)-0t] B, =Byge i (e x+ky y+k, 2)-0t]

E,=Eye i (ky x+ky y+k, 2)-ot] B,=B,e i (e x+ky y+k, 2)-0t]
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A traveling three dimensional plane wave is represented by this I have seen this now, if I
look at the wave very explicitly, E vector will be represented by assumed i ExjEy k E
z and similarly B vector will be represented by this. But each of the components Ex E y

and E z will satisfy the plane wave solution. So, I can write this equation in this form, for



E y I can write in this form and similarly for E z I can write this form and for Bx By B z

I also get this expressions.
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Solulion of 3D Wave Equation:

v Spherical Wave Solution
wave equation in Spherical Polar coordinates

waves from a point source
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Now, we will look for the solution of the three dimensional wave equation, for the a
spherical wave solution in spherical polar coordinates; waves from a point source is the

spherical wave source.
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spherical coordinates
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Look at this spherical polar coordinate system, you have r theta is the inclination and phi
the azimuth r is the radius. So, any point p is represented and the spherical system in this

way.
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Solution of 3D Wave Equation:

In Spherical coordinates

poldf,a) 1A a) 1 @
w2ar\” or) Tr2sing 98\ 90) T rsintg a9

&
20 w0 12 1 @
ror lrzsinOOB 2362 rzsinzﬁatbzl
T 1
radial part angular part

2
2_ 0
v =3

' NPTEL ONLINE uzl a q(:t UMM)PNH

IITKHARAGPUR CERTIFICATION COURSES

Physics

In spherical coordinates the Laplacian can be written in this from where r is the radius
vector, theta is the inclination and phi is the azimuth angle. So, look at this part is purely

the radial part and this part represents the angular part.
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e ror risinga0 r2ag? rzsinzaaTaz

assuming spherical symmetry

29,20 cosf A4 1 1 9
vis 62+ ar +r2 n669+ 682+r n%0 a2
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So, for a wave which is spherically symmetric that is there is no dependents on the
angular part, we can remove these three terms from the Laplacian. So, the Laplacian
simplifies to this form, that is del square del r square plus 2 upon r del r. We will use this

reduced Laplacian to solve the wave equation in the spherical geometry.
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Thus, the Laplacian reduces to the form

Vzlp = ﬂz_lJ) + E % = l_az(rif))

a2 radr r or:
Therefore, the wave equation becomes

1Wey) 1% ¥ 186)

roor:  vlot vt at?
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So, the Laplacian reduced to reduces to this form, which can be written in this form also
by doing that the manipulation. Therefore, the wave equation becomes 1 upon r del
square r psi del r square equal to 1 by v square del square psi del t square, where v is the
velocity of the electromagnetic wave. So, this equation becomes using this we can write
this equation in this form. So, this is the reduced wave equation for in the spherical

coordinates for the electromagnetic waves.
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where 1) = u satisfies one dimensional wave equation
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Now, I use this equation for that we choose a function r into psi equal to u, which is also

a function of r, then if I substitute into this equation, it becomes del square u by del r

square and 1 by u square del square u by del t square. Look at this equation this is only

the function of r, this is function of time. So, where r in psi equal to u satisfies one

dimensional equation. So, this represents a one dimensional wave equation.

(Refer Slide Time: 15:37)
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the 1-d wave equation:

yields plane wave solution for the transformed function u = ry

u=r(r,t) = f(r-vt) + g(r+vt)

so the solution for  is

1 1
Y(nt) = " f(r—vt)+;g(r+vt)

'~ NPTEL ONLINE @u-i-fflu ‘L-R,ctf(?ﬂ.uaafwri.

Physics

IITKHARAGPUR CERTIFICATION COURSES

The one dimensional wave equation this yields plane wave solution for the transformed

function this. So, by doing this through this root, we get a plane wave solution, but if we.



So, the plane wave solution will have a form like this u the r of this, where r minus v t

plus g of r plus v t. So, the solution for psi is like this, but this is now the spherical wave

solution.

(Refer Slide Time: 16:14)
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solution of above equation is thus
L ppi(krtot) — g,ik(rtvt)
r (r,t) = QAe = Ae

hence solution for i takes the form

Ew(m) = éei(kr—wt)g > spherical wave
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So, the solution of the above equation is thus r into psi will become like this, and hence
the solution for psi takes the form of psi of r t equal to A by r e to the power of i k r
minus omega t. You can see that if you are far away from the source then the intensity
which is the mode of this function falls by r square, and hence the amplitude falls by 1

upon r. So, this is consistent and this represents the spherical wave.
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A spherical wave: (D) = ﬂei( e
' T

A
=—e
r
A wave having same phase over a spherical surface at any instant of time:

kyx? +y? +2% - wt = const
&

kyx®+y*+22 =const atagiventimet

i [Ie|l#l - wt)

x%+y*+ 2% = const ———> equation of a sp
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There is so for a spherical wave we write psi of r t equal to this.

Now, let us check that the phase of the electromagnetic waves is a constant over a
spherical surface. So, k is now the mod of k and r is the magnitude of r. A wave having
the same phase over a constant spherical surface at any instant of time will represent a
spherical wave. So, because it is constant at a given time therefore, we set omega into t is
also a constant. Therefore, k into under root of x square plus y square plus z square
which is the mod value of this r vector is equal to constant at a given time. Therefore, if
you square both sides we get x square plus y square plus z square equal to constant and

this is the equation of a sphere. So, all this is very consistent.
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wave equation solution: spherical wave

Alternatively
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T2 rar rior ar

The wave equation becomes

1a(,0) 1%
riar\ or/) v?ot?

' NPTEL ONLINE
IITKHARAGPUR CERTIFICATION COURSES

Alternatively there is an alternative way of arriving at the spherical wave solution, the
Laplacian reduced form of the Laplacian you have seen like this, which can be
reorganized into this form and then the wave equation becomes like this 1 by r square del
del r of r square del psi del r, which is equal to 1 by v square del square psi del t square.

Now, will solve this wave equation to get the.

(Refer Slide Time: 19:00)
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So, in this case we put there is one step that let us put psi of r equal to u of r by r. So, the

equation del psi del r now becomes 1 by r del u del r minus u by r square. Just del del r if



you do of this you will get this equation. Now, this equation will give you when
multiplied by r you get r square del psi del r equal to r del u del r minus u, hence del del r
of r square del psi del r is equal to this, which will give you two terms which are

identical, but opposite in sign. So, they will cancel these two terms will cancel.
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So, this left hand side now becomes r del 2 u by del r square; del 2 u by del r square this
quantity and the wave equation now transforms to this form. So, because 1 by r cancels

from either side.
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Separation of variables:  u(r,t) = R(r) T(t)
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Solutionsare  R(r) = ek T(t) = et@t @ =kv

; A
Total solution: () = e'kret)
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So, this is again a well-known equation and we can use the separation of variables
because r is a representation for the radial function and t is for the time part. So, if I
substitute this u equal to R of r and T of t into this equation, then we will get this there
will be t multiplied by this and r multiplied by this. Now if you divide both sides by R
and T I get this equation. Now, each term is independent and they must be constant so,

using the same approach, we can write each of them is equal to minus k square.

So, the solutions are now this equal to minus k square this equation is a is again well
known equation whose solution is R of r equal to e to the power of plus minus i k r, and t
this equal to minus k square will give a solution, which is e to the power of plus minus i
omega t where, I have used this omega equal to k into v the frequency of the wave. So,
the total solution takes the form of u of r equal to e to the power of i k r plus minus

omega t.
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Solution for is :

1 L.
W) = - et(kriwt)gsphencalwave
1/1( ) r

General solution :

1

r) = - t(kr wt) i(kr-wt) :
1/)() " +re o
b )

Outgoing waves  Incoming wave
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But we started with psi. So, to get back with a with an equation of psi we should write
psi of r equal to 1 by r e to the power of. So, again will end up with the spherical wave
and the general solution of this wave is psi of r 1 by r e to the power of i k r minus omega
t plus e to the power of this should be plus. So, this is spherically outgoing waves and if

you put a plus here it should be spherically incoming wave.
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A traveling spherical waves you have a source, if you move radially outwards then they
will form the wave front, which are the surface of the spheres. So, at a distance r the

phases will be constant, at a distance 2 r the phases are constant and so on.
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Solution of 3D Wave Equation:

v Cylindrical Wave Solution
wave equation in Cylindrical coordinates

waves from a line source
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Now, we look at the cylindrical wave; cylindrical wave is realized from a line source if
you have a linear chain of radiating dipoles or linear chain of radiating system, then all

around the line in a cylindrical surface the phases will be constant.
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cylindrical coordinates
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So, look at this cylindrical coordinates if I have my source sitting here, then on the
surface of the cylinder the phases will be constant. The representation is this is the
azimuth phi, this distance this is rho and the height is z is a usual notation for cylindrical

coordinate system.
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Solution of 3D Wave Equation:

In Cylindrical Coordinates

22V 100 10 o
T 3pr pdp pragt az

R
This Laplacian in wave equation
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So, the Laplacian in cylindrical coordinate system comes through this equation for psi.

So, del square psi will be involving del square del rho square 1 by r rho del rho and the



azimuth part. The Laplacian in the wave equation, this Laplacian gives you the wave

equation in this form.
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v with angular and azimuthal symmetry,
the Laplacian simplifies
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With angular and azimuthal symmetry, that is if I assume that it is independent of the

azimuthal symmetry, we can write this equation only as a function of rho and the wave
equation takes the form of this. Because you can remove these two terms because of the

independent azimuthal symmetry the solutions of this wave equation.
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v The solutions are thg Bessel functions

¥(p.t) - B(kp)e'*

v For large p, they are approximated as

1
Pp,t) = ﬁcm(kp - wt)
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The solutions of this equation are well known Bessel functions and can be represented by
this where this Bessel function has the argument of this propagation constant, and the
radial coordinate rho times the e to the power of i omega t. For large distances rho this

cylindrical waves are approximated as psi of rho t is equal to this.
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So, 1 upon under root of rho this is again very consistent. Travelling spherical waves
look like this we have a line source, there is a cylindrical surface with constant phase at
some larger distance, the phases are constant over a cylindrical surface and so on and so
forth. So, by doing this we have discussed different types of waves particularly the
spherical wave, the plannar wave and cylindrical waves, which we have solved from

starting from the Maxwell’s equation and the wave equation.

Thank you.



