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Lecture — 19

Waves in guided structures and modes (Contd.)

So, we have seen the T E polarization and T M polarization waves propagating through
the interface structures and we have seen that how they give rise to the electromagnetic

waves as guided waves in the structure.
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Now, as a first example, we will discuss a metallic waveguide electromagnetic waves in

guiding structures and modes. We will look at the mode properties.
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And so, the. So, we have organized this part like we first consider a parallel plate metal

waveguide which is the simplest structure then and we will look at the T E and T M
modes of this structures and to do that, we will write down the electric and magnetic
field distributions field components and once we have these modes, then we will be able

to depict the electric and magnetic field distribution across the web guide.

Then, we will we will discuss the dispersion relations and cutoff properties that till where
till which frequency the wave will be supported and the wave will not be supported
modes of the rectangular metal waveguide will be discussed as an example of 2

dimensional confinement of the waveguide.
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Parallel plate metal waveguide
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So, we first consider a parallel plate metal waveguide the structure like it may be

infinitely extended along this y direction and along this y direction and there is a
variation of the medium along the x direction that is the 2 plates are the metal plates. So,
and let us suppose that the separation between the 2 plates are x equal to d. So, is equal
to d. So, this is located at this is placed at x equal to d and the bottom one is that x equal

to 0 inside medium I represented by epsilon mu naught and this is a coordinate system.
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Parallel plate metal waveguide

The wave equations:

V2E = —wpgeE 3 B, W x
and V*H = -w*pyeH

We look for the solutions of the E-field equations: V2E = —w’tgeE
&

The structure is invariant along 3

The 2- dependence is that of the wave going in z- direction

The 2- dependence of the solution will be e~*:? ~ ¢
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So, we will again refer to our configuration of this is very useful and a nice way of
understanding the modes in the structure you have a possibility that you have a

possibility that the electric fields are tangential components.

Whereas, the magnetic fields are lying on the x z plane, which will constitute a T M
mode T E mode and the other one that is when the electric magnetic field is tangential to
the to the interface plane and the this magnetic the electric field will have 2 components

they are lying in the x z plane. So, that is what is the T M mode.

So, these 2 we have been able to very clearly dissociate in terms of the electric field and
magnetic field groups, which will be supported by the structure. So, the wave equation
for such a configuration we can start with this del square E equal to minus omega square
mu naught epsilon E and for the magnetic field we have a similar expression. Now, we
are looking for the solutions of the electric field from this equation and you can see that
this structure is invariant. This is our assumption that it is it does not vary along this z

direction and because of this the solution should be independent of z.

So, the z dependence. So, this the z dependence should be represented separately, the z
dependence of the solution. We have seen earlier can be represented by e to the power of
minus i1 k z z, but k z we have called is equal to beta which is the z component of the

propagation vector.

So, one part is clear that, if the wave is traveling along z direction and the structure is
invariant along this z, you can always represent that a electric field with a with a factor e

to the power of minus beta z.
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Wave equations for TE- and TM modes
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The wave equation for T E and T M modes for the by now, it is very clear if it has to
represent a T E mode. Then, it is the electric field component which will satisfy this
equation and for the T M mode, it is the magnetic field component which will be
satisfying this component. This equation and this are these are these equations are valid
for the homogeneous medium each of the homogeneous layers which will constitute the

structure of the medium.
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Transverse Modes

TE-mode
b
For a TE-guided wave

¥ The electric field is transverse to the direction of propagation of wave

v The field will be represented by
E, = §E,(x)e~#*

The E field vector is pointing along y —direction
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So, for T E guided mode the electric field is transverse to the direction of propagation of
the wave the field will be represented by this. We have just now worked out and you
have seen that the field, the amplitude should depend only along only on the x coordinate

and it the electric field vectors are directed along the y direction.
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Using this solution in the wave equation: VEEJ, =- wz,uueEy
a2 aZ i af.
= (6_52 + @) E,= —wz,uery ; T = no dependence
0*E
= #+ (0o - B2)E, =0

Perfect metallic boundary

Boundary Conditions : E,(x=0) =E,(x=d) =0
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So, using the solution for this equation that e to the power of 1 beta z and e to the power

of i omega t from like this equation, this solution we can write this equation in this form.
This is the transverse, this is the z and x component of this del square operator multiplied
upon this and del square of oh. So, because there is no y dependence because there is no

y dependence.

So, this form reduces to this form only and further because del square del z square can be
represented as i beta square. So, that comes on to this side as minus beta square. So, you
have the wave equation for the E y field in the T E mode which is represented by this

equation.

And now, we will apply the perfect bound metallic boundary condition by saying that if
this problem is a one dimensional rigid wall, quantum mechanical problem, that is the
fields will be 0 exactly at the boundaries because they are metal boundary. So, at the
metallic boundary at x equal to 0, the boundaries are placed at x equal to 0 and x equal to
d. So, that the boundaries E y will be equal to 0 and at x equal to d; that is another
boundary the field will be equal to 0.
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Therefore % + (w*pge - p*)Ey =0 +KE,(x) =0

This has the solution:

Ey(x) = Ape™"* + Bye*!h* = Egsink,x + Eq cos k,x

"1 NPTELONLINE Potha Ros@handhun
“TKHARAGHJR CER“HCA“ONCOURSES utﬂl-l RDI?L)\ LCHiLE
Physics

So, and now also that this quantity that is omega square mu naught and epsilon minus k z

square which is represented by this equation just transforming into this part that is
epsilon will be equal to epsilon naught epsilon r that is the relative or permittivity of the

medium which will be equal to n square and k z i write by beta square.

So, I can rewrite this as that transverse component that is the x component of the
propagation vector because k y is equal to 0. So, this total k square proper the mod of the
k vector square will be equal to k x square plus k z square, but this is equal to beta

square. That is why I have got this form this connection.

So, therefore, I can write this equation in this form because this quantity this quantity is
nothing but k x square this quantity this is your total k square minus z component y
component is not appearing. So, therefore, it is equal to k x square equal to 0. So, this has
the solution of this form this equation is well known in physics and I can write down this
equation as the oscillatory waves that A e to the power of minus and plus 1 k x and this
can also be written in this form as a sine cosine sinusoidal variation of the electric field.

So, E 0 and E 0 dash are the amplitudes.
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Complete field solutions: TE Modes

Boundary Condition: E,(x = 0) = 0, = E, = Eysink,x

But k. can not be arbitrary ——
Second Boundary Condition: Ey(x = d) = O restricts Ey = Epsink,d =0

i . mmn
= sin(k,d) = sin(mn) = k.= = wherem=1,2,3,...
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Now, we will use the boundary condition that is E y equal to E y equal to 0 at x equal to
0 which will immediately give you that if I put into this equation this is equal to 0. So, I
will get that E dash must be equal to 0. So, I get this equation E 0 sine k x, but k x cannot
be 0. It represents the waveguide structure and the second boundary condition. If we

impose that at x equal to d, again E y will be equal to 0.

So, E 0 sine k x d equal to 0 that gives you that sine k x d is equal to sine m pi and this
gives you the discrete values of this k x; that is the x component of the propagation the
transverse component of the propagation vector which are discrete because this m can
assume 1 2 3 all integral values. So, the solution becomes E of y equal to E 0 sine m pi
by d x and the complete solution because the fields are now directed along the y

direction y axis.

So, y cap E 0 sine m pi x and this is the phase vector and there should be one more e to

the power of 1 omega t for the complete solution, but this is the wave.
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Electric field: TE Modes

From field configuration also
E = ?E[E_i(_k"“‘kzz) + ?FTEEEE_“R’JH,(ZZ) where FTE =-1
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So, from the field configuration, we can also make out this solution you can also bring
out, this solution not by doing all these calculations. All these following this wave
equation simply by just looking at the configuration that that you have your E field like
this which is incident and E field, which is reflected with a reflection factor of this equal
to minus 1 just because of this is a metallic boundary and as a result this quantity will

become minus.

So, this is a wave which is propagating along the positive x axis. This is this is along the
positive x axis and this is the one which is no. So, this will be minus because there is a
minus sign and this is the wave which will be the reflected wave, which is propagating
along the positive x axis. So, I take the superposition of these 2 waves which you can put
together in this form because e to the power of i k z Z will be taken out and you are left

with this part inside.

Now, if you multiply the numerator and denominator by twice i, this equation this
expression gives you that sine of k x x. So, and k x is already known that m pi by d. So,
we can again arrive at the same expression for the electric field y equal to E 0 sine m pi d

by x.

So, just looking at this, so, they are very consistent and is a very good way of
understanding how the electric fields are oriented in the structure; particularly in the case

of this metallic boundary condition.
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Field distribution: TE Modes

The E field solution: ~ E, (x,2) = JE, sin(%;- x)e™ 2

Mode field (E field ) distributions of two lowest order modes m = 1,m = 2
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Also called TE,,, modes
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Now, the electric field solution for this we can write in this form and then it should look

like this is m equal to 1. If you put m equal to 1, then this will be equal to just pi by d and
depending on the value of the d, you have a distribution of the field, which will look like
this x and d when x equal to 0. This quantity is 0, this quantity is 0. When x equal to
when x equal to 0, this quantity is 0. When x equal to d this quantity is equal to pi.

So, again it is 0. Similarly, for 2 m equal to 2 if x equal to 0 this quantity is anyway O,
but when x equal to when x equal to d this quantity equal to twice pi. So, sine twice pi is
again 0. So, you have this distribution for various distribution of the electric fields for
various possible values of m equal to 1 2 3 etcetera. So, this is how we can look at the

field distribution in such a metallic waveguide with 2 plates.
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Dispersion relation: TE Modes

Dispersion relation: TE-modes
B + ki = w’poe

mm, 2
2 B =0'ge - ki = 0*pge - (T)

50 B= |wtpgE- (?)2
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And then, the dispersion relation will come from this equation that this beta square plus

k x square will be equal to omega square mu naught epsilon naught. And this tells you
that the allowed values of the propagation constant. This should be will include the value
of m equal to 1 2 3 etcetera and this gives you beta equal to under root of omega square

mu naught epsilon minus m pi by d and m can assume 1 2 3 etcetera all these values.

So, this is the dispersion relation for the waves which will be the modes which will be
supported by the structure. So, you can knowing the value of m knowing the value of this
waveguide parameter d. The property and this omega the electric field we can calculate
the propagation constant which will give you the solution for the waves which are
travelling in the medium bound by the 2 plates that is this will appear in the wave

equation as e to the power of i beta z ok.
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Magnetic field: TE Modes

Magnetic field: TE,, mode

Electric field:  E,(x,3) = JE, sin(? x)e'
Magnetic field from: VX E = —iwpgH

. E
H=—2[3

mm
] (

mm mn ,
T) cos (T x) + % iff sin (T x)l ral
Perfect metallic boundary condition: H,(x=0) =H (x=d) =0

is automatically satisfied
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So, the cut off property that which of the which of the frequencies will be supported if

you look at the dispersion relation for T M modes we call this modes to be T M modes
because it has a general index m which can take up a 1 2 3 4 etcetera. So, these modes

willbe TEMTE 1 TE 2 etcetera.

So, beta is we have seen this is the dispersion relation for this T E m mode if the
frequency omega is less than this value; that is if you put the value of this omega equal to
this, then this quantity this quantity becomes purely imaginary. Because, this is now this
is now more than this quantity. If I put the value of omega square omega equal to this,
omega square will be equal to this m pi square by d by epsilon naught. So, that means,
this quantity will be and which is less. So, this quantity will be will be more and this

quantity will be less for the value of omega which is equal to this.

That means, the value of beta is now purely imaginary and the mode does not propagate,
but decays exponentially. We have seen in the evaluation field that if the beta value if the
exponent becomes negative, then that it becomes beta or k x. These things becomes

imaginary, then the overall field will decay exponentially with the distance.

So, that is why the electric field, will this will decay exponentially through the structure
and that means, the then that the cutoff frequency is determined because these wave this
modes will not be able to propagate through the structure. And therefore, we set this

cutoff frequency as this that at this up to this frequency given by this we have the waves



which will be propagating. So, the cutoff frequency is given by this equation this
expression. Now, the magnetic field we have talked about the electric field components

various components of the electric field.

Now, from there we can calculate the magnetic field simply by using this connection that
is curl of E is equal to some i omega mu naught times this magnetic field. So, H can be
calculated by knowing the electric field components E. So, H in this case we can write in
this form, you have seen that H will have the z component and x component and both of
them will take up the sign depending on whether it is moving up or whether it is moving

down.

Now, we can impose the perfect metallic boundary condition that H x at x equal to 0 is 0
and H x at x equal to d is also 0 and that condition is automatically satisfied here. If you
plug in this x equal to 0 x equal to 0 here and here, then this H x component of the field
will become automatically equal to this is the x component of the field and this is the z
component of the field, but x component of the field which is the phase a which is not

the tangential component that will be equal to 0.
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Magnetic field: TE Modes

Field configuration X
k., &
2H, = ~H;2+ TH,2 wherel = -1 N B .
N | ngdy s
= -2 Hyel-kxtkel) g ollkarthad) iy K Wi, >,
. Hx Hl’ Z

2 ke . p=lkex) pikzZ - A e .
= -2 H, (e + el elle Ho=-Hi-H,2 H,=-H3+H,3

— =i -

= =2 Hy 2 cos(k,) ki=-kE+kZ k= ki +k3

= -%Hy cos (": x) elfz

Similarly for 2H field 1 = ﬂ|£ (E] cos (? x)+ £ifsin (% x)] et
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Now, now we will look at the configuration like the way we have seen the electric fields
from this configuration we can also make out the field dependence the z field

dependence; that is in this case tau is again equal to minus 1. So, this is the reflection



amplitude coefficient if I take that tau equal to minus 1 and put together in this form. We

can write down this equation and which will be a cosine function.

Therefore, for the z component we have a cosine factor appearing here and if we work
out for the x component as well, then you can see that this will appear as a sign
component. So, from this configuration also that is z and H z and H x and E y is actually
perpendicular to the plane of this board. So, it all becomes consistent with our

formulation that we have done previously.
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TM Modes

TM-modes ik = Hy(x)e-fﬂz

H field vectors are transverse to the direction of propagation

Then wave equation becomes
ViH, = —w’pgeH,

aZH,, ; -
= W+(tﬂ"’ﬂgf—ﬂ5)fﬁy =0
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Now, we will discuss the T M modes the H field vectors are transverse in this case
tangential component. So, the wave equation which will be satisfied by this H y field
component is this. And you can write in the similar way this equation which is exactly

the same as it was in the case of the electric field.
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Complete field solutions: TM Modes

This has the solution :  here k, = ? wherem =1,2,3, ...
Hy(x) = Hycos k,x §
l" x "‘
The solution becomes : ‘/' _,x‘
== .
.Hy(,‘f) = HD Cos(m?"x) ; H,fleld 7

The complete solution :

mi !
Hy(x) = JHq cos (T x) ei#?
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And the this equation will have a solution of H y equal to H 0 cosine k x and in this case
in this case k x equal to m pi by d where m equal to 1 2 3 all the integral values the
solution. Now, becomes imposing the second boundary condition that at x equal to d you
have this condition to be satisfied. We have the discrete values of this k x, which gets
into this equation to get you give you the solution of the magnetic field that is H y is

equal to this.

The complete solution for this, then can be written in terms of this cosine function and
you can see that at x equal to 0 x equal to 0 the field is maximum at x equal to d the field
is also maximum and that is what happens in both the cases for m equal to 1 2. And for
all the integral values of m, we can find out and depict the field distribution across the

waveguide.
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Electric field: TM mode

Electric field is given by the relation: ¥ x H = iweE

Therefore magnetic fields
E,=- :‘:—; -3 (?) sin (?x) +%ip cos (?x)] e iz

Note the perfect metallic boundary condition
that is automatically satisfied here too.
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So, electric field of this T M mode again will come from this relation del cross H equal
to this. Therefore, the magnetic fields can be the electric fields can be written in terms of
this. So, you have a z component of the electric field and you have an x component of
the of the electric field in this case and again this perfect metallic boundary condition
that at x equal to 0 and x equal to d, the fields will vanish. They are again satisfied here

and just check this.
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Dispersion relation: TM Modes
Dispersion relation: TMy, -modes
K+ =wlpge > B2 +kE=alpge

B = |wipoe— (?)2
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So, the dispersion relation in this case is in the same way that beta square plus the
transverse component of the propagation vector square will be equal to the total
propagation constant propagation vector mod square. So, that gives you this quantity
beta square plus k x square equal to this. And therefore, beta m can be represented
because k x is known beforehand m pi by d. So, beta m is equal to this quantity which is

which from here we can again bring out the cutoff condition.
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Cut-off frequency: TM Modes
CUT-OFF FREQUENCY: TM-mode

2
v Dispersion relation for TM,,, mode: f8,, = ’mzuoe-(?)

v For this TM,, mode, if the frequency  is less than L_(H)
NTTAN

v Then f becomes entirely imaginary

¥ The mode does not propagate but decays exponentially with distance

L] 2
v The cut-off frequency is determined by the condition: w?pge = (?)

1 (mm
S0, the cut-off frequency: . = et (T)
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So, the dispersion relation for this is given by this equation and for this T M mode. We

will call this modes to be T M m can have 1 2 3 all integral values. If the frequency
omega is again less than this, then this quantity becomes in imaginary in the same way
and the wave decays exponentially with the distance and you know that that imaginary
quantity in the exponent with the oscillatory function will give you an exponentially

decaying field.

And as a result, this mode will not be able to propagate and we can then set up the cutoff
condition which is decided by which is determined by this expression. And therefore,
omega ¢ will be this. So, that gives you that till up to which frequency the structure will

support for propagation through the waveguide.
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Magnetic field: TM Modes

From field configuration also

Hy: j‘,Hie-i(-kakzZ) + ?rTMHie-f[k,szZ]
forthiscase I'py =+1

= § Helkaka?) 4 p gilkixths2)

Hy(x) = 9 2H;cos ke

A cosine function
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Now, magnetic field components we have seen the electric field magnetic field
components electric fields. So, from here you can again organize looking at this
configuration you have electric field along you have you have this k x and k z along this
direction. So, that is why I have written this k x and k z as the phase factor, which is the
propagation k dot are basically represented by this 2 quantities; one is forward
propagating that is x positive, another is x negative and then in this case for magnetic

field this tau T M is equal to plus 1.

So, if I plug in this value of this tau, then I can rewrite this equation in this form which
will lead to this form of the equation. So, this is again a cosine function for H x. So, that
is what we have seen earlier also that it is a cosine function of the H x field. This field H

x field is a cosine function ok.
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Rectangular metal waveguide

Ello

¥ Arectangular waveguide with perfectlgl_conducting walls

¥ All four sides are closed to guide electromagnetic waves
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So now, the as a last example in the case of metallic waveguide, in this discussion we
consider a hollow metallic rectangular waveguide and this wave guide is having a
perfectly conducting walls metallic sheet or metallic wall all 4 sides are now closed to
guide the electromagnetic waves. And let us consider this configuration that this is the
propagation direction this is x and this is y. So, z. So, X y z. So, this is how we will we

will put the coordinate axis.
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¥ transverse components of £ and H fields in terms of the axial components

¥ rearranging one can write uncoupled wave equation for any field component

E. = L %_I_" 2% H _i 2% %
x = m£0n ay x— 7 mE(}n ay ax
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Now, let us remember that we have seen that all the transverse component of the electric
and magnetic fields can be represented in terms of the longitudinal components of the of
the electric and magnetic fields the same equation the 4 the set of 4 equations where k ¢
is the transverse component, that is the total propagation vector this is z component of

the propagation vector. So, this is the transverse component of the propagation vector.

(Refer Slide Time: 24:01)
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Uncoupled wave equations

Wave Equations for axial field components: E, and B,

*  * wd "
lﬁ +W + (?) - kz] E,=0 writing B for H
thistime: f = k

#* ¥
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ax2+ay3+(c) k ]Bz 0

TE- and TM modes
v If E, = 0 waves are transverse electric : TE — waves %

v If B, = 0 waves are transverse magnetic : TM — waves
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Therefore, the wave equations for axial field components E z and B z we can write in
this form omega square omega by ¢ minus k square. Therefore, this equation this is for
writing B for H that is if 1 earlier it was because mu naught is the free space. And
therefore, we can write that this H equal to B H equal to a even place of H we can write
b. So, T E and T M modes are now represented by this condition that where E z equal to

0 you have T E waves and if B z equal to 0 you have T M waves.
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Rectangular metal waveguide: TE modes

X
Consider a waveguide r=a
height = a, width= b

Z
Wave equation: TE-modes ’

y:b ¥
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B, =0 We'll solve it by separation of variables

We assume a solution: B,(x,y) = X(x)¥(y)
Y
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So, consider this waveguide with these structures and these parameters at x equal to a
you have a boundary a metallic boundary at a y equal to b you have another metallic
boundary and so on. So, it forms a rectangular pipe wave equation for this T E modes
can be represented by this. You have seen that for T E modes, it is B z equal to B z with
this equal to 0. We will solve it by separation of variables we assume that B z equal to

this is a product of this x dependent and y dependent functions.
(Refer Slide Time: 25:24)

Separation of variables

Substituting B,(x,y) = X(x) ¥(y) in the wave equation
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Then, we can use substitute this into the wave equation and separate them. This is again
the very well-known technique of separating the variables. This quantity is now
completely a function entirely a function of x and this quantity is only a function of'y. So
now, putting these 2 things together, which is equal to minus k x square minus k y square

plus omega by ¢ whole square, this will be equal to k square.

(Refer Slide Time: 25:57)
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X- solution: TE modes

General solution to the equation: o — ==
X

4

X(x) = Asink,x + B cos k,x

Boundary conditions require that:

X=0 atx=0and x=a

_—

=>4=0

X
—=0 atx=0and x=a
dx

5
b
[
1
i
1
1
i
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So, we can write down the solution for this equation general solution of the, this first part
this one will give you this is again a very well-known equation in physics. So, d 2 X d x
square plus k x square into x equal to 0, which will give you this solution sinusoidal sine
and cosine function. Boundary condition if we impose that at X equal to 0 at x equal to 0
and x equal to a your x. This field will be will vanish because of the metallic boundary
and the continuity of the field that is the derivative of the of x will also become 0 at these
2 points at these 2 boundaries. And if I use these conditions, then we can write a must be

equal 0 because this thing equal to 0.
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X- solution: TE modes

Then the solution for X becomes:
X(x)=Bcosk,x
Boundary conditions require that:

X=0 atx=0and x=a

dx
—=0 atx=0and x=a
dx

&
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And therefore, if I use this condition the second condition then, so, the solution becomes
this. Using the second boundary condition, we can again write that k x must be equal to
m pi by a the exactly in the same way, we did it for the parallel plate metals, but in this

case you have 2 such cases and they appear in the form of product.
(Refer Slide Time: 27:10)
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Y- solution:; TE modes

Similarly the solution for ¥ is also:

Y(y) = Ccosk,y

Boundary conditions require that:

Y=0 aty=0and y=»h
&

nmn
dy 0 s . ; " k’, =, = 0,1,2,3, e
—_—= at y=10 an =
=0 aty y
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So, similarly the solution for y is also like in this form this was the solution for the x

field and this is the solution for the y part of the wave equation of the solution and this



again if you put the boundary condition. We can write that k y equal to n pi by b where n

equal to 0 we can take up all integral values.
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Total solution: TE modes

So total solution for the waveguide:
B,(x,y) = X(x)Y(y)
= Bycosk,xcoskyy

= By cos f?) cos (“bﬂ)

The solution are the TE ,, - modes
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So, the total solution for this waveguide can be represented in terms of this, this is due to
the x part of the solution and this one is for the y part. So, put together, butak x and k y
are also known from the boundary conditions. So, m and n are the integers and the
combination of the m and n values will give you all possible modes for example, m equal
to 1 n equal to 1 m equal to 1 n equal to 2. So, you get allthe TEmnmodes 122223
etcetera. So, these are the various modes which can be found out simply by plotting this

function as a function of x and y.
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the wave number is imaginary
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So, using this condition, once again we can look at the dispersion relation and the cutoff
conditions. We get the wave number in this case as omega square minus k x square
minus k y square. So, square under root of that will give you this k which is the wave
number. Therefore, from this, this is equal to 0. This condition will give you omega this
must be less than this quantity omega must be less than this quantity. So, this is the

omega m n because in that case the wave number is imaginary.
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Cut-off Condition:

m z n z P .
If w<cen [;) + (ﬂ = w,,, the wave number isimaginary
instead of a travelling wave, the fields are exponentially decaying

&
therefore w,,, is the cutt — of f frequency for the mode
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So, that is what is going to decide the cutoff frequency. So, we can we can set the cutoff
frequency for the parameters given as a and b as the dimension of the waveguide and a m
and n being the solutions coming by the integral numbers 1 2 3 etcetera for m and n. So,
the wave number for this will be and instead of a travelling wave the fields are again we
have explained this exponentially decaying with distance. Therefore, omega m n is the

cutoff frequency for this modes.

(Refer Slide Time: 29:46)
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Lowest cut-off : TE;: wyy = %; w less than this will not propagate
b

1 [~ ,
Wave number : k= -V w* — wh, interms of cut-off w
. . w [
Wavevelocity : v = = greater than ¢
[0\
(o)
\| W
. 1 .I [ w \2
Group velocity: v, = L \-l - ( I) energy travels

© ' NPTEL ONLINE

IIT KHARAGPUR CERTIFICATION COURSES

Now, we have tabulated the all the all our findings that the lowest cutoff frequency that is
for T E 1 0 can be written as this, this you can find out for putting one and this is equal to
0. So, omega 1 0 this is the and omega less frequent any frequency less than this will not
propagate in the structure and for that, this the wave number will be this where you can

substitute the value of m and n. So, in terms of the cutoff frequency.

So, you can represent the wave number of the wave which is propagating where you
know the integers m and n, then you can calculate this. So, the wave velocity that is the
velocity with which the wave travels in the structure that is v equal to omega by k and
this gives you the wave velocity for the wave for which I know the value of m and n. For
example, I look at the T E 1 0 wave then this omega will be omega 1 0 and if I substitute

this value, I know that the wave velocity will be this.

So, for various modes the propagation velocity will be different and as they propagate

along the structure, they will develop a phase difference. We will utilize this property in



some device applications group velocity for this the is given by d omega d k which is
this. And in that case again, also we can find out the group velocity that is the velocity
with which the energy travels in the medium by selecting the values of for looking at the
individual modes. For example, T E 1 0 I have to substitute omega one 0 for this and

then we can calculate the velocity wave velocity of propagation of this wave.
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Now, I look at this structure this is the wave front these are the yellow lines are the wave
fronts at regular intervals of the wave length and the wave is traveling in this direction
getting reflected back and forth from the upper and lower interface and you have also the
similar thing on side wise. So, the wave moves this wave moves the z component of the
wave that gives you the motion of the, that is the travel of the traveling of the wave along
this direction. That is with the velocity v and this k dash the propagation constant will

come from here.

You can look at this; this k will be decomposed into because you have k x k y and k z.
All 3 of them are present the value of k x is this the value of k y is this and the value of k
z we have called this is equal to beta. So, all of them put together will give you the total
propagation vector of the wave which is traveling within the structure. So, omega we can
calculate from here. So, ¢ by omega will be k dash. So, that gives you this value. Now,
again for the different modes m and n, we can use the numbers and calculate the

frequency.



So, cosine k dash cosine theta equal to k. This you can look at this cosine this is your k
direction and this is your z component of k. This is your k prime direction k dash
direction and this is the z component of k. So, k dash cosine theta will be the value of k.
So, that is what it is written here. So, we can calculate the cosine of the angle that it

makes with this the wave makes with this, this incident and reflected waves.

So, which we can calculate that is v equal to ¢ by cosine omega and this velocity with
which it actually the energy travels in this direction right. So, this v g and v energy travel
group velocity whereas, v is the phase velocity of the wave which is along this direction,

ok.
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--------------- Summary of discussiong=============-

v Parallel plate metal waveguide
v TE —and TM — modes, E and H fields distribution
v Dispersion relations, cut-off properties

¥ Modes of rectangular metal waveguide
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So, we have discussed the starting with a parallel plate metal waveguide there a T E and

T M polarization orientation of the wave and that that give rise to the T E and T M
modes. And, we have also seen the electric and magnetic field distribution across the

waveguide for various modes. They are dispersion relation cut off properties.

We will also consider these T M modes in terms of the electric field and magnetic field
configuration, they are cut off properties and all and also we have discussed a very
special case of a rectangular metallic waveguide which is very, very common in the

microwave technology.



And, we have seen the cut off properties the field distribution and in terms of electric and
magnetic fields within the waveguide and this background. We will now switch over to
we will now look at the dielectric wave guides, which are presently more interesting

enough sort of use in the form of devices.

Thank you.



