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12.2 Nonlocal Particle Hole Creation Operators

s section, we describe fermions using operators that correspond to creation of
must be such that the
onal in these operators, as was the case in

s across a filled Fermi sea. T

fermions is purely

the Fermi picture. These particle-hole-like creation operators come out as nonlocal
operators in a sense to be made precise soon.

Consider a spinless Fermi system with annihilation and creation operators cp, cp.
We have encountered such operators earle. Thus {cy,c, } = 0 and {cp.c’}
8+ W define > 10 bethe filled Fermi s of the noninteracting system with

NV number of fermions. Thus n (k) = 0(kg = K|) is the momentum distribution

of the noninteracting theory and N = Fynr (k). We define ¢y« = np(p) cp and
¢p> = (1=ng(p))cp.
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Here N, measures the number of particle-hole pairs in the state it acts on. Itis im-

Ak(q)[FS >=0 (1223

So today let us try and see if we can generalize the concepts of the previous lecture to
fermions. So, today is going to be the last lecture of this MOOC’s course and the topic I
am going to discuss is basically of a research variety; that means, that it is you will not
find this in anywhere else; because it is | mean, it is actually based on my own research.
So, in fact, it is not even the fermion version is only there in my textbook in chapter 12.2.

It is not there anywhere else.

So, remember that in the last class I was telling you that it is beneficial to introduce kind
of non-local version of particle hole creation operator. That means you first create a hole
then you create a particle both at the same time; that means, you remove a particle with a
certain momentum and in the case of bosons you remove a particle with non-zero
momentum and you put it back into the condensate; that means, you create a boson with

momentum k equal to 0.



So, but then that corresponds to basically b dagger 0 b q, but that itself will not be useful.
So, I have to see I have to introduce a creation operator which also behaves like a boson.
So, if that is possible only if I multiply that by 1 by square root of the number of bosons

in the condensate.
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We have encountered such operators earlier. Thus

6”_ We define |FS > to be the filled Fermi sea of the noninteracting system with
N" number of fermions. Thus (k) = 6(kg = k| is the momentum distribution
of the noninteracting theory and N = Fynr (k). We define ¢y« = nr(p) cp and
cp> = (1=ng(p))cp.
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Here N, measures the mumber of particle-hole pairs in the state it acts on. Itis im-

bear in mind that cp, V| = 0, Kence [cp >, Ns| = 0. In other words,

N+ N°. The definition for Ax(q) is

g except when it acts on the' filled Fermi sea (where the number of
particle-hole pairs is zero). We postulate/that in this case,

Axlq)[FS>=0 (12.23)

280 Field Theory

With these caveats in mind, it is easy to verify that following are operator identities
on the N” particle subspace of the Fock space of fermions.

JasCkegt> = L AL e WACTA(-a+a (12.24)
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So, that is what we showed that basically because, in the case of bosons it was possible
to write an operator called d q. There are two subscripts mainly because you see the
implication is that for fermions it will be k plus means it the k equal to 0 corresponds to.
So, k is always 0 because for bosons the k equal to 0 is special. So, this becomes q by 2.
So, there is a redundant momentum label to emphasize the fact that it is possible to have

a more general type of object with two separate momentum levels for fermions.

That is what we are doing today, but I am just refreshing your memory about bosons. So,
it has you might be wondering why there is a redundant momentum label that is just to
remind you that for fermions these two need not be related; they can be independent. So,
that is because you see the condensate is a single point in momentum space which is k

equal to 0 whereas, the ground state of a collection of fermions is an extended object.

It is the entire Fermi ¢ you see it is all fermions up to a certain momentum value which is

k f ok. So, the point was that I could define, if I chose to define it like this where you see



a b 0 is nothing, but e raised to minus X 0 N 0 right and N 0 is b dagger 0 b 0. So, this is
the number of bosons in the condensate and X 0 is basically canonically conjugate to N

0.

So, it is one of those funny operators which is canonically conjugate I mean, the these
are all very formal issues you know there are some very basic mathematical issues that
you have to be aware of for example, you know there is a well-known theorem that says

that since N 0 is positive definite; that means, it cannot be negative.

So, there it is you can rigorously show that X 0 cannot be self adjoint. So, you cannot
simply postulate that let there be a self adjoint X 0 such that X 0 commutator N 0 is i.
Because you can show that when N 0 is non negative you cannot force X 0 to be self
adjoint. So, you can force it to be canonically conjugate, but it will not be self adjoint.

So, there are all these issues ok.

So, this is like a physicist version of this proof. So, I will have to work with a situation
where N 0 is actually nearly infinity. Then only this makes sense ok and that is typically
the case in an actual condensate ok. So, N 0 is macroscopically large. So, I am talking
about ground state this is not like finite temperature. This is basically the ground state of
a boson system. So, if that is the case you see then this is nothing, but what is e raised to

1X0.

It is basically given as 1 by square root of N 0 into b dagger 0 which is what that is. So,
that is how I define it as like this. So, its b dagger 0 b q. So, I want to do something
similar. So, this you see I showed that this is an exact boson and the point is that
remember that if you have products if you have number conserving products of quantum

particles which create and annihilate quantum particles.

See that number conserving products will obey closed commutation rules regardless of

whether those creation and annihilation are creating fermions or boson.
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them as wish to set our eyes on what the commutator may
look like, we may write (keeping in mind that Ax(q)f(No) = f(N> + 1)Ak(q),
FINs)AL(Q) = AL@)f (N> +1))
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T fact, this Commutator is not simple even when (k.q) and (K',q ) are completely
unrelated. For example, if k+/2# K +q /2 and k—q/2 #K -2, even then
we find the nontrivial commutation rule,

(N> + DAK(@)4),(4) =N Al 4) Axlg) =0 (1228)

rather than the naive expectation [Ay(q), ‘x‘"' )| = 0. This is particularly impor-
tant since some have argued that this naive rule holds whereas the kinetic energy
operator continues to be K = const. + L o A, (q)Ak(q) as itis in the present ap-
proach. This is clearly untenable. Even if we claim that maybe we have to restrict
the Hilbert space to contain only states with a large number of particle-holepairs

Nonlocal Operators

So, suppose you have C p C q and C p dash C q dash. So, this is always going to be
equal to C dagger p C q dash delta p dash q minus C dagger p dash C q delta p q dash.
So, this is regardless of whether these are bosons of fermions. So, I could be Cs can be
bosons or fermions, but the commutator of this will. So, even if the Cs are fermions it is
still the commutator that is. So, in other words the commutator of number conserving

two number conserving products is a linear combination of number conserving products.

So, regardless of whether the individual creation or annihilation in regardless of whether
they are fermions or bosons. So, that even if the fermions it is the commutator not the
anti-commutator. So, that is the reason why I want to be able to write down you know
some version of this a non-local number conserving product in such a way that number

conserving product corresponds to an exact boson ideally speaking.

But I will not be able to do that at least in this lecture; I am going to give you a hint that
it is possible to do it, but it is a two-step process. So, first you have to introduce a non-
local operator which is almost entirely analogous to this, but then unfortunately for the
case of fermions it will not be a boson. It will still obey complicated closed commutation

rules, but it will not be a boson.



So, the question is that then you can you have to further re express that in terms of
bosons which is still an unfinished research problem which I am still working on. So,
those of you are interested in you know collaborating with me on this to finish this
research agenda. So, which is basically to make section 12.2 practically useful, you

please contact me, but let me explain to you what is 12.2.

So, it is basically the fermionic counterpart of what I discussed in the early previous
lecture. So, you see. So, there is no condensate for fermions. So, instead there is a filled
Fermi c that is the ground state. So, the momentum distribution; that means, the all the
fermions below k f are occupied and all of them above are not occupied. So, this is the

Fermi Dirac distribution at zero temperature.

So, now you define something called the an annihilation operator in momentum space
which annihilates fermion below the Fermi surface. So, this annihilates a fermion inside
the Fermi surface and this annihilates outside the Fermi surface. So, you can imagine that
this fermion is. So, when this fermion acts on some typical element of your fox space;
that means, if you imagine yours eigen states to consist of the ground state of the system
that is basically a system where all the fermions are below the Fermi surface and none

are above the Fermi surface.

And then you can add a few more states for example, you can take away some fermions
near the Fermi surface and which were below the Fermi surface initially and then you
elevate them to some momentum states above the Fermi surface. So, thereby you will be
creating excited states. So, basically by acting particle hole creation operators on the

ground state you can create excited states.

So, if you have a Hilbert space of states of that nature then you can imagine that most of
the time you see if you act this operator that is the operator that tries to take away
fermion below the Fermi surface, it will usually be successful; whereas, if you try to take
away a fermion above the Fermi surface you will mostly be unsuccessful unless you hit

upon the rare state where you know there is an excited electron just at that position.

But whatever it is I mathematically I am perfectly at liberties to define these operators.

So that means, I can define an operator which corresponds to taking away an electron



below the Fermi surface or taking away an electron above the Fermi surface. So, having

done that similarly creation also. So, having done that I define this capital A subscript k

q.

So, you see this is the reason why now you have two different momentum labels because
there is no notion of condensate. So, I have to deal with the fact that I can create and
annihilate you know at two different momentum points. So, here you see the definition is
of this nature and remember there was this non local square root of N, here also there is a

square root of N, but here this N has the N 0, it was there in the case of bosons.

In the case of fermions this corresponds to yeah this N 0 you should not confuse; this is
the total number of particles which is a constant. Total number of fermions unfortunately
I have not been very consistent with notation. See here N below 0 means its number of
bosons and condensate which is yesterday last lecture earlier lecture. So, whereas, N

superscript 0 is total number of fermions of today’s lecture.

So, you see the idea is that this N greater basically counts the number of particle hole
pairs. It basically tells you that so, this is the number of fermions remaining below the
Fermi surface and this is the total number of fermions. So, the difference is basically the
number of fermions above the Fermi surface which is basically the total number of
particle hole pairs because every time there is a fermion above the Fermi surface there is

a hole below the Fermi surface.

So, that is also counts the number of particle hole pairs. So, basically you see this is the
whole point. So, this is a non-local particle hole creation operator which keeps track of
the number of particle hole pairs that have been created. So, this makes perfect sense on
all states except the states where there are no particle hole pairs because then this

denominator becomes 0.

So, then I postulate that in that case this; so this is in situations where I do not act it on |
act it on any state which has more than one at least one particle hole pair. In that case N
greater will never be equal to 0. But in case N greater is 0; that means, I am talking about
the ground state of the non-interacting system then I postulate that A k q acting on that is

0.



So, now with these types of assumption this all matrix elements of this make perfect
sense; you know the matrix elements of this mathematically well-defined meaning. So, if
they have well defined meaning, In fact, you can show again remember that it was very
easy to show that in the case of bosons because you see it was just simply d was just

some unitary times the b.

So, it was easy to show that b dagger b dot, dot, dot, dot means different different
momentum level same d dagger d because, this will cancel out I mean, this e raised to i
X dot; if you pretend X dot is Hermitian it will cancel out. But then this was easy in that
case, but it is not so easy here, because not only you have summation also; you have to

actually prove this.

So, I am not going to prove this here it is left as one of the exercises what you have to do
is just insert this here and insert this here, insert this here and prove that it I mean just do
the sigma and show that it is an identity because, the right hand side will involve A, but
A is defined in terms of the ¢ s. So, if you insert and do sigma you have to get back this

answer.

In fact, you can show that you will get back ok. So, here also you will show that it you

can get back. So, basically you see this is the inversion.
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The definition is sufficient to ensure idempotence of the number operator since it
follows from-the definition of the sea-displacement annihilation operator that,
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So that means, I have inverted this and re expressed; so, you can re express. So, the you
see after all if you have a you have ¢ dagger p ¢ p dash. There only these things. So, in
the case of creation or annihilation above or below the Fermi surface there will be these
four possibilities either you do both above or both below or you do one above one below

or you do one above one below in the reverse way.

So, these are the only four possibilities. So, that exhausts all the possibilities when it
comes to creating a particle hole pair. So, you see the if you both are above the Fermi
surface, it is expressible in terms of the as this way; if both are below its expressed, but if

one is above one is below it is simple.

In fact, you see N greater is going to commute with c greater. So, you might as well put
this on this side; because there is no see, N greater paradoxically will commute with ¢
greater because N greater is in terms of ¢ less. So, it will commute with ¢ greater, but N

greater will not commute with c less.

So, it will commute with ¢ greater which is something you would not have expected. So,
you can therefore, put this on this side and then multiply from the right on with respect to
A. So that means, so basically what will happen is that you see A k q multiplied by N

greater is nothing, but ¢ dagger k minus q by 2 less ¢ k plus q by 2 greater.

So, you see that is the thing. So, there are four possibilities; one is greater-greater less-
less both are expressed already. So, the greater-greater, less-less I have expressed in
terms of the A’s and less greater is expressed in terms of A’s this way and if you take
dagger of this you will get greater less also expressed in terms of the A. Then it will

become square root of N greater A dagger k q.

So, that exhausts the ways in which you can express the number conserving products of
fermions in terms of these funny A’s. So, you might be wondering why am I doing all
this. First of all, you see the commutation rules obeyed by the A’s are not simple they are
actually not bosons. So, the thing is that why am I doing this? The reason why I am
doing this is because, you can show that you see the kinetic energy of free fermions
which is writable as p squared by 2 m into ¢ dagger p ¢ p can actually be shown to be the

same as sigma k comma q k dot q divided by m A dagger k q Ak q.



So, in other words, you see this is the fundamental reason why this is useful. So, the
kinetic energy which was diagonal in the fermions is also diagonal in these very funny
complicated A operators. See these A operators are very non trivial because they are non-
local see there is this N greater which is measures the number of particle hole pairs

which is itself an operator and its square root appears in the denominator.

So, it makes it an ultra non local operator. So, nevertheless even though it looks that
bizarre because it looks that bizarre this is possible. See, because I have defined it in that
peculiar way, the kinetic energy of free fermions which is diagonal in the original
fermions is also diagonal in these operators, but it would have been amazingly beneficial

if this A’s if these A’s were in fact, exact bosons sadly they are not.

So, what you have to do in order to make the scheme truly useful is you have to find
exact bosons. So, you see first of all the A’s I have been able to show rather easily that
this yeah this is always obeyed. So, you see if A’s were bosons we expect this at the very
least and in fact, even though unfortunately A A dagger commutator is not Kronecker

delta k k dash q q dash which is what we expect if A’s were bosons.

But at least A commutator A with different k’s and q’s or at least these this is identically
0. That is something we really like it is a kind of a relief, but; however, the fact that A
commutator A dagger is not Kronecker delta it is very unfortunate. So, but however, in
case of the analogous construction in bosons it was already boson, but here it is not. So,

you have to work harder.

So in fact, the commutator the version of the I mean the what resembles the commutator
actually looks like this. So, the question is. Firstly, how do you do that? So, that I will try
to postpone and explain to you later; that is how do you know construct exact bosons
which you can then relate A 2; that means, you should be able to write A k q in terms of

some exact bosons called b k q perhaps.

So, these are exact bosons. So that means, these bosons will have the property that b k q
b k dash q dash is 0 and also b k q b dagger k dash q dash is equal to delta k k dash delta
q q dash times something some constant ok some constant involving k q and all that. But

basically it is this is the right hand side is proportional to the identity operator.



So, if you can find b’s like this then you are all set; because you can do lots with this.
Because, if you do not find this you cannot it is very it is a big struggle because the A’s
are very non trivial. So, the question is how do you write this and this is the topic of
great urgency now. We have to actually do it and I am trying this on my own right now;
those of you who are listening to this lecture and are interested in collaborating with me

please contact me yeah.

So, this is very crucial now. But however, even in the absence of this very crucial
ingredient namely even though we are not been successful in writing these A k q in terms
of exact bosons you can still go ahead and this I am going to skip I have just told you

yeah.

(Refer Slide Time: 23:26)

Finally,
“‘“\“l 0, (12.38)

where D(k,q) = n (k- q/2)(1-n(k+q/2)) +ng(k +/2)(1 - ng (k- q/2).
We now wish to show that the RPA s a conserving approximation. If we define
Pq = Lkcy G- and jy = Lyk o Q2%-q12 and set the Hamiltonian to be

H = Yy &-clek, the RPA ensures that i2p, = — 4., which is nothing but the
equation of continuity. Thus the RPA is a conserving approximation in the sense
of Kadanoff and Baym. Now we wish to perform some concrete computations us-
ing this approximation scheme. In particular, it would be desirable to calculate the
momentum distribution of the free Fermi theory at finite temperature and see if it
agrees with the one obtain from Fermi algebra. The reason why this is interesting
is because the finite temperature calculation of the free theory is the simplest way
of considering excited states, in other words, fluctuations in the number of particle-
hole pairs. This exercise also teaches us that the simple RPA, where the right-hand
side of Eq. (12.32) is replaced by a c-number, is not sufficient. The reason for this
is that the fluctuations in the number of particle-hole pairs have to be taken into

284 Field Theory

account self-consistently in order to reproduce the right finite temperature momen-
tum distribution. To compute the momentum distribution at finite temperature, it is
better to calculate the following finite temperature correlation function:
( o B(H=N) =¥
i i ‘ Tr(ef e ul‘qml‘q) -
ik, q:A) =< e a(q)ax(q) > — (1239
K\ @aklq Tr (e-PH-V))

Therefore,

So, you can go ahead and write down the momentum distribution, you can derive the

Fermi Dirac distribution in terms of these operators in terms of A k g’s.
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account self-consistently in order to reproduce the right finite temperature momen-
tum distribution. To compute the momentum distribution at finite temperature, it is
better to calculate the following finite temperature correlation function:
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Using the cyclic permutation property of the trace and the RPA algebra, we obtain
the following expression for G

o Y et a
Glk.q:2) g (ik-q/20 ) = <fikiq2n
et e tH)

np(k—q/2)(1=np(k+q/2)) (1242)
Let D(e) be the density of states of the free theory. Thus, D(e)de
that D(e) is an exte as is the summation £

e that the dependence of ) on Ais such that when inte-

gral A, lea an extensive quantity in the denominator. This matter may
be made more explicit by differentiating with respect to A

4 (0e) = -8er - )
L () = ~(er ~eu(h)
dh 4

So, the question is how do you do that. So, I first define small letter a k q as basically
this. So, I define small letter a k q as basically ¢ dagger k minus q by 2 less ¢ dagger ¢ k
plus q by 2 greater. So, this is small letter a k g. So, now, you see now I am going to try
and calculate this average. So in fact, you can ok let us show this. So, this is the

definition of this g that I am trying to calculate.

So, this 1s the definition of A k q. So, A k q is basically this capital A k q without that
square root of N ok. So, just without that square root of N. So, it is k k minus q by 2 less
c dagger k minus q by 2 less ¢ k plus q by 2 greater. So, you see now [ am going to try

and calculate this. So, this is nothing, but in grand ensemble it is this ok.

So, now, you see the device of introducing this exponential is that when you do an
integral over this lambda prime parameter you will bring down an N dagger ok; N
greater dagger ok and I also choose to define something called the lambda parameterized
average of N k which is basically before taking the average of ¢ dagger k ¢ k you
multiply by this.

So, the momentum distribution of fermions will correspond to putting lambda equal to 0.
So, now, you can show that this is nothing, but this. So, this is again a it is a bit of an

algebra. So, I will allow you to think about it. So, basically the momentum I mean the



lambda parameterized momentum distribution which is defined like this is expressible in

terms of the G’s in this way ok.

So, now if you are successful in finding this one using the properties of the A’s not the
fermions in terms of the properties of the A’s then you would have successfully derived
the Fermi Dirac distribution using an algebra that is reminiscent of bosons rather than
fermions. Because, you see after all what are A’s they are number conserving products of

fermions.

And I have repeatedly told you that number conserving products of fermions are very
close commutation rules; they do not know obey anti commutation rules. So, you are
trying to express number conserving products of fermions in terms of objects that more
closely resemble bosons alright. So, it says you can find this trace using the cyclic
permutation and the commutation rules obeyed by a k q and the Hamiltonians and N

dagger.

And you can convince yourself that this is what it is ok. So, this it comes also the G k q
is also related to this lambda parameterized momentum distribution. So, now, you see so
therefore, this kind of indirectly tells you the so this is some kind of an integral equation.
So, if you insert this into this equation, it gives you an integral equation for this lambda

parameterized momentum distribution.

So, which when having obtained that you simply said lambda equal to O that will give
you the Fermi Dirac distribution. So, it is a lot of work for deriving something we know
how to do using the simple Fermi algebra. But you see this is this has been derived using
an algebra that is more reminiscent of bosons because see the these objects a k q’s the
number conserving products of fermions which obey closed commutation rules rather

than anti commutation rules.
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Using the cyclic permutation property of the trace and the RPA algebra, we obtain
the following expression for G,

AP
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Let D(e) be the density of states of the free theory. Thus, D(e)de
ek~ dk. Note that D(e) is an extensive quantty as is the summation Lq
Thus we have to ensure that the dependence of n(A.€) on A is such that when inte-
grated over A, leads to an extensive quantity in the denominator. This matter may
be made more explicit by differentiating with respect to A
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Now, you can convert this integral equation into a differential equation of this sort ok.
So, you will have two types of N’s one is when k is below the Fermi surface and when k
is above the Fermi above and I have you know exchange k for because it is an isotropic
system I have replaced k with the energies and density of states and so on. So, this is a

standard solid state physics approach.
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Using the cyclic permutation property of the trace and the RPA algebra, we obtain
the following expression for G

pha

. Y e"e A a
G(k,q:2) ‘ T (< k-q20. >~ < fiksq/2
eheba)

(
np(k—q/2)(1=np(k+q/2)) (1242)

Let D(e) be the density of states of the free theory. Thus, D(e)de
28k 4=k Note that D(e) is an extensive quanity as is the summation Lq

Thus we have to ensure that the dependence of n(A,€) on A is such that when inte-
grated over A, leads to an extensive quantity in the denominator. This matter may
be made more explicit by differentiating with respect to A,

d n
~ne(h€) = —6(er —€)u(r)
d :

. 1 N
/ deD(e) ne(he)=ns(Ae)) Bler —€)
o b0 1)

d
=1 (A,€)
dh

1 " "
(ne(Ae)=ns(Ae)) B(e e

o
/ dED(E) —
o (b eble-€) 1)

" v 0/ e "
uh)= (e MoN, ) =N (e M) / deDie)ne(he)
o




So, when you do that you can solve these two coupled equations by this sort

answers and when you again a lot of algebra.
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[ debieh (he) (1245)
0

We may suspect, that these equations can be solved by the following ansatz.!

)

More (M) = i, (A,g) ¢!

where the function /(1) is extensive-and-is-independent of the en

whereas i is intensive and depends on both the variables in general. S
this ansatz into the equations we find,

"\ d_ I
I (W)iie(h€)+ Tu he)=-0B(er—e)i(h)
dah

- I n
/ de D(e)————(ii<(M&) - iis(A€)) B(er —¢€ (12.48)
A o P01

o d
1 (Wi () + 5 (A,8)
dr
U | : )
/ dED(E) i (0E) i (,0) Ole—€r)  (1249)
0 (e ePle-€) 1)
ih)= | Die)deis(he (1250)

e

Since /'(A), i and D(g) are extensive and i is intensive, we may write after setting
A=0,
1(0)ii-(0.€ B(ep —€)i(0)
" 1 ¢
/ deDl(e) ; (i (0,€) = 7i5 (0,€ )) B(ep ~€ (12.51)
o (

e
1(0)iis (0,¢)

~‘ I
/ D) (e(0.€) - (0,6) Oe—ep).  (1252)
8 T

¢ both sides of Eq. (12.52) by ii., (0,€) allows us to suspect that it should be
possible to write

of an

So, once you do that you can show that in the end you get this result ok. So, you can

show that basically that when you put lambda equal to 0 which is what this is you get the

Fermi Dirac distribution ok.
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50 that for some h we have,
10 / &ED(E) e (1254)
o

Interchanging € and € in Eq. (12.53) and substituting into Eq. (12.51) we obtain

1(0)ii<(0,€) = ~0(eg ~€)i(0) + h(e) a(0) O(er —¢). (12.55)
We now multiply by the density of states and integrate to obtain, / (0)N"
NONO> — 1 (0) N*>, where the notation is self-explanatory. Thus /'(0)
N> = ~i(0). In other words, i (0,€) = 1 - h(e). Hence we find,

i (0,€) !
1+ M) e
1=

Therefore, we may conclude that there exists a constant g such- that, —

) e

B > .

Men) or h(e T Thus s (0,8) = ic(0,8) = . s remark-
m r

able indeed that the Fermi-Dirac distribution emg from a theory that is bosonic
in character. However, it is important to impress upon the reader that it is the gen-

eralized RPA that takes into account fluctuations in the number of particle-hole
pairs in a self-consistent manner that leads to the Fermi-Dirac distribution, whe
the simple-minded RPA fails to do so. This latter fact is easily seen by replacing
the commutator [ax(q),ay (q)] = ng (k= q/2)(1 = np(k+q/2)), which is nothing
but the simpjes od RP/ e v

e momentum




So, the bottom line here is that you see the moral of the story is that this would not have
worked, if I had not consciously introduced. So, this is something you have to go through
these steps in great detail to understand. So, if I had not introduced this quantity which is
the one that fluctuates. See, studying a system of fermions at finite temperature is the
simplest way in which you can study the effect of fluctuating number of particle hole

pairs.

Because you see this 1 over square root of N greater is basically very sensitive to
fluctuations in the number of particle hole pairs. So, the fact that this appears repeatedly
in the formalism means that it is trying to tell you that you have to be conscious of this

object and you have to treat it very carefully.

So, what this analysis shows is that studying this carefully and self consistently as we
often like to say, that if you study itself consistently then you are going to correctly
obtain the Fermi Dirac distribution. So, if you become a kind of naive and try to replace
this by its expectation value or you know try to replace it by some average like we have
instinctively try to do in physics whenever some nasty operator appears we replace it by

its average.

So, if you try all kinds of those uncontrolled types of approximations you will never get
the Fermi Dirac distribution. So, the moral of the story is that you have to self
consistently and exactly take into account the fluctuations of the number of particle hole
pairs in a self-consistent way, it is only then that you will actually be able to derive the

Fermi Dirac distribution not otherwise ok.

So, the thing is that I do not want to spend too much more time because there is in much
else I can say which makes any rigorous sense. So, the current state of the art with
respect to constructing particle hole like operators for fermions which you can then use

to study interacting Fermi theories is whatever I have explained just now.
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In-fact,this commutator is not simple even when (K,q) and (k ,q ) are completely
unrelated. For example, if k+/2# K +q /2 and k—q/2 #K — /)2, even then
we find the nontrivial commutation rule,

(N4 DAK(@) 4], () =N AL (4) Au() =0 (1228

rather than the naive expectation [Ay(q), ‘x‘"' )| = 0. This is particularly impor-
tant since some have argued that this naive rule holds whereas the kinetic energy
¢ " kg P e present a
be K = const. + )-‘fl AL (q)Ax(q) as itis in the present ap-
proach. This is clearly untenable. Even if we claim that maybe we have to restrict
the Hilbert space to contain only states with a large number of particle-holepairs
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(N large) so that the naive expectation is realized, this spoils the commutator
Ag(q)], which is not of order unity, indeed it is

ated appearance of the object N, points to the importance of fluctuations in
the number of particle-hole pairs. Thus, if we wish to rigorously justify using the

even a c-number. The

Kinetic e erator that is a simple quadratic diagonal form in the

So, the next important agenda which is unfinished is extremely urgent which is to write
the A k g’s in terms of exact bosons. So, these b k q’s like I was talking about. So, they
have to obey this. So, yeah. So, those of you are interested please contact me we have to
do this. So, having done this the last item of the agenda would be to write the

annihilation operator alone in terms of the b k q’s in terms of the b’s and b daggers.

So, this would correspond to what is called bosonization; that means, you are expressing
the fermion annihilation operator in terms of exact bosons. So, you see that is possible
for chiral fermions in one dimension as it is well known in the community and I have a

YouTube lectures on that separately which is also mentioned in my institute website.

So, you can have a look at that, but that is very peculiar to a very peculiar sort of fermion
which are called chiral fermions. So, chiral fermions are fermions where the dispersion is
completely linear and it is proportional to the energy its proportional to momentum and
they there is yeah. So, the ground state of the system has infinitely many particles, even

if the system size is finite because all negative energy states are occupied.

So, bottom line is that yeah. So, that is a very artificial and you know contrived sort of
system, but in absence of anything more realistic people kind of make do with that and in

one dimension that humongous amount of literature that uses that sort of idea to study



one dimensional interacting fermions. So, that goes by the name of chiral bosonization.
But what I am displaying here is basically a very much more ambitious way of studying

fermions in not just one dimension it this could apply in one dimension as well.

But it could apply more realistically in two and three dimensions and that to for fermions
of the usual garden variety kind not the chiral kind. So, the where the energy dispersion
is basically p squared by 2 n. So, that is the whole idea. So, I am going to be able to do
that. So, I am going to be able to write the Fermi field purely in terms of exact bosons,
but then I have to first construct those exact bosons by expressing this capital A k q

which I have so painstakingly written down in terms of exact boson.

So, that is likely to be an important first step. So, having done that we can go ahead and
see, if we can write down the annihilation operator purely in terms of the exact bosons.
After which we can try and make use of it so that is the whole point. So, ok I am going to
stop here and this concludes the present MOOC’s NPTEL course on dynamics of

classical and quantum fields.

So, I hope you have enjoyed this course, if not I do not blame you because you see this
subject is rather advanced and I know that many of you who are enrolled in this course,
are somewhat like beginners and you have trouble following the course which has such a

vast syllabus and which has gone at such a incredible pace.

But you do not have to necessarily learn everything all at once just you know go through
the lectures carefully, slowly pause it and listen to it several times read the textbook and
so on. And if you still have questions about various topics please send me a mail, I will

be happy to answer any questions.

So, thanks for listening to all these lectures, I hope to hear from you ok.

Thank you.



